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Abstract Cluster synchronization is an interesting is-
sue in complex dynamical networks with community
structure. In this paper, we study cluster synchroniza-
tion of complex networks with non-identical systems
by input-to-state stability. Some sufficient conditions
that ensure cluster synchronization of complex net-
works are provided. We show that the cluster syn-
chronization is difficult to achieve if there are some
links among different clusters. The analysis is then ex-
tended to the case where the outer coupling strengths
are adaptive. Finally, numerical simulations are given
to validate our theoretical analysis.
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1 Introduction

Synchronization of complex networks has received
wide attention and make great progress in the past
decade [1–7]. Usually, the identical synchronization is
considered as the complete coincidence of the states
of individual systems. Other synchronization phenom-
ena have been proposed, such as lag synchroniza-
tion, phase synchronization, generalized synchroniza-
tion [8–10].

Cluster synchronization, as a special synchroniza-
tion on complex dynamical networks, has been ob-
served in biological science and social contact net-
works. Because most of these networks have the clus-
tering characteristic, many individuals maintain close
contact with others in a same cluster, while only a
few individuals link with an outside cluster. Hence,
the individuals are synchronized inside the same clus-
ter, but there is no synchronization among the clus-
ters. Moreover, the results from the latest study sug-
gest that the cluster of non-vaccinating in social con-
tact networks will increase disease prevalence [11].
Cluster synchronization has got broad concern re-
cently [12–16]. Considering two-dimensional lattices
of diffusively coupled identical chaotic oscillators,
Belykh et al. [12] concluded that such cluster syn-
chronization regimes persist when the chaotic oscil-
lators have slightly different parameters. Constructing
a new coupling scheme with cooperative and competi-
tive weight-couplings, Ma et al. [13] investigated clus-
ter synchronization patterns with several clusters for
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connected chaotic networks. Applying the connection
graph stability method, Chen and Lu [14] found that
complete synchronization within each cluster is pos-
sible only if each node from one cluster receives the
same input from nodes in other cluster. Based on the
transverse stability analysis, Lu et al. [15] presented
sufficient conditions for local cluster synchronization
of networks.

In this paper, we address cluster synchronization of
a class of complex dynamical networks with commu-
nity structure. The individuals in the same cluster are
identical, while those in different clusters are diverse.
First, we denote the coupling strength in the same clus-
ter as εi , i = 1, . . . ,Nclu, where Nclu is the number
of clusters in the whole network, and the coupling
strength among clusters to be ci . Using the theory of
input-to-state stability (ISS) [17, 18], we show that the
dynamical network is difficult to achieve synchroniza-
tion if the outer coupling strength ci is not convergent
to zero. When the ci vanishes, the dynamical network
is cluster synchronization for a sufficiently large ε.
Moreover, an adaptive law is designed to achieve clus-
ter synchronization. Additionally, our controllers are
only applied to a small fraction of nodes.

The rest of this paper is organized as follows. Sec-
tion 2 introduces a model of complex dynamical net-
work with two clusters and some mathematical pre-
liminaries used in this work. The main results on the
cluster synchronization are presented in Sects. 3 and 4,
respectively. In Sect. 5, illustrative simulations are pro-
vided by taking the chaotic systems in [19, 20] as the
node dynamics in the network. Finally, some conclud-
ing remarks are given in Sect. 6.

2 Model and preliminaries

In this section, let us assume that the network only
has two clusters, that is, Nclu = 2. The individuals are
identical in the same cluster, and non-identical oth-
erwise. Consider the unweighted and undirected net-
work of N linearly coupled oscillators:

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

ẋi = f (t, xi) + ε1
∑M

j=1,j �=i cij (xj − xi),

i = 1, . . . ,M − k1,

ẋi = f (t, xi) + ε1
∑M

j=1,j �=i cij (xj − xi)

+ ci(t)
∑M+k2

j=M+1 cij (yj − xi),

i = M − k1 + 1, . . . ,M,

ẏi = g(t, yi) + ε2
∑N

j=M+1,j �=i cij (yj − yi)

