Mathematical Study of Two-Patches
of Predator-Prey System with Unidirectional
Migration of Prey

Radouane Yafia and M.A. Aziz Alaoui

Abstract In this chapter we consider a model describing the dynamics of
predator-prey populations living in two patches. The two patches follow the Lotka-
Volterra type and are coupled through prey migration. Our purpose is to study the
effect of migration rate on the behavior of the coupled systems. We prove the posi-
tivity of solutions and find the upper and lower bounds with respect to the migration
rate of prey. Also, we show the stability/instability of the possible steady states and
we establish the global stability of the positive steady state by giving a candidate lya-
punov function. Some numerical simulations are provided to graphically demonstrate
the population dynamics of the system.

1 Introduction

One of the oldest and well known mathematical model which describes the interaction
between two species predator and prey was introduced by Lotka [1] and Volterra [2],
known as Lotka-Volterra mathematical model. The model was given by a system of
two differential equations as follows:
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d
9 =ax —byx
(L

% = —cy +dxy

where x(¢) and y(¢) are the total numbers of prey and predator at time ¢, respectively,
the constants a, b, ¢ and d are nonnegative and the rate 5 is related to the conversion
of prey biomass into predator biomass. One weakness of the above model is the
exponential growth of the prey in the absence of predator. This is not the case as
while the prey continues to grow, space and resources will run out eventually, thereby
limiting the growth of the prey population. To handle this case, the predator-prey
system (1) can be modified to:
”ZJ—’; =ax — fx% —byx
)

% = —cy +dxy

In the last years, this model have been studied in various forms by many authors (see,
[3-5]) by changing the functional response, by taking into account the effect of diffu-
sion terms or including the time delay in order to better understanding the dynamics
of population interaction or studying the model with different form of functional
response (see, [6—10]. Other authors consider some models which describe the inter-
action between two patches or more by taking into account the effect of the migration
of one or two species from one patch to another (see, [ 11-16] and references therein).
The analysis of these models focuses on the existence of possible steady states and
their qualitative behavior: local and global stability/instability, bifurcation and when
the dynamics of the two interacting patches are synchronous and asynchronous.

In [17], Kuang et al. introduce a model in which a single specie disperses between
two patches of a heterogenous environment with barriers between patches and a
predator for which the dispersal between patches involve a barrier. The model is
given by a system of three ordinary differential equations, and the authors studied
the existence of steady states with local and global stability. Also, the uniform per-
sistence is proved and an example of Lotka-Volterra is given in order to prove that
the dispersion stabilizes the system when the dispersal rate is small and destabilizes
the system when this rate is increased.

In [18], the author introduced a two diffusively coupled predator prey populations.
The coupled system is composed of four differential equations that is modelling the
interaction of two identical patches in which dynamics are coupled through the migra-
tion of individuals of predator population only. This interaction between the predator
and prey populations takes the form given by Rosenzweig and MacArthur [19] in
which the prey population grows logistically and the predator has a Holling type 11
functional response. It was shown by numerical simulations that oscillations syn-
chronize for very small migration rate and instability of synchronous oscillations for
intermediate migration rate and periodicity, quasi-periodicity, and chaotic attractors
with asynchronous dynamics. The existence of attractors in the form of equilibria or
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limit cycles in which one of the patches contains no prey for large predator migra-
tion rates was also proved. The qualitative behavior (stability/instability, numerical
simulations) of the possible steady state of this model are studied by Feng et al. [20].
In [21], Feng et al. consider the same model by taking into account the migration of
both prey and predator population and studied the stability/instability of the possible
steady states.

Recently, Quaglia et al. [22] considered a model of two patches coupled by the
migration of both species. The model given by two identical patch with the same
reproduction rate and different carrying capacities in each patch. The authors studied
the existence and stability of the possible equilibrium points.

Atnow all the presented coupled patches of predator prey models take into account
the migration of one species in one direction (from one patch to another patch only)
or in the two directions (mutual migration) and the migration of both species in one
direction or in two directions without considering the effect of the migrated (refuged)
population on the refuge patch.

