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Abstract: In this article, we consider an epidemiological model in which we take into account the effects of
direct and indirect transmissions. The first mode occurs through direct contact between infectious and
susceptible individuals, and the second one will take place through the shedding of virus particles by infec-
tious individuals and their acquisition by susceptible ones. We also study the effect of latency period and time
needed for a susceptible person to become infected by indirect transmission mode. By considering the direct
and indirect basic reproduction numbers, we define the basic reproduction number R, of the model, which
helps us to analyze the stability of equilibria and bifurcation and determine the most sensitive parameters. In
conclusion, some numerical simulations are given to confirm the analytical analysis.
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1 Introduction and mathematical model

It is well known that all infectious epidemiological diseases are infections resulting from the emergence
and transmission of diseases among a specific population, which are caused by organisms such as bacteria,
viruses, fungi, or parasites, and are serious public health problems for most countries in the world. Some
of the examples of infectious diseases can be found in [9,11,17,20,21,23,30,40,42,46]. Some infectious and com-
municable diseases can be transmitted and spread to the host population by indirect transmission
[1,7,12,15,16,18,22,26—29,32,34,35,41]. In parallel to this transmission mode, we find the direct mode, which is
caused by contact between infected individuals and susceptible ones. Some authors developed mathematical
models to study the dynamics of infectious diseases by introducing simple or multigroup mathematical models
that involve both direct and indirect transmissions. Mukandavire et al. [28,29] introduced a dynamic model of
cholera in Zimbabwe, and Eisenberga et al. [12] proposed “A cholera model in a patchy environment with
water and human movement.” In a few studies [13,14,25,37,38,45], multigroup models have been introduced to
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describe the transmission dynamics of infectious diseases by using ordinary differential equations, while
others use delay differential equations [2,5,10,19,36,39,43,44]. Kumar and Abbas, in their study [22], used a
partial differential equation to study the dynamics of an age-structured susceptible-infectious-recovered
model by taking into account the or indirect contacts. In this article, we propose an epidemic mathematical
model that involves delays of direct and indirect transmissions. The model is given by the following delay
differential equations system:

as _
dt

dI
a = BSI: + By SW, = (y + I

A- ﬁs’SIT - BWSVVV - .uss

dR

— I - R .
aw

E = [IWI -eW

S(0)=8,20,1(0) = 90),0 € [-7,0]
R(0) =Ry 20, W(0) =£(0),0 € [-v,0],

where all parameters are supposed to be positive and are defined as follows: A (resp. ) is the birth (resp.
death) rate of susceptible population, f; (resp. ;) is the direct (resp. indirect) transmission mode rate, y is the
recovery rate, y, (resp. t) is the death rate of infectious (resp. recovered) population, y,, is the shedding
coefficient, % is the lifetime of the virus in the environment, 7 is the period of latency, and v is the time needed
for susceptible individuals to become infected by indirect transmission mode.

Populations are defined as follows: S is the total number of susceptible population, I is the total number of
infectious population, and R is the total number of recovered population. W is supposed to be the concentra-
tion of virus particles in the environment caused by coughing, shedding, or other methods.

As the third expression of equation (1.1)3 depends only on the second state variable I, we reduce our study
to the following model:

ds

E =A- ﬂsSIT - ﬁWSVV‘, - uS

s

ax = BSI + By SWy = (y + Pl

aw 1.2)
F = [JWI -eW

S(0)=8,20,1(0) = 90), 0 € [-7,0],
W) = £(6),0 € [-v,0].

The organization of the current work is as follows: Section 2, is devoted to the study of the positivity and the
boundedness of solutions; in Section 3, we prove the existence of the possible steady states and their stability
without delays by applying the Lyapunov method and the occurrence of a transcritical bifurcation for some
critical value of the basic reproduction number Ry; in Sections 4 and 5, we study the effect of time delays on the
stability of the equilibrium points; in Section 6, we study the sensitivity analysis; in Section 7, we illustrate our
results through some numerical simulations. We end our work with a conclusion.

2 Boundedness and steady states

In this section, we study the positivity and boundedness of solutions of system (1.2).