+ ci(t)
∑M

j=M−k1+1 cij (xj − yi),

i = M + 1, . . . ,M + k2,

ẏi = g(t, yi) + ε2
∑N

j=M+1,j �=i cij (yj − yi),

i = M + k2 + 1, . . . ,N,

(1)

where xi ∈ R
m is the state variables of the first M

nodes, yi ∈ R
m is the state variables of the others,

f,g : R × R
m → R

m are continuous functions; εi > 0
are the inner coupling strength in a cluster, while ci

are the outer coupling strengths between two clusters.
ki are the number of nodes of cluster i which have
connection with other clusters. C = (cij )N ×N is an
adjacency matrix of the network, in which cij is one
if there is a connection from node i to node j (i �= j),
and is zero otherwise. Throughout the paper, ‖ · ‖ de-
notes the Euclidean norm for vectors and the Frobe-
nius norm for matrices. In is the identity matrix of or-
der n.

To begin with, for the convenience of the reader, we
recall several necessary mathematical preliminaries.

Assumption 1 [21–23] There exists a positive con-
stant L, such that

(x − y)T
(
ψ(t, x) − ψ(t, y) − Δ(x − y)

)

≤ −L(x − y)T (x − y),

for any x,y∈R
m and t≥t0. Here Δ=diag{δ1, . . . , δm}

is a diagonal matrix.

Remark 1 All linear and piecewise-linear continuous
functions satisfy this condition. In addition, if a so-
lution of an ODE system is bounded for any initial
condition, the above condition is satisfied. Thus, it in-
cludes many well-known chaotic systems, such as the
Lorenz system [19], Rössler system [20].

Definition 1 The network (1) is said to achieve cluster
synchronization if nodes in the same cluster are syn-
chronized, i.e., for all nodes i, j in the same cluster,
‖xi − xj‖ → 0 as t → ∞. While if nodes i and j be-
long to different clusters, ‖xi − yj‖ � 0 as t → ∞.
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Definition 2 A continuous function γ : [0, a) →
[0,∞) is said to be a class K function if it is strictly in-
creasing and γ (0) = 0. It is said to be a K∞ function if
a = ∞ and γ (t) → ∞ as t → ∞. A continuous func-
tion β : [0, a) × [0,∞) → [0,∞) is said to be a K L
function if, for each fixed s, β(·, s) is a class K func-
tion, and for each fixed r , β(r, s) is decreasing with
respect to s and β(r, s) → 0 as s → ∞ [25, Chap. 3,
pp. 145].

Definition 3 [26] A function ϕ : R
+ → R

n×m is per-
sistently exciting (PE) if there exist T0, δ̃1, δ̃2 > 0 such
that

δ̃1In ≤
∫ t+T0

t

ϕ(τ )ϕT (τ ) dτ ≤ δ̃2In (2)

holds for all t ≥ 0.

Lemma 1 [27] Given a system of the following form:
{

ė1 = β1(t) + ζ(t)e2; e1 ∈ R
p

ė2 = β2(t)
(3)

such that

(i)

lim
t→∞

∥
∥e1(t)

∥
∥ = 0, lim

t→∞
∥
∥β1(t)

∥
∥ = 0,

lim
t→∞

∥
∥β2(t)

∥
∥ = 0;

(ii) ζ(t), ζ̇ (t) are bounded, and ζ T (t) is PE.

Then limt→∞ ‖e2(t)‖ = 0.

The Kronecker product [28] of an n by m matrix A

and a p by q matrix B is the np by mq matrix A ⊗ B

defined as

A ⊗ B =
⎛

⎜
⎝

A11B . . . A1mB
...

. . .
...

An1B . . . AnmB

⎞

⎟
⎠ .

3 Cluster synchronization by input-to-state
stability

In the second equation of system (1), we regard the
term ci(t)

∑M+k2
j=M+1 cij (yj − xi) as an input perturba-

tion ui(t) in the first cluster, and definite a coupling
matrix

B =
{

bij = cij , i �= j, i, j = 1, . . . ,M,

bii = cii = −∑M
j=1,j �=i cij , i = 1, . . . ,M.

