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Abstract This article communicates results on regu-
lar depolarization cascades in periodically kicked feed-
forward chains of excitable two-dimensional FitzHugh–
Nagumo systems driven by sufficiently strong excita-
tory forcing at the front node. The study documents a
parameter exploration by way of changes to the forcing
period, uponwhich the dynamics undergoes a transition
from simple depolarization to more complex behavior,
including the emergence of mixed-mode oscillations.
Both rigorous studies and careful numerical observa-
tions are presented. In particular, we provide rigorous
proofs for existence and stability of periodic travel-
ing waves of depolarization, as well as the existence
and propagation of a simple mixed-mode oscillation
that features depolarization and refraction in alternat-
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ing fashion. Detailed numerical investigation reveals a
mechanism for the emergence of complexmixed-mode
oscillations featuring a potentially high number of large
amplitude voltage spikes interspersed by an occasional
small amplitude reset that fails to cross threshold. Fur-
ther careful numerical investigation provides insights
into the propagation of this complex phenomenology
in the downstream, where we see an effective filtra-
tion property of the network; the latter amounts to a
successive reduction in the complexity of mixed-mode
oscillations down the chain.

Keywords Bifurcations · Neural excitability · Signal
propagation · Neural rhythms · FitzHugh–Nagumo
model · Mixed-mode oscillations · Traveling waves

1 Introduction

Inmathematical neuroscience, the study of nerve depo-
larization goes back to the original Hodgkin–Huxley
equations for electrical propagation in the squid giant
axon [1]. That model features a nonlinear reaction–
diffusion system that accounts for the ionic fluxes
across the nerve cell membrane as well as the cell
axon’s properties as an electrical cable. A variety of
models have since been derived from the Hodgkin–
Huxley equations. Among them, the reduction pro-
posed by FitzHugh and Nagumo [2,3] combines the
effects of several auxiliary ion channels into a single
recovery variable and thus leads to a simpler dynamical
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system that is more amenable to mathematical analy-
sis; the resulting PDE has been analyzed extensively
both theoretically and in applied context [4–11].

Some recent studies have focused on a (space-
)non-homogeneous reaction–diffusion version of the
FitzHugh–Nagumomodel [12,13]; this work was done
with particular emphasis on the interplay between the
oscillatory and excitatory properties of the traditional
two-dimensional ODE system. This interplay provides
a settingwherein localized oscillations (realized by tun-
ing a specific part of the medium to the oscillatory
regime) diffuse into the surrounding excitablemedium.
The studies examined a class of Neumann boundary
condition problems for the PDE

{
εut = f (u) − v + d uxx ,

vt = u − c.
(RD FHN)

A crucial feature of this model was the incorporation of
a spacial non-homogeneity c (= c(x)) in the equation
of the recoveryvariablev. This feature afforded amech-
anism for the generation of a periodic signal in some
small region of the spacial domain, which may in turn
propagate or fail to do so depending on the excitability
properties (which vary according to c(x)) of neighbor-
ing regions. From a mathematical perspective, the suc-
cess or failure of the propagation of oscillations corre-
sponds to an interesting bifurcation phenomenon in this
infinite-dimensional setting. Similar properties have
been exploited in a more applied context [14] where
the authors have used a FitzHugh–Nagumo reaction–
diffusion system with a non-homogeneous Laplacian
term to model axon damage resulting from traumatic
brain injury.

The present article provides and analyzes a related
simple model for wave propagation phenomena in spa-
tially discrete unidirectional chains of excitable nerve
cells. Each cell in the chain has voltage dynamics mod-
eled by a two-dimensional FitzHugh–Nagumo (FHN)
ordinary differential equation. Continuous dependence
in space is replaced by a simple coupling scheme
through instantaneous kicks to the recovery variable.
More precisely, with reference to Fig. 1 we consider
a feedforward chain of FitzHugh–Nagumo neurons
{S j } j≥1 modeled by

S1 :
{

εut = f (u) − v,

vt = u − c − A
∑∞

i=0 δ(t − ti );
(FHNFFC)

S j :
{

εut = f (u) − v,

vt = u − c − A δ(u j−1 − K ) · 1{v j−1<0},
( j > 1)

where ti = αi for some fixed period α, and ε is small
but positive. The t-subscripts denote ordinary differ-
entiation with respect to time. This chain is spatially
homogeneous, in the sense that the function f as well
as the parameters ε, c, A, and K are all j-independent.
In the second set of equations, we employ the conven-
tion ∞ · 0 = 0. As in the standard FHN model, the
function f is assumed to have a graph resembling the
general shape of a negative-leading-coefficient cubic;
for explicit calculations and numerical simulations, we
assume f (u) = 3u − u3. The parameter A represents
the size of Dirac stimuli presented in periodic fashion
to the chain’s front node S1, or else arriving at S j for
j > 1 when the voltage variable u j−1 of the preced-
ing cell S j−1 crosses (on upswing) a certain threshold
value K (we also take K = 0 for numerical simu-
lations); in either case, these stimuli are incorporated
into the dynamics through the recovery variable v j .

A detailed investigation of eq. (FHN FFC) is moti-
vated in part by the necessity for a discrete-space alter-
native to eq.(RD FHN) that features comparable phe-
nomenology byway of significantly simpler dynamical
mechanisms. The most natural analog of eq. (RDFHN)
studied in [12,13] involves a discretizedLaplacian term
in the right-hand side of the u equation as well as a
dependence of c on the index/location of the cell within
the network. This correspondence yields a coupledmap
lattice whose complexity is at least as high as that
of the original partial differential equation (see [15],
esp. relevant chapters [16–18]); accordingly, an analy-
sis of the corresponding coupled map lattice would be
just as much, if not more complicated than an analy-
sis of the original reaction–diffusion model. While it
is typical for neural coupling to enter the cell dynam-
ics directly through the voltage variable [19,20], eq.
(FHN FFC) features the well-studied dynamics of the
isolated FitzHugh–Nagumo system as perturbed only
occasionally by instantaneous kicks delivered to the
recovery variable. The ensuing dynamical system is
readily amenable to a mathematical treatment—we
will discuss both rigorous results and detailed numer-
ical work, all of which point to a variety of interest-
ing and biophysically relevant bifurcation phenomena
that can be established analytically. This simplifica-
tion notwithstanding, the choice of coupling for our
model is still appropriate since it presents a second-
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Fig. 1 Network diagram. A periodic train of Dirac stimuli is
injected into S1; for j ≥ 2 unidirectional coupling provides com-
munication between S j−1 and S j via an instantaneous kick to the

recovery variable of the receiving cell, when its left neighbor’s
voltage crosses the depolarization threshold

order cumulative effect to the voltage while serving
to emphasize the threshold barrier that is a common
feature of depolarization in the presence of excitabil-
ity. (Specifically, for the example of the cubic nullcline
featured in the FitzHugh–Nagumo system, the recovery
variable’s clearance of the local minimal point effec-
tively induces a rapid jump in the voltage variable—this
serves precisely the purpose of guaranteeing a mecha-
nism for the generation of action potentials via excita-
tion.)

The scientific relevanceof our proposedmodel chan-
nels from a growing body of Neuroscience literature
dealing with frequency response to oscillatory stimuli.
The dynamically generated effects of signal modula-
tion or blockage speak to mechanisms governing infor-
mation encoding and exchange within actual neural tis-
sue, see [14] and references therein. Our study investi-
gates in detail a particular path to such phenomenology
in a neural ensemble governed by classically estab-
lished mathematical models in this area, specifically,
FitzHugh–Nagumo ODEs subject to impulsive current
injection. We note also that this simple coupling for-
malism is related to common modeling paradigms of
collective network behavior in mathematical neuro-
science. For instance, forcing the network’s front node
by an external input current, together with Dirac cou-
pling between cells through the recovery variable is
commensurate with, e.g., the usual integrate-and-fire
coupling scheme where communication between cells
is achieved by discrete kicks/jumps in the synaptic cur-
rent variable prior to being incorporated into the volt-
age equation. Thus, the proposedmodel eq. (FHNFFC)
features a simple coupling scheme analogous to those
commonly employed in the formulation of spiking net-
works [21–23].

1.1 Further notations, definitions, and basic properties
of FHN

The isolated FHN model S• with A ≡ 0 features a
rest state at (c, f (c)) and is an example of a slow-fast
system. The u nullcline v = f (u) is also the system’s
critical manifold, wherein trajectories are constrained
for ε = 0. For 0 < ε � 1, away from the critical
points for the graph of f , singular perturbation the-
ory guarantees the existence of a flow-invariant curve
ε-close to this nullcline, where trajectories follow the
slow timescale; such a curve is referred to as a slow
manifold for the system. In this regime, we have that ut
is positive below the u nullcline and negative above it;
accordingly, the flowabove a slowmanifold (say, above
and sufficiently separated from v = f (u)) is expected
to move to the left (negative u direction) according to
the fast timescale, and one has precisely the oppositely
directed fast motion below.