Proposition 2.1. Suppose T = i = 0. Then,
(1) R3 is positively invariant under system (1.2), and
(2) all solutions of equation (1.2) starting from a positive initial condition are uniformly bounded on the compact

A
A WS‘UL

setT, whereT = {(S,I, W)eR3:8+T<—, )
Ug Ellg
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Proof. From the first expression of equation (1.2), we deduce that

t

_[ - ¢(s)ds

0

S(t) = S(0) x exp + exp du,

t t u
_[ - ¢(s)ds| x IA X exp Iq&(l)dl
0 0 0
where ¢(s) = -BI(s) - By, W(S) - u,. Then, we obtain S(¢t) > 0 Vt > 0.

To prove I(t) > 0 and W(t) > 0 Vt > 0, with I(0) > 0 and W(0) > 0, the above process cannot be applied,

hence another argument must be used. Let us consider the following sub-system of equation (1.2):

dar

a BSI+ By SW = (y + upl

aw _ 21
i Uyl — eEW

I(0) > 0, W(0) > 0.

Then, system (2.1) can be written as follows:

X(t) = AX(D),

BS = +u) PwS

and A = Uy 3

. From the expression of A, we identify that it is Metzler matrix

I
where X = [W
and that its exponential is positive. Then, we deduce the positivity of I and W whenever I1(0) > 0 and W(0) > 0.
This shows the first point of our proposition. To prove the second point, let N; = S + I, then

dN;
A S -l < A= gy,

Hence,

A
limsupN;(t) < 11_

t— o S

We deduce that S and I are uniformly boundelsl onT. From the boundedness of I and the third expression of
equation (1.2), we obtain limsup,_,,, W (t) < % This completes the proof. O

The possible steady states of equation (1.2) are computed by finding solutions to the system and we have

(1) The first equilibrium called disease-free equilibrium (DFE), which is given by Ey = (So, 0, 0) = fs 0, 0].
(2) The second equilibrium called endemic equilibrium is noted as E; = (8%, I*, W*), where $* = 8;{;“’; ,
S wHw

A Ellg

* = Hwrs * —
4 £ I=, and I Yy B + Bty
number R, > 1 of equation (1.2), where
_ A(eBs + Byttyy)

. The endemic equilibrium E; is in the positive orthant reproduction

0= = Roa * Ror, (2.2)
ey + tiy)
where Ry = # (ylisy,) represents the secondary infections caused directly by a single infective while Ry, =
p f (V;’iwu) represents the secondary infections caused indirectly through the environmental pathogen.
s T

Proposition 2.2.

* If Ry < 1, the model (1.2) has only one trivial equilibrium (DFE), i.e., Ey = (S, 0, 0).

* If Ry > 1, the model (1.2) has two steady states: the first is the DFE, i.e., Ey = (S, 0, 0), and the second is the
endemic equilibrium, i.e., E; = (§*%,I*, W*).
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3 Model without delay

Suppose 7 = v = 0, then the system (1.2) is written as follows:

sty

U ST+ BySW = + i)

e ™ w T (3.1
dw

E=yWI_8W

S(0)=8,20, I(0)=1I20,W(0)=W,=20.

3.1 Asymptotic behavior analysis

The goal of this section is to study the stability of the possible steady states Ey; and Ej.
By linearizing equation (3.1) around an arbitrary steady state E = (S, I, W), we have the corresponding
associated Jacobian matrix

~(us + sl + By W) -BsS —BwS
Je=sw) = Bl + ByyW BsS— =y ByS |
0 Uy -€

Replacing E by E; and calculating the characteristic equation, we obtain

det(AL - J5,) = (4 + g)(R = TR + det(1h), (32)
where
i BsSo ;4 V=t ﬁvao ’
w
Tr(]éi) =BsSo =y — Uy — &,
and

det(J;) = &(=BsSo + ¥ + i) = yBwSo = €y + (L = Ro).
Then, we obtain the following proposition.

Proposition 3.1. If Ry < 1, the trivial steady state (DFE) E, is asymptotically stable and unstable if Ry > 1.

Proof. If R, < 1, then Tr( ];;) < 0 and det( ]g) > 0, as well as the characteristic equation (3.2) does not admit a
real strictly positive root.