(4)

Rewrite the first M systems in the following form:

ẋi = f (t, xi) + ε1

M∑

j=1

bij xj + ui, i = 1, . . . ,M. (5)

Remark 2 In each cluster, the individuals keep in close
contact with each other. It is reasonable to assume that
each cluster is connected. Thus, the coupling matrix
B of the first cluster is negative semi-definite. It has
a simple eigenvalue zero and all the other eigenvalues
are negative [29].

Then the cluster synchronization can be trans-
ferred to the synchronization of each cluster. We now
discuss the problem of synchronization for the sys-
tem (5). The average state trajectory of uncoupled
systems is regarded as the synchronization trajec-
tory [30],

s = 1

M

M∑

j=1

xj (6)

and

ṡ = 1

M

M∑

j=1

f (t, xj ). (7)

Define error vectors as

ei = xi − s, i = 1, . . . ,M (8)

and notice that the diffusive coupling condition
∑M

j=1 bij = 0, the error systems are thus described
by

ėi = f (t, xi) − 1

M

M∑

j=1

f (t, xj ) + ε1

M∑

j=1

bij ej + ui,

i = 1, . . . ,M. (9)

Definition 4 The dynamical network (5) is said to
achieve ISS if there exist a class K L function β and
a class K function γ such that for any e(t0) and
bounded u,
∥
∥e(t)

∥
∥ ≤ β

(∥
∥e(t0)

∥
∥, t − t0

) + γ
(

sup
t0≤τ≤t

∥
∥u(τ)

∥
∥
)
, (10)

for all t ≥ t0, where eT = (eT
1 , . . . , eT

M) and uT =
(0, . . . ,0, uT

M+1−k1
, . . . , uT

M).
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Remark 3 Considering the coupling terms among
clusters as perturbations, we can use the result of
ISS to analyze the cluster synchronization of the
network (5). When all the perturbations go to zero,
form (10), each cluster will synchronize as time in-
creases, otherwise, it is difficult to realize cluster syn-
chronization for the network.

Our main result is given in the following theorem.

Theorem 1 If the function f of Eq. (5) satisfies As-
sumption 1 and ui are bounded, then the first cluster of
network given by Eq. (5) is ISS for a sufficiently large
coupling strength ε1.

Proof Construct the Lyapunov function

V = 1

2

M∑

i=1

eT
i ei . (11)

The derivative of V along trajectories of the dynamical
network (9) is given by

V̇ |(9) =
M∑

i=1

eT
i ėi

=
M∑

i=1

eT
i

[

f (t, xi) − 1

M

M∑

j=1

f (t, xj )

]

+ ε1

M∑

i=1

M∑

j=1

bij e
T
i ej +

M∑

i=1

eT
i ui

≤
M∑

i=1

eT
i

[

f (t, xi) − f (t, s) + f (t, s)

− 1

M

M∑

j=1

f (t, xj )

]

+ ε1

M∑

i=1

M∑

j=1

bij e
T
i ej

+
M∑

i=1

eT
i ui .

Since
∑M

i=1 eT
i (t) = 0, one has

∑M
i=1 eT

i [f (t, s) −
1
M

∑M
j=1 f (t, xj )] = 0. By Assumption 1, let eT =

(eT
1 , . . . , eT

M), we have

V̇ |(9) ≤ −L

M∑

i=1

eT
i ei +

M∑

i=1

eT
i Δei + ε1

M∑

i=1

M∑

j=1

bij e
T
i ej

+ 1

2

M∑

i=1

eT
i ei + 1

2

M∑

i=1

uT
i ui

≤
M∑

i=1

(

−LeT
i ei + 1

2
uT

i ui

)

+ eT

[

IM ⊗ ΔIm

+ ε1(B ⊗ Im) + 1

2
IM ⊗ Im

]

e.