We focus on the parameter regime c < −1, for
which it is well-known that the system is excitable [20,
24]. Starting from a certain point (c, v0), with v0 suf-
ficiently smaller than f (c), one can clearly construct a
conjunction of four singular orbits consisting of

σ1: a horizontal (fast) trajectory to the right from the
point in question to the point (u0, v0) satisfying
f (u0) = v0;

σ2: a critical trajectory within the curve v = f (u) from
(u0, v0) to the right critical point of f , say (uc, vc);

σ3: a horizontal (fast) trajectory to the left from the right
critical point of f to the other point in v = f (u)

satisfying v = vc;
σ4: a critical trajectory within the curve v = f (u) con-

necting the last point (ul , vc) to the equilibrium
(c, f (c)).

Accordingly, for ε ≈ 0, singular perturbation the-
ory [25–27] assures the existence of a orbit γ•(t) of
the isolated FHN starting from (c, v0) that is asymp-
totic to (c, f (c)) and ε-close to the concatenation
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σ1 ∪ σ2 ∪ σ3 ∪ σ4 described above. For the purposes
of this article, excitability is to be interpreted in the
following sense: the system is at rest at (c, f (c)),
but if presented with a sufficiently large instantaneous
momentum transfer in the negative v direction, the sys-
tem crosses threshold to the right (this constitutes an
effective depolarization), and so resets to the rest state
only after this threshold crossing; alternatively, if the
kick is not sufficiently large, reset to the rest state hap-
pens directly without a depolarization. Strong excita-
tion with discharge is thus possible, but not necessarily
achieved.

Of note, the phase portrait for an isolated FHN cell
contains a rich geometry that provides amechanism for
mixed-mode oscillations (MMOs). Recall that MMOs
correspond to switching between small amplitude and
large amplitude oscillations. Such patterns were first
discovered in the Belousov–Zhabotinsky reaction [28,
29] and have since been frequently observed in experi-
ments and models of chemical and biological rhythms,
particularly in the context of neuroscience [20,30,31].
There is a largenumber ofworks dealingwithMMOs—
both the theoretical and the applied aspects.We refer to
[32] for a general review of various results on MMOs
as well as [33] for a short summary. A remarkable way
to obtain MMOs is through the canard phenomenon
found in slow-fast systems. Canard solutions are phase
space trajectories that follow a repulsive manifold for
a certain amount of time. They were first discovered in
the Van der Pol oscillator [34] with non-standard anal-
ysis techniques, and this led to numerous subsequent
works, for example [27,35–37]. In this context, small
oscillationsmay correspond to canards that are repelled
to a nearby attractive manifold, while large oscillations
arise from canards which are repelled to a distant one.
Combined with a return mechanism, this provides a
setting for sustained MMOs [32,38,39].

The model we investigate also features the emer-
gence of MMOs within an individual cell as well as
their propagation through the feedforward chain. To
draw a distinction between our case and the exam-
ples from the literature referenced above, we note that
the first of these phenomena is based on an interplay
between the impulsive periodic forcing and a phase
space geometry that allows both relaxation oscillations
and simple reset to equilibrium.Variations to the period
of the forcing can lead to multiple consecutive relax-
ation oscillations (see Fig. 18) that are occasionally fol-
lowed by a reset to equilibrium. Some of the observed

trajectories in this model are related to the canard
phenomenon since they seem to follow the repulsive
manifold for a non-trivial amount of time. Overall the
dynamical mode is characterized by the property that
a solution curve consists of multiple loops about the
equilibrium (c, f (c)), some of which are sufficiently
large to cross the depolarization threshold at u = 0,
while others remain too small for this. This amounts
to an evolution of the voltage variable u that features
a combination of small-amplitude flutters and large-
amplitude excursions, the latter resulting in the trig-
gering of synaptic firing toward the neighboring cell.
Since this complex phenomenology provides a mecha-
nism for skipping some of the beats in a regular depo-
larization train, it also establishes a way for cells in this
network to support a richer spike train encoding struc-
ture. We discuss this regime in some detail in Sect. 4,
and we explore the downstream propagation of MMOs
in Sect. 5.

We denote by ϕ(·) = (
ϕ j (·)

)N
j=1 the unique solu-

tion to the version of eq. (FHN FFC) featuring N cells
evolving dynamically from a prescribed initial value
ϕ(0) = (ϕ·(0)) ∈ (R2)N . We will be particularly inter-
ested in the initial prescription ϕ j (0) = (c, f (c)) for
all j , corresponding to the scenario where the chain is
initially kicked from its rest state. In accordance with
standard terminology, a solution ϕ to such an initial
value problem is said to be periodic of period τ if

ϕ(t + τ) = ϕ(t),

for all t ≥ 0. We refer to ϕ as a traveling wave solution
(TW) provided that there exist a functionψ : [0,∞) →
R
2 and a j-independent time shift β ∈ R, such that

(ϕ(t)) j = ϕ j (t) = ψ(t − j β), j ∈ 1, . . . , N ,

for all t ≥ 0. We note that, in the context of the treat-
ment presented herein, a periodicTWin eq. (FHNFFC)
corresponds to the presence of rhythmic and regular
cascades of depolarization in the chain. Related phe-
nomenology has been observed in the context of type I
phase oscillator networks [40,41] under excitatory cou-
pling, where a variety of rigorous and numerical results
point to the existence and stability (both Lyapunov and
structural) of traveling wave solutions in homogeneous
feedforward chains. In addition to its connections with
simple spiking network models, our model provides
an excellent opportunity to address questions concern-
ing wave propagation in the context of excitable cells,
which differ from oscillatory neurons because of the
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attraction to a resting equilibrium in the absence of
stimulus. Studying side-by-side oscillatory and excita-
tory models may reveal the extent to which the pres-
ence of stable regular waves of activity is a stimulus-
driven phenomenon. If we suppose that cell S1 receives
a kick (by −A in the v-direction) sufficiently large to
induce a simple fast trajectory across threshold result-
ing in depolarization, the second cell S2 in the chain is
also affected by the stimulus. Thus results a simple set-
ting for exploring depolarization propagation in chains
of excitable units coupled according to the equations
above. This relates to the work [12,13] where travel-
ing pulses are generated from a central generator and
diffuse outwards, according to the FitzHugh–Nagumo
reaction–diffusion model eq. (RD FHN). As in that
prior work, of interest to the present study—will peri-
odic excitation at S1 propagate down the chain or be
blocked? If it propagates, will that propagation be akin
to a periodic wave with a well-defined velocity (like an
effective diffusion in a homogeneous medium), or can
the propagation be more complex?

1.2 Plan for the paper

The paper is organized as follows. In Sect. 2 we give
an overview of our results, with emphasis to distin-
guish rigorous work from deductions based solely on
thorough numerical simulations; these results are sum-
marized in Fig. 2. In Sect. 3, we establish a theoretical
result guaranteeing the presence of a Lyapunov-stable
traveling wave solution with periodicity that matches
the forcing period. In Sect. 4 we provide a rigorous
result establishing a mechanism for especially simple
mixed-mode oscillations at S1 under periodic forcing
with kicks. We also present numerical investigations
of the variety of possibilities for more complex mixed-
mode oscillations at S1. Then, in Sect. 5.1, we relate our
investigations of mixed-mode oscillation phenomenol-
ogy at S1 to downstream propagation, which can be sig-
nificantly more complicated than the simple scenario
established in Sect. 3. We conclude with a survey of
numerical experiments on propagation when dynam-
ics at one or more of the upstream sites is complex
and poorly understood; these numerics are described
in Sect. 5.2 and seem to indicate that complex behav-
ior may be successively averaged / filtered out by the
first few nodes of a chain, so as to obtain tame behav-
ior downstream—such as a traveling wave—while the

Table 1 Values for the parameters used in the numerical simu-
lations

Parameter Value

ε 0.1

c − 1.2

A 1.0

K 0

RK4 timestep 0.001

first few upstream sites behave in a more complicated
manner. Section6 provides some concluding remarks
as well as directions for future work.

2 Main results

Table 1 lists the model parameter values used for the
numerical simulations of eq. (FHN FFC). The reader
should refer to Fig. 2 for a summary of the results
detailed below.

2.1 Low frequencies (rigorous)

If the frequencyof incomingkicks is sufficiently low, S1
is guaranteed to settle to within a small neighborhood
of (c, f (c)) prior to any subsequent stimulation. For the
purposes of this discussion, we treat this as having the
forcing period α sufficiently large (say, there is some
α0 > 0 and the preceding remark holds for α > α0).
Since we assume the kick size A to be sufficiently large
for the vertical offset induced by a kick to clear the
neighborhood of the critical manifoldwhere the system
can feature complex behavior (specifically, we have
in mind avoiding canard trajectories; see, e.g., [36]),
the resulting dynamics at S1 will be time asymptotic
to a periodic threshold traversal with period α, which
guarantees S2 receives a periodic sequence of kicks
identical to that presented to S1.