If Ry > 1, then det( ]}};) < 0 and associated characteristic equation (3.2) has at least one positive solu-
tion. (I

Proposition 3.2. If Ry > 1, the nontrivial positive steady state (endemic equilibrium) E; is asymptotically stable.
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Proof. Considering R, > 1, the Jacobian matrix at E is

A
5 BST By
f_ ook TH sk — I* S*W* s
Je*=(s* 1w W+ )= - By - BoyS*
0 Uy -€
and the characteristic equation associated to E; is as follows:
P() =2 + ad + ;A + ay, (3.3
where
S*W* A
=€+ BW—I* E

A S*¥W*
a = S+ e+ BWT] + Bs(y + upI*
apg=(y+ ;u[)(gﬁs + [Jwﬁw)l*-

All these coefficients are strictly positives if Ry > 1, then the polynomial P does not admit any real strictly
positive solution. O

Proposition 3.3. If Ry > 1, the nontrivial positive steady state (endemic equilibrium) E; is globally asymptotically
stable.

Proof. Considering the following function
s(r)s
V(t) = S(t) - S* - j >4z + I*CD[

S*

(34

I(t) ﬁwS*W*CD[W(t)
I3 w* )

where ®(Z) =Z-1-1nZ > 0, for Z > 0. Then, V defines a Lyapunov function. It is easy to see that ® has a
strict global minimum at 1 and ®(1) = 0 and ®(Z) > 0. Then, V is nonnegative function.

Noting ¥ = Y(t) foranyy € {S, I, W} and differentiating V along the solutions of equation (3.1) over time ¢,
we obtain

V(t)|(3‘l) = [1 ]3‘: [ - ? % + BVZS*[ W*]ddvtv 3.5)
Using A = uS* + (y + p)I* and uy, I* = eW*, we obtain
Thus,
V(a1 = 1eS* [1 - % [1 - %] - BSS*I*[d)[%] + cp[%]l
pen bS] )
- uSS*[l - [1 -5 ﬁsS*I*[th[ 58] ; cp[ ;] cp[x;‘i SS“V’V’I”
Since |1 - si [1 - %] <0 and ®(Z) = 0 for Z > 0, we deduce that V(t)|(3,1) < 0 and the equality occurs at the

endemic equilibrium E;. Consequently, the global asymptotic stability of E; follows from LaSalle’s invariance
principle [24]. O
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3.2 Bifurcation analysis at Ry = 1
In this section, we analyze and study the occurrence of a transcritical bifurcation at R, = 1.

Theorem 3.4. The trivial steady state (DFE) E, of equation (3.1) changes its stability from stable to unstable when

Ry =1, and a transcritical bifurcation occurs at the critical value A = X* = Byt i)
B + Butty
Proof. The linearized matrix of system (3.1) around E, at the bifurcation parameter value A = A* = % i

given as follows:

AF NF
Ug ﬁsus ﬁw#s
J= A* A .
0 Be—-v-i Buw -
slls ! Wlls
0 Uy -€

The matrix J has a simple eigenvalue equal to zero at Ry = 1, (see characteristic equation 3.2) and the other
eigenvalues have negative real part. As the linearization method cannot give us any information about the
asymptotic behaviors of system (3.1), we will use the center manifold theory, and from Theorem 1 of the study
by Castillo-Chavez and Song [4], the bifurcation elements a; and b; are defined as follows:

62
i’ (3.8)
X .

and

n az
b1 = Z ka{ f;( ] . (3.9)
Xi £

A right eigenvector associated with 0 eigenvalue is

T
£

3 _11
Uy

>

W= —_A*lﬁse *Butly
U Uy
and the other eigenvector (left) v verifying v. w = 1 is

Bs€ + Byt
Uy

0 Uylts + K(Bse + Bytty) -
3 8#8 b us

A direct computation shows that
%, %, 0%, %,
= _ﬁsr = _ﬁw’ = .851 = BW’ and
aXlaXZ ax16x3 6x16x2 aX16X3
The second derivatives in equations (3.8) and (3.9) are equal to zero. Then,

0%,
aX16X3

7, _Bw
OXON U

_ 0%,
a1 = VoWwiwy m + VoW s
1042

—A\*
B Us
N
B Us

tquuS + A*(ﬁsg + Bwyw)
Ellg

Zﬂwﬂs + N(Bse + Byyily)
Elg

BSE + BWtuW
Uy

Bs€ + Butly
Uy

2i3
Uy

+BW

<0.

