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1 Introduction

A reaction-diffusion equation is a partial differential equation which comprises reaction and diffusion terms:

%:DAM-F]C(M), (1)
ot
where u = u(t,x) is a state variable and describes density/concentration of a substance or a population at position
x € QCR"and at time ¢, Q is an open domain, A is the Laplacian operator and D is a diagonal matrix of diffusion
coefficients.

This type of equations was introduced by Fisher [2] and Kolmogorov, Petrovsky and Piskunov [3] to describe
the spreading of biological populations. Some of these equations can be solved analytically and numerically but
for a large number of equations, the analytical solution is unknown and can be approximated by using numerical
methods. In the literature, there exist many numerical methods for the resolution of different problems, here are
some used to discretize a system of equations: the finite element method, finite difference method, finite volume
method. In this review, we are interested in finite difference method.
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For the finite difference method (Thomée [15]), the domain is represented by a finite number of points
x; = Qy, called nodes of the mesh and the solution is represented by a set of values u; approaching u(x;). The
method replaces the partial derivatives by differences or combinations of these punctual values of the function
using truncated Taylor developments. The advantages of this method are its simplicity of writing and low
computational cost.

The finite difference method (Richtmyer and Morton [6]; Hildebrand [7]) is widely used by many authors for
approximating numerical solution of reaction-diffusion equations. Many authors (for example Ascher et al. [8];
Pao [9]; Jerome [16]; Li et al. [14]) also used this method to study stability and convergence result.

In [1], the author considered the following reaction-diffusion model defined:

Ju(t, x,
HEX) _ by Aufe,v3) + F(utx.9).0(0.5.3) (09) € 2t >0,
av(t,x,
PNCX) Dy o(t.5.) + g(u(tx.3).0(0.5.3) (09) € 2t >0, @
du(t,x,y)  dv(t,x,y)
badd) — I — 0 aQ
an an ) (x7y) e 9
u(t,x,y) and v(¢,x,y) represents the densities of populations, Q = [0,L] x [0,L] and Au is the Laplacian operator
’u  d*u
Au=—+—=— 3
u axz + ayz? ( )

Dy and D, are the diffusion coefficients, f(u,v) and g(u,v) model the local activity (absence of diffusion).
Authors in [13] are numerically solved this system with appropriate functions f and g by using finite difference
method on square domain and with Neumann boundary conditions.

In this review, we extend this method to a 2-D reaction diffusion system defined on a circular domain (2 =
{(x,y) € R?/x*> +y* < R?}) and with Neumann boundary conditions. To do that, we strive to linearize the
reaction-diffusion system using the finite difference method [4] in polar coordinates. To apply this method to
two dimensions, a simple division in reaction-diffusion equation defines the node at any point of the mesh of the
circular domain.

The organization of the remaining part of the paper is as follows: In Section 2, we present a finite difference
discretization for equation (2) given in polar coordinates. In Section 3, we apply this method to two component
reaction diffusion predator-prey model defined on a disk. Then, we extend this result to three component reaction
diffusion predator-prey model.

2 Discretization of reaction-diffusion equation defined on a disk domain

In this section, through the finite difference method and the principle of the numerical method used in [5], we
solve numerically equation (2) defined on a disk domain Q = {(x,y) € R*/x*> +y? < R*}.
As (x,y) € Q, we can make the following change of variables:

{x:rcose, r=/x*+y?,

where
y=rsin0, 6 =tan' ().

Without loss of generalities we also denote
u(t,x,y) = u(t,rcos(0),rsin(0)) = u(t,r,0),
{ v(t,x,y) = v(t,rcos(0),rsin(0)) = v(z,r,0).
Therefore the Laplacian operator in polar coordinates is given by :

%u 1du 1 9%

Aou=22+-224 220
ou 8r2+r8r+r2892

“)
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and

{f(”(tvx7y)7v(tax7y)) = f(”(tvrv 9)7V(t7r7 9))7
g(”(t7xay)7v(t7xay)) = g(”(tvrv 9)7V(t7r7 9))

The Neumann boundary conditions in polar coordinates becomes:

du(t,x,y
% |V(x7y)€89 = Jpu(t,7,0)| for =R Radial derivative
v(t,x,y)