In the current chapter we consider two symmetric (identical) patch given by Lotka-
Volterra system as follows (before migration):

dx; _

T =axi(l —x;) — bx;y;
. 3)
Di = cxpy; — dyi

ief{l, 2}

In the next, we take into account the migration of the prey population from the first
patch to the second patch only (in one direction only) with a migration rate k and we
consider the contribution of the migrated (refuged) prey population in the growth of
the predator population of the refuge patch (second patch). The model is given by a
system of four ordinary differential equations as follows:

% =ax1(1 —x1) —bx1y1 — kxi

DL = cxyy) —dy)
“4)

T = axa(l — x2) — bxays + kx;

D — ¢(xy + kx1)y2 — dys

The chapter is organized as follows. In Sects.2 and 3 we prove the positivity and
boundedness of solutions. In Sects. 4 and 5 we show the existence of possible steady
states and their local and global stability, while in Sect. 6, we present some numerical
simulations to illustrate the theoretical results.



442 R. Yafia and M. A. Aziz Alaoui

2 Positivity

Consider now the uncoupled systems (3) which correspond to the case when k = 0.
By integrating from O to ¢, from the (3); and for any initial data x;o > 0,i = 1,2
and y;o > 0,i = 1, 2, we have

X (1) = xjpelo@1=xi N =byi&Nds o ; — 1 2 (5)
From the (3);, we have
¥i(t) = yigeh @@ =dds 5 0 j = 1,2 (©6)
Then we deduce that for k = 0 the uncoupled systems has a positive solution for any
positive initial data.
Let us now consider the case when the migration rate is positive (k > 0) which
corresponds to the coupled system (4). From (4); and (4),, we have
x1(f) = xppelo@I=x1EN=byi©)=hds _ () 7
and
V(1) = yioeh € ®=ds - o

From (4)3,
t
x2(1) :xzoefo’(a(l—xz(s))—byz(s))ds Tk / ef;(a(l—xz(u))—byz(u))duxl(S)ds (8)
0

and from (7), we have x| (¢) > 0, V¢ > 0. Then, we deduce that x»(¢) > 0, V¢t > 0.

3 Boundedness

In this section we focus on the finding of the upper and lower bounds of the predator
and prey populations, These bounds will give us information about the extinction,
co-existence and exponential behavior of both species. The following comparison
argument will be employed in the proofs associated to the upper and lower bounds
of species.
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Consider the following differential equations

dx;
G = fit,x; (), i =1,2
xi (0) = xj0,i = 1,2 &)

where f;,i = 1, 2 are continuous functions on [0, T] x R.

Proposition 1 Ler x| and x; the solution of equations (9) Wlth mltlal conditions
x1(0) = x19 and x(0) = xp0, respectively. Assume that d— and — are continuous
on[0,T] x R.

If fi(t,x) < fo(t,x) on [0, T] x R and the initial conditions verify x10 < X0,
then the solutions x| and x; satisfy x1(t) < x2(t) on [0, T].

Theorem 1 Let X (1) = x1(t) + x2(¢) the total number of the prey population of the
two patches and Xo = x10 + x20, X (t) satisfies the following inequality

0<X((t) < ((L — l) e Y 4 l)_l
- - Xo 2 2

lim sup X (¢) < 2, Vt €]0, 4+00[

t—>+00

and

for Xog < 2.

Proof Let X(t) = x1(¢) + x2(¢) the total number of the prey population of the two
patches. From (4); and (4)3 we have,

ar <a(x;+x2) —alxy +x3)
a 2
<a(x;+x2) — 5()61 + x2)

<aX(l X)
=a )

As the following logistic equation

= au(1 - %)
[ dt 2 (0) = ug 2 (10)

with solution

oo (L1, A
0= (G -2)+3)
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From Proposition 1 and from the positivity of x1(¢) and x> (¢), we have

0<X((t) < ((L — l) e Y 4 l)_l
- - Xo 2 2

Then, for any initial conditions x1g and x;¢ satisfy X (0) = X9 = x10 + x20 < 2, we
get

lim sup X (¢) < 2, Vt €]0, 4+00[

t—> 400
The following result gives us the boundedness of the predator population.