3%,

0X0NX*

_ Ml + NCBse + Btty) Efw
Ells Hwhs

by =vow,

> 0.
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This proves that at Ry = 1, the trivial steady state (DFE) E, changes its stability from stable to unstable, and the
nontrivial steady state (endemic equilibrium) E; always exists at Ry = 1. Then, a transcritical bifurcation
occurs at the critical value Ry = 1. O

4 Model with one delay 7

If > 0 and v = 0, then system (1.1) is written as follows:

i—f =A - BSI; - By SW - u,S

U BT + BySW - (y +

de U TW 1 4.1)
dw

E = yWI— eWw

S(0)=S,20,1(s) = ¢(s),s € [-7,0], W(0) = W = 0.

4.1 Stability of trivial equilibrium (DFE)
By linearizing system (4.1) around E, = (So, 0, 0), we obtain

ax
— = LoX + L X;,

dt
where
S — U 0 ~BwSo 0 -BsSo 0
X=|1| Le=|0 -+y) PBwSo| and L. =0 BS, Ol
w Uy -€ 0 0 O

Then, we obtain the following associated characteristic equation:
AQ) = det(A = Ly = e*L;) = (A + pg)[Po(A) + Qy(Ae™] = 0.

As & = —ugis aroot of the characteristic equation, the stability of Ej is deduced from the study of the following
equation:

Py(A) + Qy(A)e™ = 0,
where

Py =2+ (y+ + A+ ey + 1) = tyPuSo,
Q1) = =BsSo — €BsSo.

Define F by F(y) = |Po(iy)* - |Qy(iy)I* (see [8]), then we have
F(Y) = Y2+ biY + by,

with Y = y2, and

bl = (V + 111)2 + (ﬁsSO)Z + 82 + ZuWBWSOy
bo = (e(y + 1) = thyPuwS0)* + (€BsSo)*.
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Since by > 0 and b, > 0, the function F does not admit a real strictly positive root. So there is no change in
stability.
Therefore, we summarize the above discussions in the following proposition:

Proposition 4.1. The trivial steady state (DFE) E, is asymptotically stable for all time delays T > 0.

4.2 Stability of nontrivial steady state

Next, we study the stability of the nontrivial positive steady state (endemic equilibrium) E; = (§*, I*, W*) of
system (4.1) by considering the latency period.
The linearized system of equation (4.1) around E; is given as follows:

dx
a T hX X

where
S =Bsl* = By W™ ~ s 0 ~BwS* 0 -BS* 0
X=|I| J=| BI*+ByW* —(+y) ByS*| and J =|0 BS* 0f.
w 0 iy -e 0 0 0

Then, we obtain the following associated characteristic equation to E;
P,() + QD) =0, 4.2)
where

Pl(/‘l) =23+ az)lz + A + o,
Q) =A% + g + ¢,

with
a2=ﬁ51*+ﬁWW*+ys+y+yl+g,
a = (Y + ) = UyPwS* + (BI* + By W* + u)(y + py + ),
ao =&y + W)(BsI* + ByyW* + g) = phsttyy By S™,
and
CZ = _BSS*J
a =—(& + Ug)BS*,
Co = —PguS™.
As the nontrivial steady state (endemic equilibrium) E; is asymptotically stable for 7 = 0 (see Proposition 3.2), it
is still asymptotically stable for small time delays 7 > 0 [3,8] or for all time delays 7 > 0. Then, one needs to find
the switch of stability, which requires finding a root of the characteristic equation with a purely imaginary

part for some critical value 7. of time delay 7.
Let us replace A by iw(w > 0) in equation (4.2), then we obtain

—iw? - ww? + imw + ay - (ew? - iqw - ¢p)(coswt — isinwt) = 0. 4.3)
By separating the real and imaginary parts, we have

W - qw = qw coswT + (Gw? — ¢p) sinwt “44)
ww? — ag = —(GW? — ) COSWT + qw SINWT.
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A direct computation gives us
w® + Byw* + Byw? + By = 0. (4.5)
Let z = w?, then equation (4.5) becomes
f(z) =z + Byz> + Byz + By = 0, (4.6)
where

By=a} - ¢ - 2m,
By = 2(Co6, — aottz) — (¢ = a),

By=a? - ¢t
Let the hypothesis
(H) . Bo >0, BZ >0 and BzB1 - BO > 0. @7

Proposition 4.2. If Ry > 1 and (H) are satisfied, then the nontrivial steady state (endemic equilibrium) E; is
asymptotically stable for all time delays T > 0.