T ‘V(x,y)eaﬂ) = arv(l‘a r 9) | for =R Radial derivative -

Then system (2) can be written as

w — DiAvgu(t, 1, 8) + f(ult,r, 0),v(1,1,0)) for (r,0) € Z and 1 > 0,
@ = DyAvgv(t,r,0) + g(u(t,r,0),v(t,r,0)) for (0) € Z andt > 0, (5)

du(.,r,0) = d,v(.,r,0) =0, for r =R Radial derivative,

where 7 = {(r,0) : 0 <r<R,0<6 <2m}.
Equation (2) is written

u(t,r,0) ~ d*u 1du 1 J%u

o —DI(W+;E—|—ﬁw)—i—f(u(t,r,@),v(t,r,@)). (6)

We see that, equation (6) has a singularity at the origin r = 0, (see [11]). This singularity is due to the representa-
tion of the equation in polar coordinates. If f is regular enough, the solution itself is nonsingular at the origin. In
order to have the desired regularity and accuracy, the classical finite difference scheme uses a uniformly integers
grid with some conditions at the origin. This pole conditions act as a numerical boundary condition at the origin
which is needed in finite difference scheme.

Considering the Neumann boundary conditions [12] and by discretization, we obtain the following approxi—
mation of equation (15). Forn=1,... N, with N = i=1,...,P+1,andj=1,..., M+ 1 we find {u}
such that

At’ i,j? 1]

aﬂuln: 7;0; l]+f( i,j? z] )7

7
ot @

a”vi _5Ar191V11+g( i,j° l] )7

% .
where u}; = (u} ;,v; ]) denotes the two-dimensional approximation at the point (r;,0;,1,) with #, = nAt.

The approximations of the initial conditions are given as:
0 0
Ui j =uo(ri, 0;), vi,; = vo(ri, 6;).
We choose a grid such that the points are integers in azimuthal direction and half-integer in radial direction (see

Fig. 1):

(z—%)ArG (j—1)A8, @)

where
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Fig. 1 The circular mesh.

Fori=2,...,Pand j=1,...,M and using the centered difference method to discretize the Laplacian oper-

ator, we have

n n n n n n n n
Uiy =20y uy gy g —2ul

l7J
. 9
Ar? 2riAr r?A6? ©)

Arig;uij ~
From the Neumann boundary conditions (the flow is zero on the edge)

n n
“pi1,j— Upj

=0 10
L : (10)

1 — n 1 n n __ ,n n __ ,n
so the numerical boundary values at r = 1, up, ; can be approximated by up ;, and ujy = wjy, uj'y = ujy
since u is 27 periodic in 6. Ati = 1, equation (9) becomes

n n n n n n n n
wy g g —2uy Uy =gy U gty o = 2u

Aro.ul] i =~ 11
n6; 71, Ar? 2r1Ar R (1)
since r| = %, the term uj ; is simplified and the equation (11) is written by
A gt o PR T Y)Y 20 (12)
ML Ar? R
In order to approach J,u j» we use the implicit Euler method,
n _ . n—1
ot — i i
neiLy At :
Finally we obtain the following equation
n—1
Wi Uiy gy (M T B W Ty e P T 2 P )
a ! A2 2riAr INE Ui j Ui )y 03

1 nfl n 1 n 1 n 1 n 71
Vij ~ Vi Vierj PV =2V Vi Vi VitV — 2V = Tt
W p, : + V) + 075
At Ar 2r;Ar r:AO RO
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3 Application

In this section, we apply the above method to 2-D two component reaction-diffusion predator-prey model with
modified Leslie-Gower and Beddington-DeAngelis functional response and then we extend this method to 2-D
three reaction diffusion component predator-prey model.

3.1 Example of a predator-prey model of two species

Let us now consider the model with two component:

au(ta-xyy) ClV(f,.X,y)
————= =D Au(t —b — t
a[ 1 M( 7x7y)+(a1 lu(t7x7y) dlM(t,X,y)+d2V(t7x,y)+kl )M( ?x7y)
(14)
8v(t,x,y) CZV(ta-x7y)
————= =D)A - (¢ .
8t 2 v(t,x,y) + (612 u(t,x,y) +k2 )V( >x7y)