As the matrix B is symmetric, there exists a uni-
tary matrix P = (p1, . . . , pM) such that P T BP = Λ,
where Λ = diag{λ1, λ2, . . . , λM} is a diagonal matrix.
Let y = (P T ⊗ Im)e; then

V̇ |(9) ≤
M∑

i=1

(

−LeT
i ei + 1

2
uT

i ui

)

+ eT

[
1

2
IM ⊗ Im + IM ⊗ ΔIm

+ ε1(P ⊗ Im)(Λ ⊗ Im)
(
P T ⊗ Im

)
]

e

=
M∑

i=1

(

−LeT
i ei + 1

2
uT

i ui

)

+ eT

[
1

2
IM ⊗ Im + IM ⊗ ΔIm

]

e

+ ε1y
T (Λ ⊗ Im)y.

Now, the matrix B is semi-negative and only have one
eigenvalue zero, thus we obtain

yT (Λ ⊗ Im)y

≤ λ2(B)yT (IM ⊗ Im)y

≤ λ2(B)eT (P ⊗ Im)(IM ⊗ Im)
(
P T ⊗ Im

)
e

= λ2(B)eT (IM ⊗ Im)e.

Thus,

V̇ |(9) ≤
M∑

i=1

(

−LeT
i ei + 1

2
uT

i ui

)

+ eT

[
1

2
IM ⊗ Im + IM ⊗ ΔIm

+ ε1λ2(B)(IM ⊗ Im)

]

e.

Choose ε1 sufficiently large such that ε1λ2(B) + 1
2 +

maxj δj ≤ 0. Hence,
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V̇ |(9) ≤
M∑

i=1

(

−LeT
i ei + 1

2
uT

i ui

)

=
M∑

i=1

[

−L(1 − η)eT
i ei − LηeT

i ei + 1

2
uT

i ui

]

= −L(1 − η)‖e‖2 − Lη‖e‖2 + 1

2
‖u‖2,

where 0 < η < 1, uT = (0, . . . ,0, uT
M+1−i , . . . , u

T
M).

Therefore, whenever ‖e‖ ≥ ‖u‖√
2Lη

,

V̇ |(9) ≤ −L(1 − η)‖e‖2.

By a similar reasoning as in the proofs of Theo-
rems 4.18 and 4.19 in [25], we conclude that there ex-
ist class K L function β and class K function γ , such
that, for any t ,

∥
∥e(t)

∥
∥ ≤ β

(∥
∥e(t0)

∥
∥, t − t0

) + γ
(

sup
t0≤τ≤t

∥
∥u(τ)

∥
∥
)
. (12)

In the same way, we can also show that the second
cluster is ISS. Although the dynamical network (1)
contains two clusters only, the results also hold for
complex dynamical network with many clusters fol-
lowing the same process of our proof above. �

Remark 4 Note that ci(t)
∑M+k2

j=M+1 cij (yj − xi), the
term ui is not convergent to zero because the trajec-
tories xi and yi are different chaotic systems. From
the results of ISS, each cluster cannot guarantee to
achieve synchronization if the perturbation ui do not
vanish.

4 Cluster synchronization by adaptive method

In this section, an adaptive law on the coupling
strength ci(t) is proposed so that each cluster can
achieve synchronization.

Theorem 2 Suppose that Assumption 1 holds. Then
the first cluster of network (5) is synchronized for a
sufficiently large coupling strength ε1 and the follow-
ing adaptive control laws:

ċi (t) = −
M+k2∑

j=M+1

cij e
T
i (yj − xi),

i = M + 1 − k1, . . . ,M. (13)

Proof Construct the Lyapunov function candidate

V = 1

2

M∑

i=1

eT
i ei + 1

2

M∑

i=M+1−k1

c2
i (t). (14)

The derivative of V along trajectories of the dynamical
network (9) and the adaptive laws (13) is given by

V̇ |(9,13) =
M∑

i=1

eT
i ėi +

M∑

i=M+1−k1

ci(t)ċi (t)

=
M∑

i=1

eT
i

[

f (t, xi) − 1

M

M∑

j=1

f (t, xj )

]

+ ε1

M∑

i=1

M∑

j=1

bij e
T
i ej +

M∑

i=M+1−k1

eT
i ui

−
M∑

i=M+1−k1

ci

M+k2∑

j=M+1

cij e
T
i (yj − xi)

≤
M∑

i=1

eT
i

[

f (t, xi) − f (t, s) + f (t, s)

− 1

M

M∑

j=1

f (t, xj )

]

+ ε1

M∑

i=1

M∑

j=1

bij e
T
i ej

≤
M∑

i=1

(−LeT
i ei

)

+ eT
[
IM ⊗ ΔIm + ε1(B ⊗ Im)

]
e

≤
M∑

i=1

(−LeT
i ei

)

+ eT
[
IM ⊗ ΔIm + ε1λ2(B)(IM ⊗ Im)

]
e.