Theorem 2 Let Y (1) = yi(t) 4+ ya(t) the total population of the predator specie of
the two patches. Then, we have

Yo <Y(1) < (YO _ 2k )e@“‘”’ G 2k

2c—d 2c—d

and for 2¢ > d and for Yy > 2%,C_kd we obtain

limsup Y () <
o too 2c—d

where Yo = y10 + y20-

Proof From the (4); and (4)4, we have

dy V1 2

=)+ =@

dt() dt()+dt()
= c(x1y1 + x2y2) —d(y1 + y2) + ckx;
> —dY ()

leading to
Y(t) > Yoe ¥

Asx; <X <2and x; < X <2, we have
dy
Let us consider the following equation

[%(r) = 2c —d)u(t) + 2ck (11

u(0) = ug
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By applying the variation of constant formula, we obtain

2ck 2ck
—Qc—d)t
2 — d) ¢ te—a

u(t) = (uo —

From Proposition 1, we have

2ck oot 2ck
2c —d 2c —d

Y(@) < (Yo -
As 2¢ > d and for Yy > %, we deduce that

limsup Y () <
t—>+o§ 2c—d

If Kk = 0, we have

limsup Y (t) =0

t—>+00

4 Steady States and Stability

4.1 Steady States

In this section we will determine the possible equilibrium points and we will study
their stability/instability with respect to the migration rate k (Table 1).
The possible steady states are given by resolving the following equations

ditl =axi(l —x1) —bx1y1 —kx1 =0

d

% =cx1y1 —dy1 =0 12
% =axy(1 —xp) —bxpys +kx; =0

dy>

Tf =clx2+kx))y2 —dy, =0

Proposition 2 Under some conditions, system (4) has seven equilibrium points.
The following table summarize the existence of the steady states:
where D = a® + am, D) = a* + 4aki—{ andm = k(1 — ]5‘).

Proof The first steady state is trivial Eyg = (x10, Y10, X20, y20) = (0,0, 0, 0).
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Table 1 Existence of possible steady states of system (4)

Equilibrium point Conditions of existence
Eo = (x10, y10, X20, ¥20) = (0,0, 0, 0) No conditions

= (x11, y11, X21. y21) = (0,0, 1, 0) No conditions

1-4
Ey = (x12, y12, %22, y22) = (0 0,4, (b)) c>d
2

E3 = (x13, y13, %23, y23) = ( — ko, atvgtam 0) a>k
Ey = (X14, Y14, X24, y24) = ( — ko, = W) cm <d <

cm—i—i(a—i—\/ﬁ)and
a > k where
m=k(1—%)>0and
D=a?>+am>0

= (x15, Y15, X25, ¥25) = (% 4(1-% -4y, “+2'aD‘,0) 1>5%_4d
E¢ = (x16. )’16 X265 ¥26) = k<1<$ (a+ VZQ]) +k
d
doa(p_k_dy dq_p, 7“"26“;;‘;;”"?) and 1 > & — 4 where

Dy :a2+4ak% >0

If ¢ > d, from (4), we obtain

0

X1 =
=0=
X1=1—k

a
In the case when x; = 0, system (4) have two steady states
Ey = (x11, Y11, X21, y21) = (0, 0,1, 0)
and

d a (1 — %)
Ey = (x12, y12, %22, y22) ={ 0,0, P

In the case when x; = 1 — 5 and if ¢ > d and a > k, we have

[axz(l —x2) —bxpy, +m =0 (13)

c(x2+m)ys —dy, =0

where m = k(1 — %) > 0.
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From (13);, if yo = 0 the forth component of the equilibrium point is given by
resolving the second order equation in x;

ax2—ax§+m=0

If D =a?+am > 0then x; = 7a_+2«a/5 <0orx; = u+2«a/5 - 0.
Therefore, the third equilibrium point is as follows
a+~D
= (x13, Y13, X23, ¥23) = (l - -0, —— 5. )