This two species food chain model describes a prey population # which serves as food for a predator v. u(z,x,y)
and v(z,x,y) represent population densities at time 7 and the position (x,y) defined on a circular domain Q with
radius R (i.e. Q= {(x,y) € R?/x*> +y* < R*}), r1,ai1,b1,ki,r2,as, and k, are positive parameters, a; is the
growth rate of prey u, a, describes the growth rate of predator v, b; measures the strength of competition among
individuals of species u, c; is the maximum value of the per capita reduction of u due to v, ¢, has a similar
meaning to c¢;, k; measures the extent protection to which environment provides to prey u, k, has a similar
meaning to k| relatively to the predator v, d; and d, are two positive constants, D; and D, are the diffusions
coefficients of the preys and the predators.
In polar coordinates model (14) is written as follows:

( Ju(t,r,0
% = DiAvgul(t,r,0) + f(u(t,r,0),v(t,r,0)) for (,0) € Z and 1 > 0,
t,r,0
% — DyAvov(t,1,0) + g(u(t,.0),v(t,1,0)) for (n0) € 7 andt >0, (15)
| dru(.,r,0) = drv(.,1,0) =0 for r = R Radial derivative,
where (1.1.0)
cvit,r,
t,1,0),v(t,r,0)) = (ay — byu(t,r,0) — t,r,0
f(”(vrv )7V(7r7 )) (al 1M(,I‘, ) d1u(l‘,}’,9)—|—dzv(l‘,r,9)—|—k1)u(’r’ )7 6
cov(t,r,0)
t,r,0),v(t,r,0)) = (@ — —————=—)v(t,r,0).
g(”(7r7 ),V(,}’, )) (aZ u(t,r,9)+k2)v(’r’ )
u(t,r,0) and v(t,r, 0) represent the population densities at time ¢ and the position (r,0).
By computation, one can show that system (15) has four equilibrium points:
Ey=(0,0),E; = (1,0),E; = (0,e2),E* = (u*,v"),
where
u*:l—a—el—l—\/(a—l—el—1)2—1—4(e1—ae2)7 an
2
and
Vi=u"+e,. (18)

Next, we consider the disc domain Q = {(x,y) € R? : x> +y* < 400} and the boundary conditions are of the
Neumann type. In order to avoid numerical artifacts, the values of the time (A7) and space steps (Ar and AB)
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have been chosen sufficiently small and satisfying the CFL (Courant-Friedrichs-Levy) stability criterion for
reaction diffusion equation.
Therefore, we obtain the following system

—>
anu' _DlArz/ l]+f( ij? 1] )

" il (19)
anvi _DZArlejvl]+g( i,j° 11 )
with .
7> n—i n—1 Wt 1 Clvn uts 1
f(uij’ui.j ):aluz blu |_ Ui j
T dy [u \ + |V} Ytk
N sznfl (20)
n—1 n—1 i.J n—1
g(uzj,ui_j )= @V — =V
' |u u; |+ko ”
The linear system associated to system (15) is
AZ=B
"
and the unknown vector Z = i is defined by
n )
uj Vi "1 V1
n 7
74 vy u ; Va i
7’1 = ’ 77’1 — ’ ) with M? - ) and V'; =
n i n 7
Upr—q Vi1 Up_1 j Vp_1,j
iy Vit up Ve

and the matrix A can be written as
A A O
A\ 0 A
Ay =1+ DAL
Ay =1+ DrAfL

in which 1 is the identity matrix and the size of the matrix L is ((P+ 1) x (P+ 1)) and written as follows:

where

0-255S 0..0 S

S
L= 0 ,
0
0 .o S
S 0 0 S Q0-2§
where
-2 14+A4 O 0 Bi O ......... 0
1-21 0
Q= 0 .. oA T : and S — B

: 1= : .o
: T 2 14 Ap e 0
0 0 1—-2Ap 1+2Ap O ......... 0 Bp
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with
1 1
bi=losmaer ™ = izosy Tl
n—1
The known vector B = “ _ +At7 is defined by
VLAY
B Ar (ulj —i—Atf b
B,
: Ar At
B= , Bj= Z(L‘PJ - fpi)
Ar (vl’] +Atgy; b
By :
By Ar (ij +Argp; b

The initial conditions are small perturbation in the vicinity of equilibrium point (x*,v*) and are chosen as:
uo(r;,0;) = u*((ricos ;)% + (r;5in 0,)%) = u*r7 < 400, 21)
vo(ri,0;) = v*((ricos 8;) + (risin 0,)%) = v*r? < 400. (22)
The values of the used parameters are given by
ar=1,a,=002,b1 =1,k =02,k =0.1,d1=09,d,=0.1, c; = 1.1,