The argument outlined above clearly extends induc-
tively because of the homogeneity in the network. The
result is an asymptotic trend toward a solution close to
an α-periodic traveling wave (TW) down the chain, a
phenomenon resembling that studied for phase oscilla-
tor ensembles in [41] and [40]. Of note, there are some
theoretical subtleties to be detailed during proofs. Nev-
ertheless, the network supports traveling waves of arbi-
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Fig. 2 A schematic of the results discussed in this paper for
Dirac stimuli of size A < f (1) − f (−1). Rigorous analysis
at S1 for forcing with α-periodic Dirac kicks reveals α-periodic
response (at low frequency, withα > α0) and 2α-periodic simple
mixed-mode oscillation (at higher frequency, withα ∈ (α2, α1));
in turn, this analysis extends inductively down the chain, thus
establishing the existence of α-periodic TW at low frequency
(resp., 2α-periodic TW for an interval of higher frequencies). A
detailed numerical investigation explores a bifurcation cascade

as the period α is increased across the threshold α1 and then
dialed up to the threshold α0; this analysis reveals successively
more complex mixed-mode oscillations at S1, whose complexity
decreases as they propagate downstream—that is, the chainfilters
out the complexity and decreases the number of large amplitudes
before a small amplitude break (when examining the dynamics at
S j , as j increases). A few numerical case studies of this filtering
phenomenon (at S j , with j low) are also presented for illustration
in the very high forcing frequency domain, where α < α2

trary (sufficiently high) period, when the stimulus/kick
size is sufficiently large in the sense presented above.
We establish this rigorously in Sect. 3.

2.2 Higher frequencies (analysis and numerics)

As the forcing period α is decreased, a complicated
interplaybetween stimulus size and frequencybegins to
emerge particularly for the choice A < f (1)− f (−1).
This interplay provides a setting for very diverse phe-
nomenology that includes a variety of mixed-mode
oscillations (MMOs) as well as obstruction to depo-
larization. Thinking of the stimulus/kick size as fixed
going forward, exploring the interplay amounts to a
parameter study by way of decreasing α.1 See Figs. 11,
12, 13, 14, and 15.

1 Of interest for the feedforward chain network studied here, how
do MMOs propagate downstream (do they regularize or become
more irregular?), and are there regimes in which wave propaga-
tion/signal transmission downstream is altogether blocked?

Setting aside the observation that a full half-open
interval (α0,∞) of forcing periods features the tame
behavior discussed above,we continue theα-parameter
exploration. For moderately higher frequency, kicks
are overwhelmingly likely to arrive while the dynam-
ics is in a slow regime (and yet, before it reaches
a small neighborhood of the equilibrium). There are
two possibilities—a kick arrives either on the down-
swing toward the stable equilibrium (c, f (c)), or on
the upswing slow branch to the right. Since the kicks
always decrease the value of the recovery variable v, the
former possibility can yield a fast subsequent trajectory
that either crosses threshold for depolarization (pro-
vided that kick arrives sufficiently late) or wavers for a
small amplitude oscillation around (c, f (c)), close to
the left extremum of the critical manifold (see Figs. 11,
12, 14, and 15); on the other hand the latter possibil-
ity yields various interesting complications, including
a regime where the neuron is trapped in small ampli-
tude oscillations on the right (upswing) slow branch
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and never resets to the left slow branch, which drives
the voltage u to +∞ and prevents it from undergoing
future depolarizations.

At some point, provided that α is within an appro-
priate range, one simple mechanism for MMO at S1
emerges as follows. For simplicity, assume the cell
starts at its natural equilibrium (c, f (c)). The kick
received to start is sufficiently large to induce a fast
horizontal trajectory (assume f (c) − A is sufficiently
smaller than f (−1) = −2) across threshold; thereafter,
the subsequent stimulus received at t = α comes when
the trajectory is in the refractory phase, but not yet suf-
ficiently close to the equilibrium to guarantee clearing
the threshold anew. As a consequence, the subsequent
stimulus induces a much smaller oscillation consist-
ing of a direct attraction to the equilibrium instead of
a large oscillation. Thereafter, over the next α inter-
val, the cell has sufficient time to reach the aforemen-
tioned neighborhood of the equilibrium that is essential
to assuring that it clears the firing threshold at the subse-
quent stimulation; see Figs. 8 and 9. In Sect. 4 we prove
that in this regime, the dynamics of S1 features a 2α-
periodic solution with this geometry. For definiteness,
we define the range of α where these simpleMMOs are
supported as (α2, α1). Accordingly, when α is between
α1 and α0, more complex mixed-mode oscillations are
present; see Sect. 4 for details. On the other hand, the
MMO property is absent when α is only slightly below
α2.2

The simpleMMOat S1 implies that the stimulus pre-
sented to S2 amounts to a periodic sequence of kicks
with period 2α. Of course, if 2α > α0, the overall
effect is attraction to a solution close to a 2α-periodic
traveling wave, with period equal to twice the forc-
ing period for all S j with j ≥ 2 (again, this will
be shown rigorously)—and this is the first instance
in which we have a complete understanding of phe-
nomenology beyond the simplest traveling wave for
low frequency. But it is also possible that 2α < α0;
and in the latter case, we note there may yet be a 4α-
periodic oscillation of simple mixed-mode type at S2,
or a vastly more complicated situation; in the former
case, the prior reasoning extends inductively; in the lat-
ter, we illustrate typically observed behavior through a
few representative numerical simulations. In particular,
these latter simulations speak to the manner in which

2 See our discussion of the state of affairs for α only slightly
smaller than α2 in Remark 11.

MMOs are transmitted down the feedforward chain.
Our numerics indicate that when they arise, complex
MMOs induce less complex behavior (sometimes of
MMO type, not always) down the chain; we investi-
gate this attenuation further in Sect. 5.2.

3 Existence of simple α-periodic TW

We begin with a detailed study of the behavior of S1
when A > 0, assuming that the system begins at ini-
tial condition (c, f (c)). If it were to receive a single
stimulus, this neuron would instantaneously find itself
at (c, v0), with v0 = f (c) − A. Clearly, if A is suffi-
ciently large, the system will feature a large trajectory
orbit (including a depolarization event) that is asymp-
totic to (c, f (c)). Since ε is assumed to be small, our
proofs are often inspired by the case ε = 0. In this case,
the post-kick trajectory is discontinuous and takes turns
between the right and left branches of the critical man-
ifold (it evolves first on the right part of the critical
manifold, and jumps to the left part when u reaches the
value 1).

Note that there are some differences between the
case ε = 0 and ε > 0. For example, if ε = 0 one can
prove existence and uniqueness of the periodic solution
at S1. However, the argument of uniqueness fails for
ε > 0. Therefore, we consider below the cases ε = 0
and ε > 0 separately.

The limit case ε = 0

Lemma 1 Consider the restrictions fl and fr of the
function f to the sub-domains u < −1 and u > 1,
respectively. Let

α0 =
∫ 1

f −1
r ( f (c)−A)

u − c

f ′(u)
du

+
∫ f −1

l ( f (−1)+A)

f −1
l ( f (1))

u − c

f ′(u)
du.

Then, for α > α0, any trajectory starting on the graph
of fl with initial condition satisfying f (c) ≤ v <

f (−1) + A is guaranteed to clear the fold point after
the first and each successive kick, thereby definitively
reaching the right branch of the critical manifold (the
graph of fr ) immediately after any kick.
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Table 2 Numerically observed (roughly approximate) critical
values for the forcing period (see Fig. 2), measured in the integral
units of the variable t ; this data is obtainedwithmodel parameters
fixed according to Table1

Label Value

α0 8.5

α1 8.2

α2 7.5

Proof Assuming an initial condition as stipulated in the
statement, the first kick presented results in a state with
v-coordinate less than f (−1), after which the layer
dynamics results in a 0-time arrival to the graph of fr .
The time spent thereafter on the right branch of the
critical manifold is bounded above by first term in the
formula forα0. The reduced dynamics eventually result
in the state (1, f (1)), after which another 0-time layer
jump yields the state ( f −1

l ( f (1)), f (1)). Finally, the
second term in the formula for α0 provides the smallest
time spent on the graph of fl that is necessary so that
the trajectory is guaranteed to clear the criticalmanifold
after an incoming new kick. �

Proposition 2 We assume ε = 0 and A > f (c) −
f (−1). If α > α0, S1 admits a unique α-periodic tra-
jectory which crosses the firing threshold u = K. Fur-
thermore, this trajectory is stable.

