
Modeling epidemics: 
from Bernoulli-d'Alembert model to 

modern approaches

Example of the Covid-19 outbreak modelling

03/07/2020BDD 1

J. Demongeot
UGA & IUF



* Learning differential calculus of Leibnitz, 
with his father Jean and uncle Jacques 
(student of Leibnitz) 

* Receiving a M.D. degree (1721), after 
studying philosophy, logic, and medicine 
at universities of Heidelberg, Strasbourg, 
and Basel

* Lecturing in St Petersburg until 1732, in 
medicine, mechanics, and physics

* Returning to University of Basel, and 
accepting a post in anatomy and botany. 

Daniel Bernoulli’s life
February 9th 1700 (Groningen, NL) – March 17th 1782 (Basel, Switzerland) 
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Bernoulli D (1760). Essai d'une nouvelle analyse de la mortalité causée par la 
petite vérole, et des avantages de l'inoculation pour la prévenir. Paris: Acad. Roy. Sci.



Population divided into: susceptible U, not yet been infected, 
infected l and immune W, immunized for the rest of their 
life after one infection. 

* u(a): probability for a newborn individual to be susceptible 
(and alive) at age a. 

* w(a): probability to be immune (and alive) at age a.

States variables
Bernoulli�s Model
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u(a) = U(a)/S(a) w(a) = W(a)/S(a) 

S(a) = U(a)+l(a)+W(a)



Differential equations
Bernoulli�s Model

with initial conditions: u(0) =1 and w(0) = 0
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u w

cross term

µ(a)W(a)µ(a)U(a) + c(a)l(a)



SIRS model
Ross (1916) & McKendrick (1925) 

Susceptible Infected

Recovered

Ronald Ross
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The SIRS model allows for a loss of immunity causing 
recovered individuals to become susceptible again.
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The SIRS model

S I R

Susceptibles                                  Infected Recovered



At least one event (contact n, birth f, death µ) in (t, t+dt), and, if I=N-S:

P(S(t+dt)=k) = (1-nk(N-k)dt) P(S(t)=k) + fdt P(S(t)=k-1) - µdt P(S(t)=k+1)

By multipyling by sk and summing over k, we prove, if S and I are independent, 
that they are Poisson, whose expectation E(S) verifies (by multiplying by k and 
summing over k):

dE(S)/dt » f E(S) - n E(SI) - µE(S)
» -n E(S) E(I), if f = µ
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M. Delbrück 1940
M. DELBRÜCK. Statistical fluctuations in autocatalytic reactions. Journal of Chemical Physics 8, 120–124 (1940)
C.J. RHODES & L. DEMETRIUS. Evolutionary entropy determines invasion success in emergent epidemics. PloS ONE,
5, e12951 (2010).
J. DEMONGEOT & L. DEMETRIUS. Complexity and Stability in Biological Systems. Int. J. Bifurcation & Chaos, 25, 
40013 (2015).

Stability parameters =
1) Dominant eigenvalue of ODE’s Jacobian matrix (Malthus)

3) KS evolutionary entropy of the Markov process (Demetrius)
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Probabilistic approach
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If at least one event (contact n, birth f, death µ or recovering r) occurs in (t, t+dt), we have, 

if births compensate deaths, leaving constant the total size N of the population:

P(S(t+dt)=k, I(t+dt)=N-k) = (1 - [µk +nk(N-k) - fk - r(N-k)]dt) P(S(t)=k,I(t)=N-k) 

+ [f(k-1)+r(N-k+1)]dt P(S(t)=k-1, I(t)=N-k+1) 

- [µ(k+1) + n(k+1)(N-k-1)]dt P(S(t)=k+1, I(t)=N-k-1)

Hence, we have:

dP(S(t)=k, I(t)=N-k)/dt = [P(S(t+dt)=k, I(t+dt)=N-k) - P(S(t)=k, I(t)=N-k)]/dt = 

- [µk + nk(N-k) - fk - r(N-k)] P(S(t)=k, I(t)=N-k) 

+ [f(k-1)+r(N-k+1)] P(S(t)=k-1, I(t)=N-k+1)

- [µ(k+1)+n(k+1)(N-k-1)] P(S(t)=k+1, I(t)=N-k-1),

and, if Pk(t) denotes P(S(t)=k, I(t)=N-k): 

dPk(t)/dt = -[µk + nk(N-k) - fk - r(N-k)] Pk(t) + [f(k-1) + r(N-k+1)] Pk-1(t) 

- [µ(k+1)+n(k+1)(N-k-1)]  Pk+1(t) 

Then, by multipyling by sk and summing over k, we obtain the characteristic function

of the random variable S, which is proven to be a Poisson random variable if the parameters

n,  f, µ and r are sufficiently small. If births do not compensate deaths, we have:

P(S(t+dt)=k,I(t+dt)=j) = (1 - [µk +nkj - fk - rj]dt) P(S(t)=k,I(t)=j) 

+ [f(k-1)+r(j+1)]dt P(S(t)=k-1,I(t)=j+1) 