Using the same reasoning as in the proof of Theo-
rem 1, we obtain ε1λ2(B) + maxj δj ≤ 0 for suffi-
ciently large ε1. Hence,

V̇ |(9,13) ≤ −LeT e, (15)

which means that ‖e‖, |ci | are bounded. From (15), we
have for any t ,
∫ t

0
eT (τ )e(τ ) dτ ≤ − 1

L

∫ t

0
V̇ (τ ) dτ

= 1

L

(
V (0) − V (t)

) ≤ 1

L
V (0).

From (9) and the Assumption 1, ė(t) is clearly bound-
ed. It follows from Barbalat’s lemma [25] that

lim
t→∞ eT (t)e(t) = 0,



J. Zhao et al.

then limt→∞ ‖ei(t)‖ = 0 for i = 1, . . . ,M . Therefore,
the first cluster of network (1) is synchronized.

In the same way, using the adaptive law,

ċi (t) = −
M∑

j=M+1−k1

cij e
T
i (xj − yi),

i = M + 1, . . . ,M + k2. (16)

We see that the second cluster is synchronized for
a sufficiently large ε2. As the synchronization states
of both clusters are different, that is, ‖xi − yj‖ � 0.
Therefore, the dynamical network (1) is cluster syn-
chronization. �

Remark 5 The adaptive laws have been added only to
the nodes having links with outside clusters, so this
method can be considered as pinning control [22–24].

Now, we discuss the dynamical evolution of the
adaptive coupling strength ci when (1) is cluster syn-
chronization. Let us assume that the trajectory ζi(t) =:
∑M+k2

j=M+1 cij (yj − xi) do not converge to zero, and
the solutions of the underlying systems xi, yj are
bounded, which hold, for example, if these dynamical
system are chaotic. Hence, we can assume that ζi(t)

satisfy the PE condition and that ζ̇i (t) are bounded.
From Eq. (9) and Eq. (13), we have

ėi = ηi(t) + ciζi(t),

ċi = −
N∑

j=M+1

cij e
T
i (yj − xi),

where ηi(t) = f (t, xi) − 1
M

∑M
j=1 f (t, xj ) + ε1 ×

∑M
j=1,j �=i bij ej . It is easy to see that limt→∞ ηi(t) = 0

and limt→∞
∑M+k2

j=M+1 cij e
T
i (yj − xi) = 0 when

limt→∞ ei(t) = 0. Since ζ T
i (t) is PE, and ζi(t), ζ̇i (t)

are bounded, by Lemma 1 we can conclude that
limt→∞ ci(t) = 0 for all i = M +1−k1, . . . ,M . Thus,
the input perturbation −ci

∑M+k2
j=M+1 cij (yj − xi) go to

zero, therefore, from the ISS theory, each cluster is
completely synchronization.

5 Numerical simulations

In this section, we show some illustrative examples
that validate our results in Sects. 3 and 4. Consider a
network with two clusters, assuming each cluster is a

small-world network which is generated by the well-
known NW model [31]. Define cij = cji = 1 if there
exists a connection from the j th node to the ith node,
and cij = cji = 0 otherwise. Let us assume that both
clusters are connected only by one link. In all our ex-
amples, each node represents a Lorenz system in the
first cluster, and Rössler system in the second cluster.
The size of the networks is N = 200.

The equation of Lorenz system is
⎧
⎪⎪⎨

⎪⎪⎩

ẋ = σ(y − x),

ẏ = ρx − xz − y,

ż = xy − βz,

(17)

where the parameters are fixed as σ = 10, β = 8
3 ,

ρ = 28. It is a 3-dimensional structure corresponding
to the long-term behavior of a chaotic flow, noted for
its butterfly shape.