Proof Existence Let F denote the restriction of the
discrete-time map that takes an initial condition on
the left branch of the critical manifold v = f (u)

to its image under kick + time-α flow. Notice that
the curve under discussion can be parametrized by
the v-coordinates of its points (1–1 correspondence).
To prove existence of a periodic solution, it is suffi-
cient to prove that F admits a fixed point. First note
that F( f (c)) > f (c). This results from the fact that
(c, f (c) is a stable stationary solution of theODE.Now,
we search for a point along the left branch of the criti-
cal manifold (above (c, f (c))) having the property that
the trajectory ensuing from it returns with a smaller
v-coordinate at time t = α. Such a point exists for suf-
ficiently large α due to the attraction toward (c, f (c)).
We denote v̄ its v-coordinate. Then

F(v̄) − v̄ < 0 and F( f (c)) − f (c) > 0

By continuity of F(v)− v, there exists a value v∗ such
that

F(v∗) = v∗

which corresponds to a periodic solution.
Uniqueness We still denote v∗ the v-coordinate of the
kick-point on the periodic solution exhibited above.
Uniqueness follows from the observation that all
trajectories ensuing from points with v-coordinates
between f (c) and the v-coordinate v∗ are mapped
(after kick+time-α flow) to points with v-coordinates
above v∗. This results from the fact that any trajec-
tory ensued below v∗ will spend more time on the
right branch of the critical manifold than the trajectory
ensued from v∗. A symmetric argument can be applied
from above, and together these observations ensure that
the periodic solution is the only trajectory whose pre-
kick v-coordinate remains invariant under the discrete
dynamics.

Local Stability We denote by (u1, v1)(t) the α-
periodic solution. Let (u2, v2)(t) be another solu-
tion with initial conditions satisfying u2(0) > u1(0),
u2(0) − u1(0) small. And let

– ui (0+), i ∈ {1, 2} denote the values of ui on the
right part of the criticalmanifold right after the kick;

– t1 denote the time at which (u1, v1)(t) reaches the
fold point (1, f (1)) = (1, 2);

– τ denote the time needed for u2 to go from u2(0+)

to u1(0+).

Then, since f (1) = 2 and f (−2) = 2, we have, by
integrating u′

2, on the left side of the critical manifold,
between the time after jump and α,

u2(α) = −2 +
∫ α

t1+τ

u′
2(s)ds

it follows that,

u2(α) = −2 + ∫ α−τ

t1
u′
2(s + τ)ds

= −2 + ∫ α−τ

t1
u′
1(s)ds

= −2 + ∫ α

t1
u′
1(s)ds − ∫ α

α−τ
u′
1(s)ds

= u1(α) − ∫ α

α−τ
u′
1(s)ds

which leads to

u1(α) − u2(α) = ∫ α

α−τ
u′
1(s)ds

<
∫ τ

0 (−u′
2(s))ds

< −u2(τ ) + u2(0+)

< −u1(0+) + u2(0+)

< −u1(0) + u2(0)
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Periodically kicked feedforward chains

Fig. 3 The map F (in red) and its fixed point (in green, the identity), for ε = 0 and α = 10. This picture illustrates the local stability
of the periodic solution. Since the slope of F is close to 0, in the right panel a much smaller range is plotted for the y-axis

Fig. 4 Steady state evolution of u1 (left panel) and v1 (right panel) as functions of time. α = 50

since for α large enough u1(t) ∈ (−2, c) for t ∈
(α − τ, alpha) and u2(t) ∈ (u1(0+), u2(0+)) for
t ∈ (0+, τ ). This implies that

sup
u∈[u1(α−τ),u1(α)]

− f ′(u) < − f ′(−2)

= 9 = f ′(2) < inf
u∈[u1(0+),u2(0+)]

Therefore,

sup
u∈[u1(α−τ),u1(α)]

(
u − c

f ′(u)
) < inf

u∈[u1(0+),u2(0+)]
(−u − c

f ′(u)
)

which implies the inequality

sup
t∈(α−τ,α)

u′
1(t) < inf

t∈(0,τ )
(−u′

2(t))

Furthermore,

−u1(0
+) + u2(0

+) < −u1(0) + u2(0)

since again,

sup
u∈[u1(0),u2(0)]

| f ′(u)| < inf
u∈[u1(0+),u2(0+)]

| f ′(u)|

�

Remark 3 Figure 3 gives a numerical calculation of F
for the specific choice α = 10 (> α0). It illustrates the
fact that

|F ′(v∗)| < 1
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Fig. 5 Steady state
evolution of ϕ1 = (u1, v1)
as a function of time (red)
and the graph of
v = −u3 + 3u (green).
α = 50. Of note, here the
value of α is well above the
critical value α0. (See
Table2 and Fig. 2 for
reference.)

Fig. 6 Steady state plot of
u1 (red) and v1 (blue)
versus time; one period of
oscillation is shown. α = 50
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Periodically kicked feedforward chains

in this parameter regime (see proof of Proposition 2),
which implies local stability. Note that F can be com-
puted almost explicitly. The calculation entails com-
puting the times spent on the cubic—first in the right
branch, then in the left one after the jump—and retriev-
ing the value of v at time α; this leads to solving the
equation

∫ 1

f −1
r (v−A)

u − c

f ′(u)
du +

∫ f −1
l (F(v))

f −1
l ( f (1))

u − c

f ′(u)
du = α,

where f −1
r (respectively f −1

l ) relates to the right
(respectively left) branch of the cubic.

The case ε > 0 (small)

We now proceed to the case ε > 0. The proof of the
existence of a periodic solution is analogous to the case
ε = 0. The proof of uniqueness does not extend to the
case ε > 0. However, we show local stability, which
in turn implies that the periodic solution is isolated.
Stability is obtained by specific computations. Let F
denote the mapping which maps an initial condition
(u, v)(0)) to (u, v)(α) corresponding to the point on
the trajectory after kick + time α under the flow.

Proposition 4 We assume A > 0 fixed sufficiently
large. There exists ε0 > 0 and α0 > 0 such that
for every ε ∈ (0, ε0) and for all α > α0, S1 has an
α-periodic trajectory which crosses the firing thresh-
old u = K, i.e., there exists an initial condition
(u∗, v∗) ∈ R

2 such that the solution (u, v)(t) ensued
from there satisfies (u, v)(α) = (u∗, v∗). Furthermore
this trajectory is locally asymptotically stable, in the
sense that there exists a neighborhood of (u∗, v∗) such
that for every initial condition in this neighborhood

lim
n→+∞(u, v)(nα) = (u∗, v∗).

Proof The existence of a periodic solution follows
from the Brouwer theorem. Consider a small enough
closed ball B around (c, f (c)); for α large enough,
global asymptotic stability of (c, f (c)) for the ODE,
ensures F(B) ⊂ B.
Wenowconsider the stability.Wedenote (u1, v1)(t) the
α-periodic solution. Let (u2, v2)(t) be another solution
with initial conditions close to (u1, v1)(0) . Let

g(t) = ε(u2 − u1)
2 + (v2 − v1)

2.

We have

g′(t) = 2u2
(
f ′(u1) − 3u1u − u2

)
with

u = u2 − u1.

It follows that

g(α) − g(0) = 2
∫ α

0
u2

(
f ′(u1) − 3u1u − u2

)
dt.

Now, we remark that u is controlled by the initial con-
ditions, and the trajectories u1 and u2 are well known.
Furthermore, a simple computation shows that the time
for which f ′(u1(s)) > 0 is of O(ε), while the time for
which f ′(u1(s)) < 0 is uniformly greater than a posi-
tive constant. Altogether, assuming u(0) small enough
leads to the conclusion that∫ α

0
u2

(
f ′(u1) − 3u1u − u2

)
dt < 0,

which means that

g(α) < g(0)

and implies the result. �
Remark 5 The readermight think to apply the classical
results for the stability of limit-cycles as in [42] p 216
(or [43] for the result with proof). However, looking
into the details shows that the jump brings some tech-
nical difficulties with respect to the local change of
variables around the periodic solution, which prevent a
direct application of these results. The general condi-
tion ensuring stability would write∫ α

0
f ′(u1(s))ds < 0

which is finally very close to the argument provided
here.

Remark 6 As mentioned above, the proof for unique-
ness of the periodic solution provided for ε = 0 does
not extend to the case ε > 0. The point is that when
ε > 0 there is some time spent in the fast trajectories. A
trajectory starting below another goes faster along the
fast fibers but spendmore time in the slowmanifolds. It
follows that for very close trajectories, arguments pro-
vided for ε = 0 do not apply.Wewill illustrate how this
phenomenon may lead to the emergence of MMOs.

The existence of a traveling wave solution is stated
now.
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Corollary 7 Assume the hypothesis are as in Proposi-
tion 4. Then {S j } j≥1 has a α-periodic traveling wave
solution.