- [µ(k+1) + n(k+1)(j-1)]dt P(S(t)=k+1,I(t)=j-1)
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The SIRS Model Equations

dS/dt = fS - nSI - µS + gR

dI/dt = nSI – cI - (1-c)I

dR/dt = (1-c)I - gR
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Bernoulli, 1760
d’Alembert, 1761

Lambert, 1772

Delbrück, 1940

Bartholomay, 1958

McQuarrie, 1967

Gillespie, 1970

Multi-agent or IBM discrete
stochastic models

Verhulst, 1838

McKendrick, 1925
Dr Pasteur Institute Kausali

Ronald Ross, 1916

Ronald Fisher & KPP, 1937

ODE or PDE continuous
deterministic models
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R0

Notes on R0
JH Jones
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R0



* If a<<1, then dI/dt = nSI, dLogI/dt = nS, and if I(0) = 1 and S is
quasi-constant (equal to S) at start of the epidemics:                                                  

Log(I(t)) = n∫[0,t]S(t)dt ≈ nSt , 
if Log(I(t)) ≈ Log(R0)t, then

R0 ≈ enS≈1+nS, if nS << 1
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R0
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1 + rS
erS

SPAIN
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Restrictions :

- If S(0) is very large and I(0) small, then let use a 

saturation term rSI/(1+S)

- If the total population remains stable (f=µ), then

S+I=N and S and I are not independent

- If the population is heterogeneous (e.g., if 

infectivity and susceptibility depends on age), 

then R0 does not represent the initial exponential

growth rate of infected
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R0 depends on the day of the 
contagion period

J. DEMONGEOT, Y. FLET-BERLIAC & H. SELIGMANN Temperature decreases spread parameters of 
the new covid-19 cases dynamics. Biology (Basel), 9, 94 (2020).
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J. DEMONGEOT, Y. FLET-BERLIAC & H. SELIGMANN Temperature decreases spread parameters of 

the new covid-19 cases dynamics. Biology (Basel), 9, 94 (2020).
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If the model is deterministic, if Xj denotes the number of new cases at day j, and if the 
contagious period is made of r consecutive days, with Rk the marginal reproduction rate at

day k of the contagious period, we have:

Xj = Sk=1,r Rk Xj-k

It is easy to show that, if X0 = 1 and r=5: 

X5 = R1
5 + 4R1

3R2 + 3R1
2R3 + 3R1R2

2 + 2R2R3 + 2R1R4 + R5

If R2 et R3 are dominant and equal to R/2, then X5 behaves as 2R2R3 = R2/2; More generally,

If  R1 = a, R2 = b and R3 = c, we get:
X7 = a7+ 6a5b + 5a4c + 10a3b2 + 12 a2bc + 4ab3 + 3b2c + 3ac2, etc. 

If R2 and R3 equal respectively a and b, and if a=b=R/2, c=0, then X5 behaves like:

X5 = R5/32 + R4/4 + 3R3/8

If R = 1, {Xj}i=1,∞ is the Fibonacci sequence, and more generally, the generalized Fibonacci one.
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Suppose that b = 0 and a depends on the day j: aj = aC(j), where C(j) represents the number 
of possible  susceptibles recruitable by infectious at day j. If cumulated infected individuals 
(supposed to be all infectious) at day j are denoted by Ij, we have:

Xj = ∆Ij/∆i = Ij – Ij-1 = aC(j)Ij-1 

Suppose that the first infected are recruited at the center of its sphere of influence and that
the secondary infected individuals remain in this sphere, by widening the radius on day j, 
therefore the susceptibles C (j), where each infected on day j- 1 recruits a decreasing part of 
the sphere of influence:

The function C(j) decreases due to the bulk on the successive spheres and we can consider the
following functional form C(j)= S(j)/(c+S(j)), where S(j) is the number of susceptibles at day j. 
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Then, we can write the following equation taking into account the mortality:

Xj = ∆Ij/∆i = aC(j)Ij-1 = a Ij-1 S(j)/(c+S(j)) - µIj-m,

The corresponding continuous equation is close to the SIR equation, if c is great before S:

dI/dt = aIS/(c+S) - µI



03/07/2020BDD 23



03/07/2020BDD 24

Covid-19 dynamics

Liu, Z.; Magal, P.; Seydi, O.; Webb, G. Understanding Unreported Cases in the COVID-19 Epidemic Outbreak in Wuhan, 
China, and the Importance of Major Public Health Interventions. Biology 2020, 9, 50. 