From (13), if xo4 = d_c”" and d > cm, from the (13); the forth component of the

equilibrium point is given by

axp4(l — x24) +m
bxoq

Y24 =

To determine the region of nonnegativity of y4, let us consider the following second
order polynomial for x > 0:

—ax’+ax+m=0 (14)

+vD

which is nonnegative if 0 < x < “5*=. Then, if 0 < x4 < # which is
satisfied if

cm<d<cm+2i(a+x/5).
a

Then the steady state is given by

k d—cm axy(1 —xp4)+m
E4 = (x14, Y14, X24, Y24) = (1 - 0, ,

C bXQ4
From (3);, we have X15 = %1 and from (3); we have y;5s = % (1 — ’ai - %) which is

positive if 1 > = — 51.
a

From (3)3 and (3)4, we get
Haxz(l—xg) bxzyz—i-k— =0 (15)
ety +kd)yy —dy, =0

from (15),, we have y»5 = 0 and from (15); and solving the following polynomial
forx >0

d
—ax’+ax+k—=0 (16)
c
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we find

a+ /D

X25 = A

where D = a? + 4ak% > 0.
Then, the sixth steady state is given as follows

d a k d a—+ /D
Es = (x15, y15, X25, y25) = (Z’E(l )—10)

From (15);, we have:
d
x26 = —(1 — k)
c
which is positive if 1 > k and from (15); we have

axze(l — x26) + k%
bxog

Y26 =

As the last equilibrium point y,¢ is nonnegative if 0 < x2¢ < x25 which is equivalent

to
D
1)+k

c
k<l<-=\a+
< <d(a 2

then the sixth steady state is:

d a k d\ d axze(1 — x26) + k<
Egs = (x16, Y16, X26, ¥26) = — — {1 ————), =1 = k), c
c b a ¢ c bxyg

Remark 1 Ey = (0,0, 0, 0): Extinction of both the predator and prey in each of the
two patches (i.e. if there is no prey there is no predator, in this case there is no
migration k = 0).

E1 = (0,0, 1, 0): Extinction of both the predator and the prey in the first patch and
persistence of the prey and extinction of the predator in the second patch (i.e. if there
is no predation there is a persistence in prey and the prey will grow in the absence
of the predator population. As there is extinction of the prey in the first patch there
is no migration of prey population from the first patch to the second patch k = 0).

1-¢
E, = (O, 0, %, a( 5 L)): Extinction of both the predator and prey in the first

patch and there is no migration to the second patch and persistence of both the
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predator and prey in the second patch for the value rate of numerical response bigger
than the mortality rate of the predator in the second patch.

/02 . . .
Ez = (1 — %, 0, W, O): Extinction of the predator and persistence of the

prey of both the patches. In this case there is a migration of the prey population
from the first patch to the second patch when the migration rate is smaller than the
production rate of the prey a.

E4 = (1 — %, 0,4 —n, “xz“(lb;;“)m ): Persistence of the prey and extinction of

the predator in the first patch and persistence of both the predator and prey in the
second patch and there is a migration of the prey population from the first patch to
the second patch.

Es = (%’ a(1- f—l — ‘—1) , %, O): Persistence of both the predator and prey

c

in the first patch and persistence of the prey and extinction of the predator in the
second patch and there is a migration of the prey population from the first patch to
the second patch.
_ d
E¢ = (4 &(1— § — 4) , %(1 —k), M) Persistence of both the

c’b c bxa6

predator and prey in each of the two patches and there is a migration of the prey
population from the first patch to the second patch.

4.2 Local Stability

Definition 1 Let Pri(xy, y1, x2, ¥2) = (x1, y1) the projection of the point (x1, y1,
X2, y2) on the (4)1-(4), describing the first patch (x1, y1) and Pra(x1, y1, X2, y2) =
(x2, y2) the projection of the point (x1, y1, x2, y2) on the (4)3-(4)4 describing the
second patch (x3, y2).