Proof. The proof is based on the well-known Routh-Hurwitz stability criterion [6]. O

5 Model with two delays7=v >0

We consider 7 = v > 0, then the model (1.2) is written as follows:

8 - A BSI - BySWe - S

U BSE+ By SWe ~ ( +

dt sOIT we vt 1 (5.1)
dw

F = [IWI - W

S(0) =Sy 2 0,I(s) = o(s), W(s) = &(s),s € [-1,0].

5.1 Local stability of E,

Linearizing the system (5.1) around the DFE E;, we obtain

dx
G MoX + McXe,
where
S ~Hls 0 0 0 -BsSo —BwSo
X=|I| My={0 -(+y) O} and M =[0 BSo BySo|
w 0 Ly — —€ 0 0 0
and the corresponding characteristic equation is
det(AI - My - e"M;) = (A + ug)[P2(A) + Q,()e™] = 0. (5.2)

Since 4 = -y, is a solution of the characteristic equation, then the stability of E, is deduced from
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Py(A) + Q,(De™™ = 0, (5.3)
with

P (N)=2+(y+u +eA+ely+u,
Qz()l) = _SO(BS)l + 8Bs + .uWﬁW)-

Define G, by Ga(y) = [Pa(iy)I* - |Q,(iy)I%, and we have
Gy(Y) = Y2+ d\Y + d,, (5.4)
with ¥ = y2, and

di=y+u+ e+ (SoPs) - 2e(y + 1),
2
A
do=eXy + u)* - H_] (&Bs + Uy By
S

= ey + u)*(1 - RY).

Note that if Ry > 1, then G,(0) = dj < 0. As the function G, is continuous and limy_...G(Y) = +o, then equation
(5.4) has at least one positive root, denoted by Y;. Consequently, equation (5.2) has two conjugate roots with a
purely imaginary part +iy,. Hence, we obtain the following proposition.

Proposition 5.1. The trivial steady state (DFE) E, is stable if Ry <1 and unstable for all time delays T > 0
when Ry > 1.

5.2 Local stability of E;
In this section, we analyze the asymptotic behaviors of the nontrivial steady state (endemic equilibrium) E;.

Proposition 5.2. If Ry > 1 and (Hs) are satisfied, then the nontrivial steady state (endemic equilibrium) E; is
asymptotically stable for all time delays T = v > 0.

Proof. By linearizing system (5.1) at E;, we obtain

ax
— X+ X,

de
where
s B* - B WE-pg 00 0 -BS* —ByS*
X=\I) J;y~= Bl* + By W* “+u) 0 and JF=|0 BS* Py,S*|
w 0 W, - 0 0 0

We obtain the following characteristic equation:
P¥(A) + Q*(Me™ =0, (5.5)
with
P*A) =2 + A + A + ag,
Q*(N) = 80 + 54 + &,

where
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Table 1: Estimation of parameters

Parameter Value

A 0-0.7

Bs 0.09

Bw 0-0.7

Ug 0.03

y 0.02

1 0.09

Ly 0.03

£ 0-0.5

T Positive value
v Positive value

Table 2: Sensitisity index of Ry

az*zﬁsj*+‘3WW*+yS+y+‘uI+g,

o = (Us + BI* + By W*)(e +y + ) + ey + 1)),
ag = ey + V)(ﬁsl* + ﬁWW* + Ug),

Parameter Sensitivity index Index at parameters value
A +1 +1
Bs s 0.7500
&Bs + Bty
Buw B 0.25
&Bs + Bty
Hs -1 -1
Y r —-0.1818
Yy
4 M -0.8182
yriur
By _ v 8.3333
Bs + Bwitw
£ sy 0.5682
B+ Bwiw v +up
1 T T T T T T T T T T T T
S(t) S(t)
091 —_—t) | 1)
wW(t)
08 ,
07t 1
06 .
2
Zo05F .
(2]
04t E
03t 1
02+ 1
01F .

g

0 20 40 60 80

100 120 140 160 180 200

time t

20

L L

40

60

80

100 120 140 160 180 200
time t

Figure 1: Stability of E; and nonexistence of E; for 7 2 0 and v > 0 (left). Instability of Ey and stability of E; for T > 0 and v 2 0 (right).