Proof ince the chain is homogeneous in i , if every node
starts in an initial condition corresponding to the peri-
odic solution for S1, the trajectories will be the same
for each i , with a delay between the node i and the node
i + 1 corresponding to the time needed for the node i
to reach the semi-axis u = 0, v < 0. �

The next proposition deals with the stability of the
traveling wave solution. Let (ϕ j (t)), 1 ≤ j ≤ N the
traveling wave solution exhibited in Corollary 7. For
any initial condition of the system eq. (FHN FFC), for
each j ∈ {1, .., N }, we denote by (tnj )n∈N the sequence
of times at which the node S j receives a kick. The
following proposition holds

Proposition 8 Assume the hypothesis are as in Propo-
sition 4. Then the TW is locally stable in the following
sense, ∀ j ∈ {1, ..., N },
lim

n→+∞ tnj+1 − tnj = α

and

lim
n→+∞ S j (t

n
j ) = (u∗, v∗).

Weconclude this discussionwith a heuristic calcula-
tion of the velocity (and related quantities) for the trav-
eling wave. Notice that in this simplest case, one can
deduce an explicit estimate on the speed of the resultant
α-periodic traveling wave, or equivalently, the time of
propagation for pulses presented to the front node. For
any fixed cell, the time lag between stimulus arrival and
consequent excitation of its right neighbor is approxi-
mately equal to the amount of time that it takes for a
trajectory to travel from u = c to u = K . Accordingly,
we obtain

Te =
∫ t2

t1
dt =

∫ K

c

du

f (u) − v
.

Taking the additional simplifying assumption of start-
ing from rest allows one to replace v with f (c) − A,
and this yields the formula

Te � ε

∫ K

c

du

f (u) − f (c) + A
.

In addition, notice that the time needed to excite the
whole chain is N × Te. We emphasize that this is the
amount of time taken by a single pulse to travel through
chain front to back. Given the integral units of the spa-
cial coordinate, all of this allows us to deduce that the
speed of the travelingwave is 1/Te. And lastly, in accor-
dance with the definition of TW detailed in Sect. 1.1,
one can take the parameter β to be any element of
Te + αZ; without loss of generality, we think of β as
the smallest positive element of this set-namely, Te.

4 Mixed-mode oscillations at S1

It should be noted that for α1 < α < α0, prior to the
simple MMO regime described in Table1 and estab-
lished herein, continuous dependence on parameters
implies a highly complex transition from the simple α-
periodic trajectory to complicated oscillations; recall
Fig. 2. For instance, this can be realized via canard tra-
jectories that either follow the unstable branch of the
critical manifold for some time prior to making a fast
jump (a path that possibly includes threshold crossing)
or otherwise canard trajectories that loop directly back
toward the equilibriumwithout crossing threshold. It is
equally worth noting that a possibly very complicated
combination of small and large oscillations can ensue;
see Fig. 12. A detailed analysis of the bifurcation struc-
ture in this system will be the subject of subsequent
investigations. For the present discussion, we establish
the existence of simple MMO rigorously and then con-
clude this section with a few numerical investigations
of the bifurcation cascade.

Proposition 9 Assume the condition on A as in the
hypothesis of Proposition 2. There is an interval of peri-
ods (α2, α1) such that for each α in this interval, the
dynamics of S1 feature a 2α-periodic trajectory with
one large loop that crosses threshold at u = 0 and one
small simple loop that does not. (See Fig.8; this is the
simplest mixed-mode oscillation scenario.)

Remark 10 Altogether, this scenario results in an over-
all effect of doubling the depolarization period for the
first cell. In this case, if 2α > α0, it follows that the
{S j } j≥2 behaves (asymptotically) according to the sim-
ple low-frequency paradigmof periodic travelingwave.
See Sect. 5.1 and Fig. 19.
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Periodically kicked feedforward chains

Fig. 7 Traveling wave
profile. Represented
(ui )1≤i≤100 at time t = 110.
α = 50

Fig. 8 Evolution of
ϕ1 = (u1, v1) as a function
of time. α = 8. The small
oscillation corresponds to
the attraction to the stable
point: the kick arrives a
little bit too soon. Then, we
stay there until the next
kick. This is a numerical
realization of the result
claimed in Proposition 9
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Fig. 9 Evolution of u1 (left panel) and v1 (right panel) as functions of time. α = 8

Fig. 10 In red, explicit time estimate in case of ε = 0, for
f (u) = 3u− u3, c = −1.2 and A = 1, of the time necessary for
the trajectory issued from (−1,−2) (the local minimal point of
the graph of f ) to reach the point (c+ δ, f (c+ δ)), as a function
of δ; in green is the amount of time necessary for the trajec-
tory issued from (c, f (c)) to reach the point with v-coordinate
f (c) + A on the left branch of the critical manifold (the latter

point may be taken as the definition of the other boundary point
of C0; and blue, the time necessary for (c, f (c)) to reach the
point on the left branch of the critical manifold possessing v-
coordinate −2 + A. The separation between between the green
and purple establishes the existence of a range of α for which the
estimates claimed in the proof of Proposition 9 are feasible
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Fig. 11 Steady-state evolution of ϕ1 = (u1, v1) as a function of
time. α = 8.3. Here α is in the interval (α1, α0). After a kick and
a first big loop the solution is not attracted to the stable point;
instead, it goes for another large oscillation. However, the time
needed to reach the right portion of the slow manifold is longer
on this second loop because of the velocity dissipation when the
trajectory passes close to the local minimal point (−1,−2) of

the graph of f . When the next kick arrives, the solution is further
up along the left branch of the slow manifold and consequently
enters a neighborhood that is directly attracted to the stable point;
in turn, this gives rise to an oscillationwith amuch smaller ampli-
tude. As a result, the steady-state here appears to be a periodic
(or nearly so) trajectory with two large and one small oscillations

Proof of proposition 9 First note that there exists a tra-
jectoryψ(t) that originates on the left branch of the crit-
ical manifold and, right after a vertical kick (by −A),
features a fast horizontal trajectory that crosses the line
u = c above the line v = −2. This trajectory then turns
to the left and is simply attracted to the equilibrium (as
t → ∞). In fact, there is a portion C0 of the criti-
cal manifold consisting of points with v-coordinates
slightly higher than the v-coordinate of the origination
point of this special trajectory, all of which feature pre-
cisely this simple dynamics.

Suppose Bδ is a ball about (c, f (c)). It follows not
only that all trajectories starting on C0 will end up in
Bδ , but also that the time it takes before they enter (and
never leave thereafter) is less than the time it takes for
ψ(t) to enter it. This is because ψ(0) is the lowest (v-
coordinate) point on C0.

We now deduce some necessary explicit time esti-
mates for trajectories of the system. The time that it

takes for a typical trajectory to change its v-coordinate
from v1 to v2 can be computed by using the dynamics
on the critical manifold and appealing to the formula

t2 − t1 =
∫ v2

v1

dv

f −1(v) − c
+ O(ε)

=
∫ f (u2)

f (u1)

(
f ′(u)

u − c

)
du + O(ε),

in tandem with the change of variables v = f (u).
Explicit calculations are straightforward for the exam-
ple f (u) = 3u − u3 and yield

t2 − t1 = 3(1 − c2) [ln(u2 − c) − ln(u1 − c)]

−6c(u2 − u1) − 3

2

(
(u2 − c)2 − (u1 − c)2

)
+O(ε).

This formula is used in the calculations captured within
Fig. 10.

We argue for ε = 0. Assume α is large enough
but not too large, so that a trajectory that ensues from
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Fig. 12 Evolution of
ϕ1 = (u1, v1) as a function
of time. α = 8.4. The
complexity of MMOs
continues to grow as α is
increased to α0: here, the
steady state features three
large oscillations and one
small one. Some trajectories
exhibit canard behavior

Fig. 13 Evolution of the
voltage variable u1 at
steady-state as a function of
time. α = 8.4
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Fig. 14 Evolution of ϕ1 = (u1, v1) (shown in the left panel) and evolution of u1 as a function of time (right panel). α = 8.41. Four
large and one small oscillations at steady state

Fig. 15 Evolution of ϕ1 = (u1, v1) (shown in the left panel) and evolution of u1 as a function of time (right panel). α = 8.45. Five
large and one small

(c, f (c)) ends up on C0 at time t = α. It follows that
there is a range of α such that for all δ sufficiently
small, the ball Bδ about (c, f (c)) is mapped inside C0
after one kick and time α flow of the ODE. We close
by noting that there exists a range of δ for which the
time needed for ψ(t) to enter Bδ after one kick plus
ODE flow is much smaller than smallest of the α in the
aforementioned interval. (See Fig. 10.)