¢, =0.02,D;=1,D; = 1. (23)

We suppose that the two species diffuse in the same way, (i.e. D = D3). In Fig. (2), the numerical solutions

u; ; and v’ ; of the predator-prey system are plotted. The left figures are the spatial distribution of prey population

and on the right ones are of the predator population. We observe that the spatial distribution is a spiral wave type
for system (15).
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Fig. 2 Spatial distribution of species of system (15), for different values of time ¢, (a) t=100, (b) t=1000, (c) t=1800, (d)
t=6000
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3.2 Example of a three species predator-prey

In this example, we consider a three-species food chain model consisting of prey, intermediate predator and
top-predator, modeled by a system of three reaction-diffusion equations defined on a circular spatial domain and
incorporates the Holling type II and a modified Leslie-Gower functional response. The first species denoted U
is the only food source of the second V. As well, intermediate predator V' is the only prey of a top-predator W.
Local interactions between species U and V are modeled by Lotka-Volterra type scheme and the interactions
between species W and V has been modeled by Leslie-Gower scheme [17]. The spatio-temporal system can be
written as follows (see [10]):

(aU(waay) VOV(T7x7y)

; (aT ) :DIAU(T,x,y)—I—(ao—boU(T,(x,y) _)W)[J)(T?xvy)v
V(T,x,y B nU(T,x,y B wW(T,x,y
i )_DZAWT 6)+ (ar+ T Vs LW(Tx),
W(T,x,y _ wW(T,x,y (24)
aT _D3AW(T X y)+( V(T,x,y)—i—d3 )W(T?xvy)v
v _aw_,
on  on  on
U(O,_X y) U()()C y) > O V(O,X,y) = V()()C,y) > 07 W(O,X,y) = W()()C,y) > 0,

where U(T,x,y), V(T,x,y) and W(T,x,y) are the densities of prey, intermediate predator and top-predator,
respectively, at time 7 and position (x,y) defined on a circular domain € with radius R (i.e. Q = {(x,y) €
R? /x2 —l—y2 < RZ}. The three species are assumed to diffuse at rates D; (i = 1, 2, 3). The parameters ag, by,
vo, do, ai, vi, V2, da, c3, v3 and ds are assumed to be positive constants and are defined as follows: ag is the
growth rate of the prey U, by measures the mortality due to the competition between individuals of the species
U, vp is the maximum extent that the rate of reduction by individual U can reach, dy measures the protection
that the species U and V benefit through the environment, a; represents the death rate of V in the absence of U,
v1, v and vz are the the maximum value that the rate of reduction by the individual of U, V and W can reach
respectively, d; is the value of V for which the rate of elimination by individual V becomes 3, c3 describes the
growth rate of W, assuming that there is the same number of males and females and d3 represents the residual
loss caused by high scarcity of prey V of the specie W.
Using the following transformations and by change of variables to polar coordinates:

2 3

ao ao ao t
bo . b()va b0VOV2 " a()7
and
:bOdoab:ﬂ>c:£?d:d2vgbO> :%7 :V_37 :d3vob0’51:&’ :&753:&
ap ap ap aO V0b0V2 V2 aO ap ap ap
the spatio-temporal system (24) becomes
t,r,0 t,r,0
9ut:110) _ 5 Avou(t.r.0)+ (1 —u(t.r,0)— —50 y ), V(r,0) €T, t>0
at u(t,r,0)+a
av(t,r,0) cu(t,r,0) w(t,r,0)
———= = &%Agv(t,r,0 - — t,r,0), V(ro)el,t>0
o e b e ey a8 Ve € os)
ow(t,r,0) qw(t,1,0)
———— = 03Aew(t,1,0 ———)w(t,r0 V(rh,0)el,t>0
5 = el 0) +(p— B (e r6) (r6) T, 1>
oru(.,r,0) = dv(.,r,0) = dw(.,r,0) = 0 for r = R (radial derivative),
u(0,r,0) =up(r,0) >0, v(0,r,0) =vo(r,0) >0, w(0,r,0) = wy(r,0) > 0.
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u(t,r,0), v(t,r,0) and w(t,r,0) represent the population densities at time # and the position (r,0) € I', ' =

{(r0):0<r<R,0<0<2m}.