To study the local stability of the possible equilibrium points, one needs to linearize
system (3) around the concerned steady state.

Theorem 3 Consider that E, = (xf, i, x5, y;) is a steady state of system (4). The
stability of Ey is deduced from the stability of PriE, = (x]*, y;‘) and PryE, =
(3, ¥3).

(1)If PrE. and PryE, are asymptotically stable, then E is also asymptotically
stable.

(2) If PriE, or PryE, is unstable, then E, is also unstable

Proof By linearizing around the steady state E, = (xf, Vi, x5, y§) we obtain the
following linearized system:
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d—xl' = (a(l —x{) — by —ax{ — k) x| — bxiy

dd—t’ = cyfx1 + (cx]" — d) Y an
% = (a(l —x3) — by; — axi‘) x2 — bx3ys + kx
‘%2 = cky;x1 + cky;xz + (c(kxf +x3) — d) 2
and the jacobian matrix is given by
Ap—k —bxi O 0
eyl exj—d 0 0
J(Ey) =
k 0 Aj —bx}
ckys 0 cy;clkxi+x3)—d
where
Ai=a(l —x])—by" —ax =a(l —2x]) — by}, i =1,2
Then
My — My 0,
det(A 1y — J(E,)) = det
M My — My
where
Ay —k —bxf Ay —bx} k O
My = My = M =
oyl exj—d cyy clkxf +x3) —d cky; 0
and [, is the 2 x 2 unit matrix and 05 is the 2 x 2 vanishing matrix.
From the determinant property, we have
det(AMy — J(Ey)) =det (A — M) x (A — M») (18)

Then, det (Al — M) = 0 is the characteristic equation associated to PriE, and
det (Al — M3) = 0 is the characteristic equation associated to Prp E.
Therefore, we deduce the result.

Theorem 4 (Stability of Ep)
The equilibrium point Eg = (0, 0, 0, 0) is unstable.

Proof The value of Ay at Ey is A» = 0 and Pra(Ep) = (0, 0). From Theorem 3,
the stability of Pry(Ep) is determined from the following associated characteristic
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equations
A—a O
det (A, — M3) =
0 A+d
=X—a)(A+d)
=0

As A1 = a > 0and Ap = —d < 0, then Pri(Ep) is unstable. Therefore, from
Theorem 3 E is unstable.

Remark 2 If we consider system (4) with vanishing migration (i.e. there is no migra-
tion of the prey population from the first patch to the second patch: k = 0), we obtain
system (3). Then Pri(Eg) = Pra(Ep) = (0, 0) is a equilibrium point of system (3)
and the stability of Ep can be deduced from the stability of the trivial equilibrium
solution (0, 0) of (3). Therefore, the migration rate does not have any effect on the
stability of the equilibrium solution Ejy.

Theorem 5 (Stability of E1)
The equilibrium point E1 = (0,0, 1, 0) is asymptotically stable if a < k and
unstable if a > k.

Proof From the expression of A and A; at E1, we have A = 0 and Ay = —a.

Asdet(A\p — M) = (A —a + k)(A + d) = 0. Therefore, Ay = a — k and
Ay = —d < 0 and we deduce that Pri(E1) = (0, 0) is asymptotically stable if
a < k and unstable if a > k.

From det (A, — M>) = (A +a)(A +d) = 0, we get that Pra(Eq) = (1,0) is
asymptotically stable.

From Theorem 3, we deduce that E| is asymptotically stable if a < k and unstable
ifa > k.

Remark 3 Pri(E1) = (0, 0) is a trivial equilibrium solution of the first patch when
k =0and Pry(E1) = (1, 0) is an equilibrium solution of the second patch and the
stability of £ depends on the migration rate k

Theorem 6 (Stability of E»)

a(1-4
Suppose ¢ > d, the equilibrium point E, = (O, 0, %, #) is asymptotically

stable if a < k and unstable if a > k.