Altogether, this means that there is a closed ball
Bδ about (c, f (c)) that is mapped within itself by the
sequence of two applications of kick plus time-α flow.
By application of the Brouwer fixed point theorem, we

are guaranteed the existence of a fixed point to the dis-
crete time map consisting of the conjunction of kicks
and flows just described. This property then assures the
existence of the aforementioned 2α-periodic solution
to the dynamics in S1 under the α-periodic forcing. �

Remark 11 When α is only slightly smaller than α2,
the observed phenomenology at S1 is straightforward
despite not being of MMO type. The arrival of the first
kick is indeed too soon on the left branch of the crit-
ical manifold—in fact, so soon that the trajectory is
not kicked below the equilibrium point (c, f (c)) on
the graph of f ; accordingly, the solution undergoes a
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simple fast trajectory to the right and then continues
down the left branch of the critical manifold until the
second kick; the latter then causes a vertical drop suffi-
cient for the trajectory to clear the critical manifold and
cross threshold. Just like in the case of simple MMO,
this period-2α solution has immediate consequence for
S2, which evidently sees a lower-frequency input. In
fact, the chain {S j } for j ≥ 2 will entrain to the 2α-
periodic TW that is guaranteed for that forcing period
by the analysis in Sect. 3, because the numerical values
in Table2 indicate 2α > α0 when α ≈ α2. Of course,
for other choices of the system parameters (i.e., differ-
ent from those declared in Table 1), more complicated
propagation scenarios might occur.

In the interval between α1 and α0, the system can
feature longer sequences of regular depolarizations
interspersed by occasional quiescent loops. This is an
interesting and mathematically complicated parameter
regime. We share here some numerical observations
together with our proposed geometric mechanism for
this behavior.

Remark 12 One of the remarkable phenomena occur-
ring in the regime α1 ≤ α ≤ α0 is that, after each
large-amplitude oscillation, the values of v at which
the trajectory for S1 receives a kick form an increas-
ing sequence until attraction to the stable equilibrium
causes a small oscillation. This gives rise to an effec-
tive periodicity with MMOs, that is, a rhythmic train
consisting of sequences of consecutive large-amplitude
oscillations interrupted by one small one.

Proposed mechanism. The reader should refer to
Figs. 14, 15, and 18. With reference especially to the
third figure here, there is a region below the critical
manifold v = f (u) in which trajectories (these go
mostly left-to-right) take progressively longer to go
across from the left part of phase space over to the right
branch of the manifold; this tendency agrees with the
vertical ordering of these trajectories, with the higher
ones taking a longer time. This phenomenon is most
drastically observed when trajectories of the system
track the critical manifold beyond the critical point at
u = −1. In particular, given two such trajectories—one
below the other—the left-to-right crossing time for the
higher one is larger than the combination of crossing
and ascent times for the lower one, which is to say that
if the system were to travel (say, from initial condi-
tion u(0) = −1) along these trajectories, it would take

Fig. 16 Bifurcation Diagram. This figure represents the set⋂
n∈N

⋃
k≥n v(kα) vs α. The large scale provides a global

panorama for α ∈ [5, 12], whereas the top right rectangle gives
zoom-in detail for the interval α ∈ [8.1, 8.5] that features com-
plex phenomenology

longer for it to reach the right jump point on the higher
trajectory than on the lower one.

Now, let us assume that the system is kicked from
rest at (c, f (c)). After a large oscillation, provided that
the next kick arrives when the trajectory is in the down-
ward (slow) swing, the new (post-kick) v coordinate
of the trajectory is bounded below (which is to say,
above) v = f (c) − A. At this point, either the tra-
jectory features a small oscillation with attraction to
(c, f (c)), or it features another large oscillation (but
one whose lower portion is at a level above the first
one). It seems then that the MMO phenomenology
observed in, e.g., Fig. 15, is owed to the fact that when
not attracted directly to (c, f (c)), the trajectory finds
itself precisely in the region of phase space previously
described.A sequence of large oscillations ensues, each
one featuring a left-to-right crossing above the prior,
until the the kick arrives sufficiently early to induce a
small loop with attraction to (c, f (c)). In effect, this
last step renews the system and the process starts over.

We couple this observation with a description of the
phenomenology at S1 as the forcing period is decreased
from α0 to α1: In principle, there can be a very high
number of large loops prior to a small resetting oscil-
lation. This number is larger for α ≈ α0 and steadily
decreases, as α decreases to α1 (see Figs. 11, 12, 14,
and 15). Notice that, as noted in Proposition 9, for α in
the interval (α2, α1), there is just one large loop paired
to a small one.

Remark 13 Understanding the extent of this complex
phenomenology constitutes an involved mathematical
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Fig. 17 Evolution of u1 as
a function of time. α = 8.45

Fig. 18 A phase plot of a
single trajectory of (u1, v1)
for α = 8.45, specifically,
its successive passes after
successive kicks (shown in
various colors, in order)
progressively closer to the
left extremal point of the
critical manifold. This is
due to a speed dissipation
effect that grows with
proximity to the minimal
point of the graph of f . This
figure suggests the
following mechanism: after
six large oscillations (with
depolarization)
corresponding to six kicks,
at the seventh kick, the
trajectory is trapped toward
the attractive equilibrium
with a small oscillation. The
time afterward needed to
reach a small neighborhood
of the steady state is much
shorter than α;
consequently, at the next
kick the trajectory is not
distinguishable from the one
following the first kick.
Hence, this mechanism
gives rise to a
6-large-1-small MMO
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problem related to various prior work and deserves a
specially dedicated investigation beyond the scope of
our descriptive exposition here. A few examples of
mathematical analysis related to the present problem
are provided in the context of three-time-scale equa-
tions, see [44–46] and also [47]. In there, as in here,
solution trajectories constrained to follow a canard (and
thereby result in relaxation oscillations) will instead
diverge from this expected path, thereafter tracking in
the opposite direction. This behavior is captured nicely
by the computable solutions of a 2d-integrable system.

5 Case studies of propagation and filtering of
mixed-mode oscillations beyond S1

5.1 A simple mechanism for filtration

Assume first that A is sufficiently large for
Proposition 9 to apply at S1; furthermore, assume that
α ∈ (α2, α1). The dynamics of S1 is then asymptot-
ically attracted to a simple mixed-mode 2α-periodic
oscillation that features depolarization only once in its
period. It is immediate that S2 receives forcing at half
the frequency of the original input (the period is dou-
bled to 2α). Thereafter, if 2α happens to exceed α0, the
tail of the chain will support the corresponding stable
2α-periodic TW as opposed to a TW of period α. This
scenario—both observed in our numerics and estab-
lished rigorously—presents a simple mechanism for
the failure of wave propagation, a property observed in
a variety of models in neuroscience. We refer to this
phenomenology as filtering, since it presents an effec-
tive downshift in spiking frequency from the perspec-
tive of signal processing.

It is also worth noting that the presence of higher-
complexity MMO for certain forcing periods (e.g.,
those between α1 and α0) provides a setting where
this sort of failure of wave propagation (equivalently,
wave mutation) can happen in a much more compli-
cated manner. For instance, if 2α is in the doubling
interval (α2, α1), the dynamics at S2 will be asymptotic
to a 4α-periodic trajectory; in turn, S3 sees a sequence
of Dirac kicks with period 4α. On the other hand, in
principle one could have 2α ∈ (α1, α0), whereby S2
supports an MMO with some complexity, no longer
featuring uniform spacing between consecutive kicks,
but instead skipping kicks every once in a while. Of
course, some of these possibilities may not be achiev-

able in practice given themodel parameters fixed in our
numerical investigations.

5.2 A few examples indicating even more-complex
downstream filtering of mixed-mode oscillations

A cursory juxtaposition of Figs. 14 and 20 reveals
how S2 simplifies the MMO at S1 at steady-state with
α = 8.41 ∈ (α1, α0). This is to say that the complexity
of MMOs decreases down the chain. A similar obser-
vation follows from examination of Fig. 22, albeit in
the regime α < α2 which corresponds to the very high
forcing frequency setting.

The voltage dynamics in time allows another per-
spective on the filtration properties of the network. Fig-
ure 23 illustrates an α-to-2α-to-4α doubling cascade
through cells S1, S2, and S3 for the instance in which
α < α2, followed by 2α ∈ (α2, α1) (notice that Propo-
sition 9 applies here), whereafter 4α > α0. Starting
with the third cell, the tail of the chain {S j } j≥3 will fea-
ture a regular simple firing pattern with a 4α-periodic
TW profile.

On the other hand, higher complexity of the MMOs
at an upstream node (the situation where 2 jα is finds
itself in (α1, α0) during the course of the induction) has
further interesting consequences. This is illustrated in
Fig. 24, where the third cell in the chain sees a burst-
like behavior with four cycles per period, three of them
‘on’ beats, and one of them a quiescent ‘off’ cycle.
Of note, the second cell behaves almost like this, but
features a genuine MMOwith a small-amplitude oscil-
lation instead of the quiet phase.

6 Conclusion/future work

We have investigated the response of a FitzHugh–
Nagumo cell to periodic forcing with instantaneous
Dirac impulse, when the latter is incorporated into
the recovery variable. Furthermore, we have provided
detailed studies on the propagation of such a response in
the context of a spatially extended feedforward network
of cells communicating via excitatory kicks. The results
of our parameter exploration (in decreasing forcing
period) point to transitions from simple regular depo-
larization cascades to various mixed-mode oscillations
and their propagation/filtration through the network.
This work points to increasing complexity as forcing
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Fig. 19 Traveling wave of
period 2α for {S j } j≥2.
Represented by (u j )1≤ j≤100
at time t = 100. α = 8.
Notice the kick between
j = 1 and 2 which will not
generate a traveling wave
but rather die at j = 2
(compare with Fig. 7); this
is due to the fact that the
wave profile starts at j = 2

Fig. 20 Evolution of ϕ2 = (u2, v2) (shown in the left panel) and evolution of u2 as a function of time (right panel). α = 8.41. Four
large and one small oscillations at steady state

frequency is increased, in competition with a strong
regularization or damping effect as the excitation pro-
gresses through the medium.