12 — Fatiha Najm et al.

05
0 100 200
time t time t
05 5
.
04 p— 45 .
.
03 4 o =20
= o ® #=25
0.2 35 -
041 3
ol— 25
0 100 200 300 400 500 4 05 0 05 1 15
time t B
35 1
08
06
0.4
1 [ 0.2
05
0 100 200 300 400 500 100 200 300 400 500
time t time t
05 5
— =3 .
04 A —r 45 M
#=10
— =15 .
03 — 20 4 .
= #=25 o ° 4525
0.2 35 -
01 3
0 25
0 100 200 300 400 500 4 05 0 05 1 15

time t

(c)
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35 1
08 ‘
06
04
02
05 [
o 100 200 300 400 500 o 100 200 300 400 500
time t time t
05 5
.
04 45 °
.
03 4 .
= & .
0.2 35
04 3
o - 25
o 100 200 300 400 500 -1 -0.5 o 05 1 15
time t By (b)
35 08
0.6
— 04
0.2
0.5
o 100 200 300 400 500 200 300 400 500
time t time t
05 5
° .
04 | 45 =
=10
o =15
03 4 o =20
= & ° 4=25
02 35 )
0.1 3
0 = 25
o 100 200 300 400 500 -1 -0.5 o 1 15

time t

(d)

Figure 2: Temporal evolution of S, I, and W for different values of time delay 7: (a) ¢ = 3, (b) u =10, (c) u = 15, and (d) u = 20. If T
increases, the number Ry is constant, and the endemic equilibrium remains asymptotically stable for all 7 > 0.

1
=3
08 =6
=10
NS —e i
06 —— =20
=25
04
0.2
ol
0 100 200 300 400 500 0 100 200 300 400 500
time t time t
05 5
o =3
04 ANSS 45 ° ¢
=10
o =is
03 4 o 20
= o o =25
02 35 -
01 3
ol— 25
0 100 200 300 400 500 4 05 0 05 1 15
time t
35 1
p—
3P g — =6 08
=10
— =15
— =20 0.6
=25
04
1 —— 02
05
0 100 200 300 400 500 100 200 300 400 500
time t time t
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Figure 3: Temporal evolution of S, I, and W for different values of time delay u: (a) T = 3, (b) T = 10, (c) 7 = 15, and (d) 7 = 20. If A
increases, the number Ry is constant, and the endemic equilibrium remains asymptotically stable for all z > 0.
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Figure 4: Temporal evolution of S, I, and W for different values of A. If A increases, the number Ry increases, which implies an increase
in the infectious population and the virus concentration.
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Figure 5: Temporal evolution of S, I, and W for different values of B,. If B, increases, the number Ry increases, which implies an
increase in the infectious population and the virus concentration.



14 —

Fatiha Najm et al.

0 100 200 300

time t

0 100 200 300

time t

—

1.2

0.8

0.6

0.4

0.2

DE GRUYTER

0 100 200 300
time t
® ® =0
' ® ¢=0.01
© €=0.05
i ® =0.1
® =05
I °
°
i °
-1 -0.5 0 0.5 1 1.5

€

Figure 6: Temporal evolution of S, I, and W for different values of €. If € increases, the number R, decreases, which implies a decrease
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0 . R R
0 50 100 150 200
time t
15
— p1y=
D — ;LW=0.01 I
10 b _— uw=0.05 |
— py, 0.1
B  — uw=0.5
5| _ MW=O.7
0
0 50 100 150 200
time t

