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Chapter 1

Hahn-Banach Theorem and
Applications

1.1 The Hahn-Banach Theorem

Theorem 1. Let X be a linear space over R and p a real valued function on X with the properties:

(1) p(az) = ap(x) for all x € X and a > 0 (positive homogeneity)
(2) p(z +y) < p(z) + p(y) for all z,y € X (subadditivity)
If 1 is a real valued linear functional defined on a linear subspace Y of X and dominated by p, that is
Wy) <ply) for ally €Y,
then 1 can be extended to all of X as a linear functional such that I(z) < p(x) for all x € X.
To prove the theorem, we will use the Zorn’s Lemma.

Theorem 2 (Zorn’s Lemma). Let S be a partially ordered set such that every totally ordered subset
has an upper bound. Then S has a maximal element.

Well, now, to understand Zorn’s Lemma, we need to define an upper bound as well as a maximal
element.

Definition 1. A partially ordered set S is a set on which an order relation a < b is defined for some
(but not necessarily all) pairs a,b € S with the following properties:

(1) transitivity: if a <b and b < ¢ then a < ¢

(2) reflexivity: a < a Va € S
A subset T of S is totally ordered if
z,yeTl =x<yory <z
An element u € S is an upper bound for T C S if
rxeTl =x<u.

A mazimal element m € S satisfies
m<b=m=b.

5



6 CHAPTER 1. HAHN-BANACH THEOREM AND APPLICATIONS

A concrete and simple illustration of Zorn’s Lemma is provided by an interval of real numbers. Let
S = [a,b] a bounded interval of R with a < b. Then every totally ordered subset of S has an upper
bound in S. And S admits a maximal element which is b. Now, consider the interval S = [a,b). This
interval is totally ordered but doesn’t admit an upper bound in S.
Proof of Hahn-Banach Theorem
We will first apply the Zorn’s Lemma. Let’s consider the following partially ordered set (poset), S
whose elements are the pairs (h;, D(h;)) with h; a linear functional defined on a subspace D(h;) DY,
and such that

h;=1lonY and h; <p on D(h;).

The order on S is defined as
h; < hj <~ D(hl) - D(hj) and h; = h,j on D(hz)

Let T be a totally ordered subset of S. Define (h, D(h)) € S as

D(k) = (D(hi)) i € I}

and,
h(y) = hi(y) for y € D(h;).

Then, (h, D(h)) is an upper bound of T. From Zorn’s Lemma, it follows that S possesses a maximal
element, (g, D(g)). We will show that D(g) = X. Let us assume that this is not the case. Let
xg € X \ D(g). Consider the subspace

H = {y +axo;y € D(g),a € R}
We look for a linear function w defined on H such that w < p. For this, it is sufficient to define w s.t.
w = g on D(g),

and
w(y + azxo) < p(y + axo);y € D(g),a € R

By linearity, this is equivalent to
9(y) + aw(wo) < p(y + azo);y € D(g),a € R

and
w(zo) < (1/a)(p(y + azo) — g(y)),y € D(g),a >0 (1.1)

along with
w(zg) > (1/a)(p(y + azo) — g(y)),y € D(g),a <0 (1.2)

Factorizing by a, and thanks to the positive homogeneity, Equation (1.1) rewrites
w(zo) < ply + w0) —9(y),y € D(9) (1.3)
Analogously, factorizing by —a, Equation (1.2) rewrites
w(@o) = —p(y — w0) +9(y),y € D(g) (1.4)
To find a suitable value for w(zg) it is sufficient that
—p(z = x0) +9(2) < p(y +0) — 9(y) Vz,y € D(g) (1.5)

gy +2) <ply +x0) +p(z —x0) + Vy,2z € D(g) (1.6)

But we know that

gy +2) <ply+2)=plz—x0+ 20 +y) <py+x0) + (2 — 20).
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It follows that Equation (1.6) holds. This contradicts the fact that (I, D(g)) is maximal element
which in turns implies that D(g) = X. O

Exercise 1:

Let X =R? and Y = {(z,9) € X;—2x +y = 0}. Let [ a real valued linear function defined on Y’
by I(1,2) = 1. Find a p as in the Hahn-Banach theorem such that { < p on Y. What can you deduce?
Construct explicitly an extension of [ on X, with [ < p on X.