Ofnote,worthwhile future directions for this research
include the investigation of direct stimulation to the
voltage variable (for comparison with work done on
eq. (RD FHN)), as well as more detailed exploration
of the correspondence between stimulus size, period
of forcing, and steady-state values in the parameter

regime where the natural equilibrium is a sink of spiral
type (which may afford the possibility for mixed-mode
oscillations with higher number of small-amplitude
voltage resets). Another interesting avenue of explo-
ration would be to formulate a probabilistic analysis of
the correspondingmodel under stochastic forcingwith,
e.g., a Poisson spike train. The interplay between the
randomness of kick arrival times, modulo well defined
average frequency, and the slow-fast geometry in the
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Fig. 21 Evolution of
ϕ1 = (u1, v1) as a function
of time. α = 1

Fig. 22 Evolution of ϕ1 = (u1, v1) (left panel) and ϕ2 = (u2, v2) (right panel). α = 1.1

FHNdynamics poses an interestingmathematical chal-
lenge; it also brings the model’s applicability to the
realm of random stimuli, an altogether different area of
applications.

Lastly, our studies have revealed a particularly inter-
esting, if somewhat pure, mathematical challenge. The
possible complexity of MMOs present in a single
FHN cell driven by regular Dirac kicks is evident in
the numerical investigations. Our admittedly heuristic

explanation for this phenomenon relies on the pres-
ence of canard trajectories that veer toward the unstable
branch of the critical manifold despite starting out as
“fast” trajectories. Within this realm, one can attempt
to address the question of whether it is possible for
the steady state solution to feature an arbitrarily high
number of long (threshold-crossing) canard trajecto-
ries prior to the small reset; that is, does this num-
ber increase without bound under adjustments to the
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Fig. 23 α = 4. Left: Voltage dynamics of S1, simple periodic
oscillation with period 2α (twice the forcing due to the fact that
every second stimulus arrives early, during the slow portion of
the trajectory, so the dynamics continues toward the stable equi-
librium after a brief rightward fast motion following that kick).
Center: Voltage dynamics of S2, which receives periodic stim-

uli at period 2α ∈ (α2, α1); this induces a simple MMO with
one large-amplitude oscillation and one small-amplitude reset.
The overall effective period is 4α Right: Voltage dynamics of S3
shows a simple 4α-periodic oscillation with one depolarization
in each of its periods

Fig. 24 α = 4.2. Left: Voltage dynamics of S1, simple peri-
odic oscillation with period 2α (twice the forcing due to the fact
that every second stimulus arrives early, during the slow portion
of the trajectory, so the dynamics continues toward the stable
equilibrium after a brief rightward fast motion following that
kick). Center: Voltage dynamics of S2, which receives periodic
stimuli at period 2α ∈ (α1, α0); this induces a complex MMO
with three large-amplitude oscillations and one small-amplitude
reset. The overall effective period is 8α. The important point of
emphasis here is that while the stimulus this cell presents to S3
is periodic, it is not uniform. (Effectively, there are three consec-
utive beats and one small flutter phase in each period.) Right:
Voltage dynamics of S3 shows a simpler 8α-periodic oscillation
with three depolarizations in each of its periods, interspersed by

a quiescent phase distinct from the mixed-mode behavior in the
second cell, in that the voltage ramps up instead of fluttering.
This can be understood by noting the decomposition of the pre-
sented stimulus, which features three beats at 2α together with
a fourth flutter that does not produce a stimulus. So instead of
making a small recovery (flutter loop), S3 in fact has time to
recover directly to a neighborhood of the equilibrium prior to the
process renewing. For reference, we have omitted the plot for S4
but it is identical to the one for S3; this suggests that the situation
settles as j increases. Notice that the chain dynamics appears to
converge to a TW that is periodic but qualitatively distinct from
the simple regular TWs discussed in Sect. 3. The latter TW fea-
tures voltage dynamics at downstream sites that mix consecutive
beats with single breaks in between, so they are not uniform

period? or, is it bounded? Conversely, this question
speaks to whether the length of time in between small-
amplitude breaks can be arbitrarily large.

Acknowledgements The researchofBenjaminAmbrosio (BA)
on Neuroscience inspired modeling is partially funded by CNRS
(IEA00134). More generally BA wants to thank Le Havre
Normandie University, LMAH, Région Normandie, ISCN, the
Courant Institute of Mathematical Sciences and New York Uni-
versity, the Hudson School of Mathematics, New York, USA,

for material and/or financial support for research in Dynamical
Systems, Complex Systems and its applications.

Funding The research ofBAhas been partially funded byCNRS
(IEA00134), LMAH, RégionNormandie and the Hudson School
of Mathematics.

Availability of data and materials Not Applicable.

Declarations

Conflict of interest Authors declare no competing interests

123



B. Ambrosio, S. M. Mintchev

References

1. Hodgkin, A.L., Huxley, A.F.: A quantitative description of
membrane current and its application to conduction and
excitation in nerve. J. Physiol. 117(4), 500–544 (1952).
https://doi.org/10.1113/jphysiol.1952.sp004764

2. FitzHugh, R.: Impulses and physiological states in theoret-
ical models of nerve membrane. Biophys. J . 1(6), 445–466
(1961). https://doi.org/10.1016/s0006-3495(61)86902-6

3. Nagumo, J., Arimoto, S., Yoshizawa, S.: An active
pulse transmission line simulating nerve axon. Proc. IRE
50(10), 2061–2070 (1962). https://doi.org/10.1109/jrproc.
1962.288235

4. Fenton, F., Cherry, E.: Models of cardiac cell. Scholarpe-
dia 3(8), 1868 (2008). https://doi.org/10.4249/scholarpedia.
1868

5. Hastings, S.P.: Some mathematical problems from neurobi-
ology. Am. Math. Mon. 82(9), 881–895 (1975). https://doi.
org/10.1080/00029890.1975.11993972

6. Hastings, S.P.: On the existence of of homoclinic and peri-
odic orbits for the Fitzhugh–Nagumo equations. Q. J. Math.
27(1), 123–134 (1976). https://doi.org/10.1093/qmath/27.
1.123

7. McKean, H.P.: Nagumo’s equation. Adv. Math.
4(3), 209–223 (1970). https://doi.org/10.1016/
0001-8708(70)90023-x

8. Jones, C.K.R.T.: Stability of the travelling wave solu-
tion of the FitzHugh–Nagumo system. Trans. Am. Math.
Soc. 286(2), 431–431 (1984). https://doi.org/10.1090/
s0002-9947-1984-0760971-6

9. Jones, C., Kopell, N., Langer, R.: Construction of the
Fitzhugh–Nagumo pulse using differential forms. In: Aris,
R., Aronson, D.G., Swinney, H.L. (eds.) Patterns and
Dynamics in Reactive Media, pp. 101–115. Springer, New
York (1991)

10. Rauch, J., Smoller, J.: Qualitative theory of the FitzHugh–
Nagumo equations. Adv.Math. 27(1), 12–44 (1978). https://
doi.org/10.1016/0001-8708(78)90075-0

11. Rinzel, J., Keaner, J.P.: Hopf bifurcation to repetitive activ-
ity in nerve. SIAM J. Appl. Math. 43(4), 907–922 (1983).
https://doi.org/10.1137/0143058

12. Ambrosio, B.: Hopf bifurcation in an oscillatory-excitable
reaction–diffusion model with spatial heterogeneity. Int. J.
Bifurc. Chaos 27(05), 1750065 (2017). https://doi.org/10.
1142/s0218127417500651

13. Ambrosio, B., Francoise, J.-P.: Propagation of bursting
oscillations. Philosophical Transactions of the Royal Soci-
ety A: Mathematical, Physical and Engineering Sciences
367(1908), 4863–4875 (2009). https://doi.org/10.1098/rsta.
2009.0143

14. Maia, P.D., Kutz, J.N.: Identifying critical regions for
spike propagation in axon segments. J. Comput. Neu-
rosci. 36(2), 141–155 (2013). https://doi.org/10.1007/
s10827-013-0459-3

15. Jean-René, C., Fernandez, B.: Dynamics of Coupled
Map Lattices and of Related Spatially Extended Systems.
Springer, Berlin (2005). https://doi.org/10.1007/b103930

16. Afraimovich, V.: Some Topological Properties of Lattice
Dynamical Systems, pp. 153–179. Springer, Berlin, Heidel-
berg (2005). https://doi.org/10.1007/11360810_7