Proof As Pri(E>) = Pri(E1) = (0,0), A1 = 0 and from the proof of Theorem 5,
we have Pri(E1) = (0, 0) is asymptotically stable if ¢ < k and unstable if a > k.
From the expression of A at E, we have Ay = —% < 0 and the characteristic

) is given by

d
a
equation associated to Pri(E3) = (% ( B E)
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d d
det (I — My) = 32+ 222 4 ad (1__) I
C C

As A = (%)2 — 4ad (1 — %),ifA > 0 we get:

ad ad
—ad /A _ad _ /7
M=———andi)=——— <0
2 2
From the expression of A and as ¢ > d (condition of the existence of E»), we have
A1 < 0. Then, Pry(E>) is stable asymptotically.
If A <0 we get:

and Re(A1) = Re(\p) = —“Td < 0. Then, Pry(E») is stable asymptotically.

1-4
From Theorem 3, we deduce that £, = (0, 0, %, a( 5 ‘)) is asymptotically
stable if a < k and unstable if a > k.
Remark 4 Pri(E;) = (0, 0) is a trivial equilibrium solution of the first patch when

1-¢
k =0and Pry(Es) = ( 2, “ . ‘)

is not an equilibrium solution of system (3).

Then, the stability of E, depends on the migration rate k and can be deduced from
the stability of Pri(E>).

Let
(H):a(d—1) <k
(Hp): c(m + x23) < d, wherem =k (1 — %) >0

Theorem 7 (Stability of E3)
Suppose a > k.
If (Hy) and (H) are satisfied, then the equilibrium solution Ez =

11— g, 0, 4tva-tam “2‘;“’”, O) is asymptotically stable.

If (Hy) or (Hy) are not satisfied, then the equilibrium solution E3 =
(1 _k 0 at++a%+am O)
a’ b 2a 9

is unstable.

Proof From the expression of A1 at E3, the characteristic equation associated to
PriE; = (1 — g O) is as follows:

det(klz—Ml)=(A—k+a)(k—c(l—g)—i—d):O
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and the corresponding eigenvalues are givenby A; =k —a and Ay = ¢ (1 - Iai) —d.
As a > k, we have A1 < 0 and if (H) is satisfied, then PrjE3 is asymptotically
stable and if not satisfied, Pr| E3 is unstable.

From the expression of x»3 and by computation at E3, we have

A k 1 k 0
= —— ——)—-a <
2 x23 a 23

a+va%+am 0) is:
2a ’ .

and the associated characteristic equation to Pro E3 = (
det M, — My) = (A — A))(A—c(m+2x23) +d) =0
The corresponding eigenvalues are
M =Ay <0and Ay =c(m + x23) — d

If (H>) is satisfied, we obtain that Ay < 0. Then, Pr; E3 is asymptotically stable and
if (H>) is not satisfied, Pry E3 is unstable.

From Theorem 3, we deduce that, the equilibrium solution E3 is asymptotically
stable if (H) and (H,) are satisfied and unstable if (H}) or (H>) is not satisfied.

Theorem 8 (Stability of Ey4)
Suppose a > k and cm < d < cm + 5 (a—}—\/ﬁ), where D = a® + am > 0.
If (Hh) is satisfied, then the equilibrium solution £y = (1- o, d&5om ©24G2001m)
is asymptotically stable.
If (H\) is not satisfied, then the equilibrium solution £, = (1 - .0, 4o, aaslanin)
is unstable.
Proof As Pri(E4) = Pri(E3) = (1 — f—l, 0) and from the proof of Theorem 7, we

have, if (H}) is satisfied. Then PrjE4 is asymptotically stable and if not satisfied,
Pri E4 is unstable.

As Pry(Eg) = (d_ccm, axz“(lb;;f“)m), then the associated characteristic equa-

tion is given by:
det (A, — M) = A2 — AA2 + cbxpayrs =0
By calculations, we obtain the value of A, at E4, that is

2
—m — ax
Ay=— "2 0
X24

IfA = A% — 4cbxpayra > 0, the corresponding eigenvalues are

A+ VA Ay — /A
N 2

A <OandA2=T<O.
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Then, Pry(E4) is asymptotically stable.
If A <0, the corresponding eigenvalues are
Ar +i/—A Ary —i/—A
=— — < Oand Ap = —

MM < 0.

and Re(A1) = Re(hy) = % < 0.