The Rössler system is described by
⎧
⎪⎪⎨

⎪⎪⎩

ẋ = −(y + z),

ẏ = x + ay,

ż = b + z(x − c),

(18)

when a = 0.2, b = 0.2, c = 8.5, the system also has a
chaotic attractor.

From the results in [23], the two systems satisfy As-
sumption 1.

Example 1 Because there is only one link between
both clusters, we assume that the 100th Lorenz sys-
tem is connected to the first Rössler system. Let the
coupling strengths be ε1 = ε2 = 2, c100 = c101 = 0.3,
and the initial conditions of Eq. (1) are randomly se-
lected in the interval [−5,5]. From the result of The-
orem 1, these Lorenz and Rössler systems do not
achieve synchronization in each cluster due to the ef-
fect of perturbation. Figures 1(a) and (b) show that
the synchronization errors are not convergent to zero.
We also give the attractors of the 100th Lorenz system
and the first Rössler system, Figs. 1(c) and (d), and
both systems exhibit similar chaotic attractors them-
selves.

Example 2 Now, let the outer coupling strengths
c100, c101 satisfy the following adaptive laws:

ċ100(t) = −eT
100(y101 − x100),

ċ101(t) = −eT
101(x100 − y101).

(19)
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Fig. 1 Cluster
synchronization with
N = 200, Nclu = 2,
k1 = k2 = 1 using fixed
outer coupling strengths.
(a) and (b) Synchronization
errors for both clusters in
the dynamical network (1),
which do not converge to
zero. (c) The chaotic
attractor of the 100th
Lorenz system in the first
cluster. (d) The chaotic
attractor of the first Rössler
system in the second
cluster. Both attractors are
slight perturbed because of
the connection between
clusters

Fig. 2 Cluster
synchronization with
N = 200, Nclu = 2,
k1 = k2 = 1 using adaptive
laws of outer coupling
strengths, the initial values
c100(0) = c101(0) = 1.
Lorenz systems for the first
cluster and Rössler for the
second. (a) and (b) Syn-
chronization errors for two
clusters in the dynamical
network (1), which go to
zero. (c) The chaotic
attractor of the 100th
Lorenz system in the first
cluster. (d) The chaotic
attractor of the first Rössler
system in the second
cluster. Both chaotic
systems have normal
attractors with adaptive
laws (19)

The coupling strengths inside each cluster are ε1 =
ε2 = 1, the initial conditions of Eq. (1) are randomly
selected in the interval [−5,5], and set c100(0) =
c101(0) = 1. The synchronization errors of each clus-
ter go to zero. Our simulation results show that
the dynamical network is cluster synchronization
with adaptive laws (19), as shown in Figs. 2(a)
and (b). To check the PE condition, define Wi(t) =∫ t+T0
t

ζi(τ )ζ T
i (τ ) dτ . Figures 3(a) and (b) show that

the minimal eigenvalue of matrix Wi(t) is larger than

zero for all i and t with T0 = 5, which indicates that ζi

satisfies the PE condition for all i. The outer coupling
strengths ci(t) vanish as time increases, as can be seen
in Figs. 3(c) and (d).

6 Conclusions

In this paper, we have studied the cluster synchro-
nization of complex networks consisting of linearly
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Fig. 3 (a) and (b) The
minimum eigenvalue of the
matrix Wi(t) is larger than
zero, thus PE condition is
satisfied. (c) and (d) The
evolution of the outer
coupling strengths
c100(t), c101(t), which tend
to zero

coupling clusters. Regarding the connections among
clusters as perturbation, we have proposed a gen-
eral criterion to guarantee cluster synchronization by
the method of ISS. An effective adaptive strategy to
tune the coupling strengths among clusters is designed
based on information of nodes’ dynamics. As the topo-
logical structures play an important role in the syn-
chronization of complex networks. In the next work,
we will use the synchronizability matrix to character-
ize the maximum synchronizability for each cluster of
complex network [32, 33], find the sensitive nodes and
add the pinning controls to achieve cluster synchro-
nization. It is very useful to explore the effect of topo-
logical structure of complex network in the process of
cluster synchronization.
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