17. Baesens, C.: Spatially extended systems with monotone
dynamics: continuous time. In: Lecture Notes in Physics,
pp. 241–263. Springer, Berlin, Heidelberg (2005)

18. Floría, L.M., Baesens, C., Gómez-Gardeñes, J.: The
Frenkel–Kontorova model. In: Lecture Notes in Physics,
pp. 209–240. Springer, Berlin, Heidelberg (2005). https://
doi.org/10.1007/11360810_9

19. Ermentrout, G.B., Terman, D.H.: Mathematical Founda-
tions of Neuroscience. Springer, New York, London (2010).
https://doi.org/10.1007/978-0-387-87708-2

20. Izhikevich, E.M.: Dynamical Systems in Neuroscience.
Computational neuroscience Dynamical systems in neu-
roscience. MIT Press, Cambridge (2007). https://books.
google.com/books?id=kVjM6DFk-twC

21. Chariker, L., Shapley, R., Young, L.-S.: Orientation selectiv-
ity from very sparse LGN inputs in a comprehensive model
of macaque v1 cortex. J. Neurosci. 36(49), 12368–12384
(2016). https://doi.org/10.1523/jneurosci.2603-16.2016

22. Chariker, L., Young, L.-S.: Emergent spike patterns in neu-
ronal populations. J. Comput. Neurosci. 38(1), 203–220
(2014). https://doi.org/10.1007/s10827-014-0534-4

23. Gerstner, W., Kistler, W.M.: Spiking Neuron Models: Sin-
gle Neurons, Populations, Plasticity. Cambridge University
Press, Cambridge, New York (2002). https://books.google.
com/books?id=Rs4oc7HfxIUC

24. Keener, J., Sneyd, J.: Mathematical Physiology.
Springer, New York (2009). https://doi.org/10.1007/
978-0-387-75847-3

25. Fenichel, N.: Geometric singular perturbation theory for
ordinary differential equations. J. Differ. Equ. 31(1), 53–98
(1979). https://doi.org/10.1016/0022-0396(79)90152-9

26. Jones, C.K.R.T.: Geometric singular perturbation theory. In:
Dynamical Systems, pp. 44–118. Springer, Berlin, Heidel-
berg (1995). https://doi.org/10.1007/bfb0095239

27. Krupa, M., Szmolyan, P.: Extending geometric singular per-
turbation theory to nonhyperbolic points–fold and canard
points in two dimensions. SIAM J. Math. Anal. 33(2), 286–
314 (2001). https://doi.org/10.1137/s0036141099360919

28. Broens, M., Bar-Eli, K.: Canard explosion and excitation
in a model of the Belousov–Zhabotinskii reaction. J. Phys.
Chem. 95(22), 8706–8713 (1991). https://doi.org/10.1021/
j100175a053

29. Rotstein, H.G., Kopell, N., Zhabotinsky,A.M., Epstein, I.R.:
Canard phenomenon and localization of oscillations in the
Belousov–Zhabotinsky reaction with global feedback. J.
Chem. Phys. 119(17), 8824–8832 (2003). https://doi.org/
10.1063/1.1614752

30. Rotstein, H.G., Wechselberger, M., Kopell, N.: Canard
induced mixed-mode oscillations in a medial entorhi-
nal cortex layer II stellate cell model. SIAM J. Appl.
Dyn. Syst. 7(4), 1582–1611 (2008). https://doi.org/10.1137/
070699093

31. V-Ghaffari, B., Kouhnavard, M., Elbasiouny, S.M.: Mixed-
mode oscillations in pyramidal neurons under antiepileptic
drug conditions. PLOSONE 12(6), 0178244 (2017). https://
doi.org/10.1371/journal.pone.0178244

32. Desroches, M., Guckenheimer, J., Krauskopf, B., Kuehn,
C., Osinga, H.M., Wechselberger, M.: Mixed-mode oscilla-
tions with multiple time scales. SIAM Rev. 54(2), 211–288
(2012). https://doi.org/10.1137/100791233

123

https://doi.org/10.1113/jphysiol.1952.sp004764
https://doi.org/10.1016/s0006-3495(61)86902-6
https://doi.org/10.1109/jrproc.1962.288235
https://doi.org/10.1109/jrproc.1962.288235
https://doi.org/10.4249/scholarpedia.1868
https://doi.org/10.4249/scholarpedia.1868
https://doi.org/10.1080/00029890.1975.11993972
https://doi.org/10.1080/00029890.1975.11993972
https://doi.org/10.1093/qmath/27.1.123
https://doi.org/10.1093/qmath/27.1.123
https://doi.org/10.1016/0001-8708(70)90023-x
https://doi.org/10.1016/0001-8708(70)90023-x
https://doi.org/10.1090/s0002-9947-1984-0760971-6
https://doi.org/10.1090/s0002-9947-1984-0760971-6
https://doi.org/10.1016/0001-8708(78)90075-0
https://doi.org/10.1016/0001-8708(78)90075-0
https://doi.org/10.1137/0143058
https://doi.org/10.1142/s0218127417500651
https://doi.org/10.1142/s0218127417500651
https://doi.org/10.1098/rsta.2009.0143
https://doi.org/10.1098/rsta.2009.0143
https://doi.org/10.1007/s10827-013-0459-3
https://doi.org/10.1007/s10827-013-0459-3
https://doi.org/10.1007/b103930
https://doi.org/10.1007/11360810_7
https://doi.org/10.1007/11360810_9
https://doi.org/10.1007/11360810_9
https://doi.org/10.1007/978-0-387-87708-2
https://books.google.com/books?id=kVjM6DFk-twC
https://books.google.com/books?id=kVjM6DFk-twC
https://doi.org/10.1523/jneurosci.2603-16.2016
https://doi.org/10.1007/s10827-014-0534-4
https://books.google.com/books?id=Rs4oc7HfxIUC
https://books.google.com/books?id=Rs4oc7HfxIUC
https://doi.org/10.1007/978-0-387-75847-3
https://doi.org/10.1007/978-0-387-75847-3
https://doi.org/10.1016/0022-0396(79)90152-9
https://doi.org/10.1007/bfb0095239
https://doi.org/10.1137/s0036141099360919
https://doi.org/10.1021/j100175a053
https://doi.org/10.1021/j100175a053
https://doi.org/10.1063/1.1614752
https://doi.org/10.1063/1.1614752
https://doi.org/10.1137/070699093
https://doi.org/10.1137/070699093
https://doi.org/10.1371/journal.pone.0178244
https://doi.org/10.1371/journal.pone.0178244
https://doi.org/10.1137/100791233


Periodically kicked feedforward chains

33. Wechselberger, M.: Canards. Scholarpedia 2(4), 1356
(2007). https://doi.org/10.4249/scholarpedia.1356

34. Benoît, E., Callot, J.F., Diener, F., Diener, M.: Chasse au
canard. Collect. Math. 32, 37–119 (1981)

35. Ambrosio, B., Aziz-Alaoui, M.A., Yafia, R.: Canard phe-
nomenon in a slow-fast modified Leslie–Gower model.
Math. Biosci. 295, 48–54 (2018). https://doi.org/10.1016/
j.mbs.2017.11.003

36. Dumortier, F., Roussarie, R.: Canard cycles and center man-
ifolds. Mem. Am. Math. Soc. 121, 577 (1996). https://doi.
org/10.1090/memo/0577

37. Eckhaus, W.: Relaxation oscillations including a standard
chase on french ducks. In: Lecture Notes in Mathematics,
pp. 449–497. Springer, Berlin, Heidelberg (1983). https://
doi.org/10.1007/bfb0062381

38. Brøns, M., Krupa, M., Wechselberger, M.: Mixed mode
oscillations due to the generalized Canard phenomenon.
Am. Math. Soc. (2006). https://doi.org/10.1371/journal.
pone.0178244

39. Krupa, M., Ambrosio, B., Aziz-Alaoui, M.A.: Weakly cou-
pled two-slow-two-fast systems, folded singularities and
mixed mode oscillations. Nonlinearity 27(7), 1555–1574
(2014). https://doi.org/10.1088/0951-7715/27/7/1555

40. Fernandez, B., Mintchev, S.M.: Wave generation in unidi-
rectional chains of idealized neural oscillators. J.Math.Neu-
rosci. (2016). https://doi.org/10.1186/s13408-016-0037-x

41. Lanford, O.E., Mintchev, S.M.: Stability of a family of trav-
elling wave solutions in a feedforward chain of phase oscil-
lators. Nonlinearity 28(1), 237–261 (2014). https://doi.org/
10.1088/0951-7715/28/1/237

42. Perko, L.: Differential Equations and Dynamical Sys-
tems. Springer, New York (2001). https://doi.org/10.1007/
978-1-4613-0003-8

43. Andronov, A.A.: Theory of Bifurcations of Dynamic Sys-
tems on a Plane. Wiley, New York (1973)
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