Then, Pry(E4) is asymptotically stable.
From Theorem 3, we deduce that the equilibrium solution E4 is asymptotically

stable if (H;) is satisfied and unstable if (H;) is not satisfied.

Let:
(H3): k < 5=(a+ +/D1) +d, where D| = a* + 4aki—{ > 0.

Theorem 9 (Stability of E5)
Suppose that 1 > f -4

Cc

Es = (4, % (1 —k_ 4) , %DT, O) is asymptotically stable if (H3) is satisfied

a c
and unstable if (H3) is not satisfied.

Proof From the expression of E5, we have Pri(Es) = (%, z (1 — g - %)) and the
value of A1 at E5 is A1 = k — ax;s5 and the associated characteristic equation is

given by:
det (A [, — M) = A% + Aaxys + cbxisyis

By the same method as in the proof of Theorem 8, we find that the real part of the
corresponding eigenvalues is negative and Pri(Es) is asymptotically stable.

From the expressions of Es and A at E5, we have Pry(Es) = (%DT 0) and

— _ kd _
Ay = T — @X26 < 0.

The associated characteristic equation is
kd
det(AWh —My))=(A—A)(A—c|l— —x25)+d) =0
c
and the corresponding eigenvalues are:
kd
M=Ay<0and Xy =c|— —xp5) — d.
c

Then, A, < 0if (H3) is satisfied and Pry(E5) is asymptotically stable and unstable
if (H3) is not satisfied.
Therefore, from Theorem 3 we deduce the result.

Theorem 10 (Stability of E¢)

Supposek<1<§(a+%)+kand1> k_d



Mathematical Study of Two-Patches of Predator-Prey System ... 455

ol

_ AN
Then, the equilibrium solution Es = (£, % (1 - k_ 4) L4 =, axao(=x26)FhE )
b a c c

bxa6
asymptotically stable.
Proof As Pr1Eg = PriEs = (%, 4 (1 — % — %)), from the proof of Theorem 9,

we get Pry Eg is asymptotically stable.

. 1— d
From the expression of E¢, we have PrpE¢ = (%(1 — k), %) and

A at Eg is
kd
A2 = — —axe < 0
CX26

det (A, — M) = A% — A As + chxasyas

By the same method as in the proof of Theorem 8, we find that the real part of the
corresponding eigenvalues is negative and Pry(Eg) is asymptotically stable.
From Theorem 3, we find that E¢ is asymptotically stable.

5 Global Stability

In this section we try to study the global stability of the a possible steady state
E, = (xf, y§, x5, y3) of system (4).
Let V; the Lyapunov function associated to the patch i with i = 1, 2 defined by:

d X; b Vi .
Vi(xi, i) = (xi —x{) — —1In (—;) +- [(yi -y —y?ln(y—;)],z =1,2
i
This functions are defined and continuous on Int (Ri).
We are interested in constructing Lyapunov function for the coupled system (4).

Theorem 11 Let

2
V(xi, yi, X2, 32) = > Vi(xi, yi)
i=1

Fora > 0 and k sufficientlly small, the steady state E, = (x]“, i X5, ¥3 ) is globally
asymptotically stable.