/ 1
00

Cumulated R
Reported cases

R Reported cases

U Unreported cases
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Linear prediction before and after
inflexion

Before resp. date (sd) After resp.date (sd)

Country Trend change Linear term Quad. term Linear term Quad. term

Germany 2020-04-04 0.3860(0.0322)  -0.0051(0.0008  )  -0.0638(0.0091)  3e-04(4e-04)

French 2020-04-01 0.4094(0.0238)  -0.0054(0.0006  ) -0.0508(0.0220)  0(0)

Italy 2020-03-22 0.3410 (0.0205) -0.0045 (0.0006) -0.0090 (0.0049) -5e-04 (2e-04)

Morocco 2020-04-17 0.1882(0.0382) -0.0018(0.0011) 0.0025 (0.0254) -6e-04(7e-04)

UK 2020-04-12 0.3403 (0.0169) -0.0037 (0.0004) 0.0230 (0.0101) -9e-04 (3e-04)

USA 2020-04-26 0.4489(0.0251) -0.0048(0.0004) -0.0092 (0.0217) 1e-04 (8e-04)

Spain 2020-04-01 0.3957(0.0267) -0.0051(0.0006) -0.0639 (0.0131) 0 (3e-04)

L. Hobbad, M. Alahiane, M. Rachdi, I. Ouassou, JD 
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1137, but 510 yesterday !

28/5/2020

SPAIN
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29/05/2020

1325, but yesterday 191 !

FRANCE
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Dependence on air ambiant 
temperature
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Mean temperature in France                   covid-19 spread 

https://www.reddit.com/r/MapPorn/comments/7rq6uh/average_
annual_temperature_in_departments_of/

http://www.leparisien.fr/societe/coronavirus-135-deces-
en-24-heures-une-nouvelle-carte-de-deconfinement-03-05-2020-8310096.php

https://www.reddit.com/r/MapPorn/comments/7rq6uh/average_
http://www.leparisien.fr/societe/coronavirus-135-deces-
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ARIMA auto-correlation function
1st wave
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Dependence on genomic factors
of the susceptible population



Type II diabetis in France                     covid-19 spread 
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Genomic
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mRNA/miRNA pairing
Protein/miRNA interaction
Viral 5’UTR pairing

Non coding DNA

pre-miRNA
hairpin

Drosha Enzyme

pri-miRNA

Exportine-5

miRNA

CATG
GTAC
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Covid-19 protein S gene
Furin splicing site
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Covid-19 dynamics depends on 
genomic factors like retro-viruses

J. DEMONGEOT, E. DROUET, A. MOREIRA, Y. RECHOUM & S. SENÉ.Micro-RNAs: viral genome and 
robustness of the genes expression in host. Phil. Trans. Royal Soc. A, 367, 4941-4965 (2009).
J. DEMONGEOT & H. SELIGMANN. Covid-19 and miRNA-like inhibition power. Biology (submitted).
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The coronavirus isolated in pangolin is capable of entering human cells, while that isolated in 
the bat R. affinis is not. Furthermore, this suggests that the SARS-Cov-2 virus is the result of a 
recombination between two different viruses, one close to RaTG13 and the other closer to 
that of pangolin. In other words, it is a chimera between two preexisting viruses.
This recombination mechanism had already been described in coronaviruses, in particular to 
explain the origin of SARS-Cov. It is important to know that recombination results in a new 
virus potentially capable of infecting a new host species. For recombination to occur, the two
divergent viruses must have infected the same organism concomitantly.
Two questions remain unanswered: in which organism did this recombination take place? (a 
bat, a pangolin or another species?) And above all, under what conditions did this
recombination take place?

https://www.santemagazine.fr/actualites/actualites-sante/covid-19-lanalyse-des-genomes-
revelerait-une-origine-double-du-virus-432862

Genetic origin of Covid-19
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Dependence on age-structure
of the susceptible population
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Covid-19 dynamics depends on age

J

V
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SJ

SV

RJ

IV

IV

RV

J. DEMONGEOT, O. HANSEN, H. HESSAMI, A.S. JANNOT, J. MINTSA, M. RACHDI & C. TARAMASCO
Random modelling of contagious diseases. Acta Biotheoretica, 61, 141-172 (2013).
I. OUASSOU, M. RACHDI, J. DEMONGEOT. Covid-19 age-dependent dynamics. Biology (submitted).
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Cross dependencies

Cheikh Faye1, Cheikh Tidiane Wade2, Ibrahima Demba Dione
A DISSYMMETRY IN THE FIGURES RELATED TO THE COVID-19 PANDEMIC IN THE WORLD: 
WHAT FACTORS EXPLAIN THE DIFFERENCE BETWEEN AFRICA AND THE REST OF THE WORLD? 
medRxiv preprint doi: https://doi.org/10.1101/2020.05.17.20104687.May 22, 2020.
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Other dependencies

H. SELIGMANN, S. IGGUI, M. RACHDI, N. VUILLERME & J. DEMONGEOT
Inverted covariate effects for mutated 2nd vs 1st wave Covid-19: high temperature spread 
biased for young.
Biology (Basel) (submitted).
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elevation
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mutation
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2nd wave
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2nd wave
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Median age
1st wave
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Median age
2nd wave
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Merci pour votre attention !



03/07/2020BDD 65

* NB Pierre Magal and myself are responsible of a peer-reviewed

special issue on covid-19 modelling in Biology, Section 

Theoretical Biology in which you are invited to publish: 

www.mdpi.com/journal/biology/special_issues/COVID-19_Epidemic