Ry

1.5 r - .
—_ “W=o
—— 11,,=0.01
1k ——— 1y, =0.05 | |
—MW=O.1 -
—— 1y =0.5 [
I =0.7 H
05 | Hw ]
0 . .
0 50 100 150 200
time t
25 .
o [y, =
20 ® ,,=0.01
® o p,=0.05
15 e 1,=0.1
° 'U‘W=0'5
10 - o =07
5t .
[
0 . . . . .
-1 -0.5 0 0.5 1 1.5
Hw

Figure 7: Temporal evolution of S, I, and W for different values of u,. If i, increases, the number Ry increases, which implies an

increase in the infected population and the virus concentration.
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and
62 = _ﬁss*;
81 = =(BS*(BI™ + By W™ + g + €) + By S™),
80 = (& = DBS* (Bl + By W*) = Us(BsS* + Uy By W™).

Since the nontrivial steady state (endemic equilibrium) E; is asymptotically stable for 7 = 0, from Proposition
3.2 and by the continuity property, it is still asymptotically stable for small 7 > 0 or for all 7 > 0. To study the
switch of stability, let iw(w > 0) be a root of equation (5.5), then we obtain the following equation:

—iw® - @fw? + affiw + af + (-Sw? + Sjiw + Sp)(coswT — isinwt) = 0. (5.6)
By separating the real and imaginary parts, we obtain

W3 - affw = Sw? SinwT + 81w cosWT — & sinwt

(5.7)
aw? - af = —8;w? coswT + ) CoSWT + S1w Sinwr.
It is easy to have
Wb+ Afwt + Affw? + Af = 0. (5.8)
Let z = w?, then equation (5.8) becomes
h(z) =23+ AfZ2 + Afz + Af = 0, (5.9
where
A = (@) - 247,
= (BI* + By W™ + pg)* + (y + 1) + €%,
Af = (@) - 8F = 83 + 2808, — agay),
A = (a5)? - &3,
Since Ay > 0, we consider the following hypotheses:
(Hs): Af >0 and AfAF - Af > 0. (5.10)

From the hypothesis (H3) and the Routh-Hurwitz stability criterion [6], equation (5.9) has no positive root.
Therefore, all roots of the characteristic equation (5.5) stay in the left half complex plane for all 7 = v > 0. This
completes the proof. O

6 Sensitivity analysis

The sensitivity analysis for the basic reproduction number [equation (2.2)] gives us information about the
influence of each parameter on the transmission and the spreading of the disease [33]. It is also used to detect
and determine which parameter has high impact on the epidemiological threshold R, and will be targeted by
controlling strategies. To do that, one needs to use the normalized sensitivity index of Ry with respect to a given
parameter model, which is defined as follows.

Definition 6.1. [31] The normalized sensitivity index of R,, which is differentiable to a given parameter model
0, is given as follows:

YRU - %i

7 90 Ry’

The sensitivity indices for each parameter model defined in Table 1 are summarized in Table 2.
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From Table 2, we can detect the parameters that have a significant impact on the basic reproduction
number R, and are classified as follows: A, B, Ui, i4;, and ti,. In a simple manner, an increase of the parameter
Bg by (100%) will increase Ry by 75%, and this can be applied to the other parameters of the model.

7 Numerical simulations

In this section, and via MATLAB software, we give some numerical simulations to illustrate our analytical
results. The used parameters and related values are summarized in Table 1. Here, we assume that W is of the
same scale as the infectious population and decreases over time if no further input occurs (Figure 1).

Remark 7.1. As the study of the characteristic equation with two different delays becomes is more complicated,
numerical simulations show that the asymptotic behavior of equilibria remains the same for 7 # v, as illu-
strated in Figures 2 and 3.

8 Conclusion

In order to study the role of indirect transmission, we proposed a mathematical model that takes into account
the effects of four arguments: direct and indirect transmissions and their transmission delays from infectious
individuals and the environment to susceptible individuals. We proved the positivity and boundedness of
solutions and the asymptotic behaviors of the possible steady state. We also proved the occurrence of a
transcritical bifurcation at the critical value of the basic reproduction number R = 1. To our best knowledge,
only a few articles have treated this situation. From the sensitivity analysis part and Figures 4-7, we conclude
that the best strategy to stop the propagation of infectious diseases is to decrease the concentration of
environmental viruses.
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