Proof The proof is based on a positive definite Lyapunov function. It can be easily
verified that the function is zero at the equilibrium point E,, = ()c}k yi. x5, yi‘) and is
positive for all other positive values x1, y;, x» and y; and thus, E, = (xi‘ i, x5, y;)
is the global minimum of V.
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Differentiating V;, i = 1, 2 along (4) gives:

. X1 by
Vilxt, y1) = x—*(m —xi)+ E—*(M -

1 N
_ 2
= —a(x| — xl)
and
. X2 2
Valxa, y2) = 5 (x2 2)+ * )
X2 )
= —a(n —x3)* + k( i) (x2 = x3) + bk(x1 — x)(v2 = 3)
X
x]  x2 xlx*
=—a(x2—x>2k)2+kx]k(*—*+l— )—|—bk(x1 —xPD02 =)
xf o ox xlxz

Let G(x;) = —3F +1In (;‘—;),z =1,2.Byusing 1 —x +In(x) < 0 forx > 0 and

equality holding if x = I we have

xlxi‘ X1X
G(x2) =G +1——2+In|=2) <Gx)—G(x1)
x{x2 X{x2

and

X1 X2 x1x3

. 2 2 2

V(xt, y1,x2, y2) = —a(xp —x{)" —atxy —x3)" +hkxf | 5 — =S +1—- =
XX xix2

+bk(x1 — x1)(y2 — ¥3)

XXy X1X5
= —a(x; — xP)* —a(x — x3)* + kx} (G(xz) —G(x1) + 2 in ( 12 ))

xjfxa xfxo

+bk(x1 —x)(y2 — ¥3)
< —a(x; —x1)? —a(x — )%+ kxf (G(x2) — G(x1)) + bk(x1 — x)(y2 — ¥3)

As the solutions qf system (4) are bounded and a > 0 and k > 0 is sufficiently small,
we deduce that V < O and V = O if and only if x; = x* and y; = y},i = 1,2. By
the classical Lyapunov theory, E* is globally asymptotically stable.
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6 Numerical Simulations

In this section, via Matlab software and by using ode45 discretization we give some
numerical simulations in order to illustrate the theoretical results presented in the
previous sections (Figs. 1, 2, 3,4, 5, 6,7, 8).

1.4

Xy
-= %

1.2} —x

-
I

o
©

,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,

Xy YpX2:¥o
o
[}

0 10 20 30 20 50 60 70 80 90 700
time t

Fig. 1 Identification of solutions of the two patches with a vanishing migration rate k = 0

1.2

10 20 30 40 50 60 70 80 90 100
time t

Fig. 2 Stability of E; with the following parameters values a = 2, b = 3, ¢ = 2,d = 0.5 and
k=0.5
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X4
Al
—% H
7

5 10 15 20 25 30 35 40 45 50
time t

Fig. 3 Stability of E, with the following parameters values a = 2, b = 3, ¢ = 2,d = 0.5 and
k=4

1.2

-

X1i y11X2’y2
o o
[¢] ©

o
IS

time t

Fig. 4 Stability of E3 with the following parameters values a = 2, b = 3, ¢ = 2,d = 4 and
k=15
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Xy
- %

— -y

—_

o
®

X1! y1;X2,y2
°
o

o
>

10 20 30 40 50 60 70 80 90 100
time t

Fig. 5 Stability of E4 with the following parameters valuesa =2,b =3,c =2,d =4andk =5
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X YpX Yo
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[e2]
T
1

0 100 200 300 400 500 600

Fig. 6 Stability of E5 with the following parameters valuesa = 3,b =5, ¢ = 0.02,d = 0.01 and
k=0.6

100
time t

Fig.7 Stability of Esin (¢, x; y;x2y2) plane and in (x1, x2, y2) space with the following parameters
valuesa =2,b=3,c=2,d =05and k = 0.25
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(3)16 Patch 1 (b) Patch 1
14 — X4 4 i — Xq
12 — Y1 3.5 — Y1
10 3 Al
- ~ o5l
= 8 25
% 6 x 2
4 1.5
2 1 ~
2\
0 T —
N T T ’
0 20 40 60 80 100 5 10 15 20 25 30 35 40
time t timet
(0 Patch 2 (d) Patch 2
18 8
N
>
x'

X2,Y2
o = N W s oo N

0 20 40 60 80 100
time t

Fig. 8 Global stability of the positive steady state E¢ with different initial conditions values which
vary from 0.5 to 20 where a = 2, b =3, ¢ = 2,d = 0.5 and k = 0.25; the figure in the right is the
zoom of one in the left
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