By computation, system (25) has four trivial equilibrium points Ey = (0,0,0), E; = (1,0,0), E; = (0,0, %)
E;=(1,0, %) and a positive nontrivial one E* = (u*,v*,w*) which exists if and only if the following inequalities

hold
gc > bq+ p and qc — bq— p > a(bq+ p),

such that
b *
qc—bg—p q

Therefore, we obtain the following system

— —
au' _(SIAV,B/ i,j f(l]? l])
_> -
av 62A"19/v1]+g( i,jo z] )
— —
aw = &0n0,w; +h(u} ;uf; b,

1]711
with 1
}’l
G = e
(i) =~ ‘;‘?(iavzﬁ o "ﬁd
ij
il = ot L
L]

The linear system associated with system (15) is given by

DH =_C.
711
The unknown vector H = | V" | is defined by
Wn
u, v W
i v w5 0. V2.
ur=| | vr=| | W= |Lwithdi= | | V=
Upr_ Vi—1 Wir_1 Up_y J V?—l, j
n
“m Vm Wit pj iy
and the matrix A can be written as
D 0 0
D=| 0D, 0 |,
0 0 Dj
Dy =1+ 6 AL
D, =1+ 52AtL

Dy =1+ &AL

(26)

(27)

(28)

(29)
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@ Af
The known vector C = | V"1 + Az‘z> is defined by
W+ Ak
Ar (”1] —i—Atf h
Ci
G Ar (uP] —i—Atf h
Ar (vlj —I—Atg h
C= , Cj=
c: Ar (vPJ —|—Atg )
M=1 AP (W —I-Ath
CM ( 1] )

Ar (WP] —I—Ath )

We simulate the spatial distributions of the three populations in the limited field Q = {(x,y) € R? : x> +y? <
50}. The boundary conditions are of Neumann type, (i.e. there is no emigration or immigration of populations).
The initial conditions are a small perturbation in the vicinity of equilibrium point (x*,v*,w*) and are chosen as

uo(r;,0;) = u* ((r;cos 8;)% + (r;sin 0,)%) = u*r} < 50, (30)

vo(ri, 0;) = v* ((ricos 6)° + (risin 6;)°) = v*r} < 50,
w*((r;cos Gj)z + (r;sin Gj)z) = w*rl-2 <50

WO(ria 6])

and parameters values are:
ap=0.5,a1 =04, b) =0.36, dy=0.3,dr, =0.4,d3 =04, v =04, v =0.8, v, =04, v =0.6. (31)

From Fig. (3), different types of dynamics are observed when the bifurcation parameter c3 varies.

4 Conclusions

In this paper, we have considered a nonlinear reaction-diffusion equation defined on a circular domain with the
Neumann boundary conditions. We used the implicit Euler scheme to approach the derivative in time and the
finite difference method to approximate the Laplacian operator in polar-coordinates. So, we extract a linear
system in the form AX = B which is necessary for the numerical solution of such equation.

To provide efficiency of this method, we have presented two applications arising from mathematical ecology.

A MATLAB code was also developed with the assumptions that the values of the time step (Az) and space
steps (Ar and A@) have been chosen sufficiently small (number of nodes on the radius and the perimeter is very
large) and satisfying the CFL (Courant-Friedrichs-Levy) stability criterion for reaction diffusion equation.

We chose a set of fixed parameters and the initial conditions depends on the points of the grid on the radius
and the numbers of nodes of the mesh on the radius and perimeter are set. Figure (2) represents the evolution
of the spatial distribution of two species for different values of time. We observe from this figure that when
increasing the value of time, the number of iterations in time increases (to calculate the solution), so the solution
of the system converges to a stable state. Figure (3) represents the evolution of the spatial distribution when the
control parameter varies.

Therefore, the advantages of this method are: the simplicity of implementation, effectiveness, ability to
construct approximations to high orders. Other methods such as finite element and finite volume can often be
interpreted as finite difference schemes in the case of regular mesh.
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Fig. 3 Spatial distribution of prey (first column), predator (second column) and top predator (third column) are population
densities of system (25). Spatial patterns are obtained with diffusivity coefficients § = 0.02, 6, =0.01 and 63 = 0.05,
for fixed time = 12000 at different bifurcation parameter c3 = 0.23 (a), ¢3=0.22 (b), c3 = 0.15 (c)
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