Solution 1:
We remark that
Uz, 22) = 2 < |[|(x,22)]].
Therefore we can set
p(z,y) = [|(z,y)]|

From theorem 1, we can extend [ on R?, with I(z) < ||z|| on X. To have an explicit definition of I on
R2, we write

l(z,y) =1(x(1,2) + (y — 22)(0,1)

which leads to a sufficient condition on the possible values of 1(0, 1).

Exercise 2:

Let X = L*(0,1) and Y = {u = >, u;p; € X;—2ug 4+ u1 = 0,u; = 0 for i > 1}, where (¢;)ien
denotes an eigenfunction basis of X. Let [ a real valued linear function defined on Y by I(wo+2¢1) = 1.
Find a p as in the Hahn-Banach theorem such that I < p on Y. What can you deduce? Construct
explicitly an extension of [ on X, with [ < p on X.

Solution 2:
We remark that
l(uopo + 2uop1) = uo < [[uopo + 2ugpr |-
Therefore we can set
p(u) = [lul| 2
From theorem 1, we can extend [ on X, with I(u) < ||u|| on X. To have an explicit definition of I on
X, we write ....

What happens if the function p is actually a norm? In this case the Hahn-Banach theorem is an
existence result for bounded linear functionals on normed vector spaces.

Corollary 1. Let X be a normed space over R. Ifl is a real valued linear function defined on a linear
subspace Y of X such that
Wy) < cllyll for ally €Y,

with ¢ > 0. Then | can be extended to all of X as a bounded linear real valued function such that

[1(z)| < c||z|| for all z € X.

Exercise 3:
Prove Corollary 1.

Solution 3:
The corollary results from a direct application of Theorem 1 with p(z) = c||x||. We have

p(z+y) = cllz+yll < ezl + llyl]) = p(z) + p(y)
and for a > 0
plaz) = cl|az|| = ap(z).
It follows that p satisfies the assumptions of Theorem 1 which in turn allows us to apply the theorem

and prove the result. Note that if I(z) < 0, then |l(x)| = —l(z) = I(—x) < ¢||z|| wich ensures that the
linear function [ is bounded.

We now provide a complex version of Theorem 1:



8 CHAPTER 1. HAHN-BANACH THEOREM AND APPLICATIONS

Proposition 3. Let X be a normed space over C and p a real non negative function on X with the
properties:

(1) p(az) = |a|p(zx) for allz € X anda € C

(2) p(z +y) < p(z) + p(y) for all z,y € X (subadditivity)

If 1 is a linear functional taking values in C defined on a linear subspace Y of X and dominated by p,
that is

[l(y)| < p(y) for ally €Y,

then 1 can be extended to all of X as a linear functional such that |l(x)| < p(x) for all z € X.

Proof
We denote by u the real part of [ and by v its imaginary part so that

l(y) = u(y) +iv(y).

Then w is a linear functional from Y to R. Furthermore, note that

lu(y)| < [1(y)| < p(y)-

We can therefore apply Theorem 1 to u. It follows that w can be extended over X with u(z) < p(x)
for all x € X. Next note that for y € Y

I(y) = u(y) — iu(iy). (L.7)

This follows from the fact that on one hand

l(iy) = il(y) = iu(y) — v(y)

while on the other hand
l(iy) = u(iy) + iv(iy).

Identifying the real parts in those equations leads to:
v(y) = —uliy)

which gives eq. (1.7). We now extend [ to X thanks to Equation (1.7). Note that [ is linear. One can
indeed check that

l(fEl —+ 132) = l(Il) + Z(IQ)

And,
l(iz) = u(iz) — iu(—z) = u(iz) + iu(z) = i(u(z) — iu(iz)) = id(z).

Lastly assume that
l(x) =re
so that
Since r € R, it follows that
From which we deduce that

And finally,

O
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1.2 Geometric Hahn-Banach Theorems

Definition 2. A set S C X is convex if for all x,y € S and t € [0,1] we have tx + (1 —t)y € S.

Definition 3. A point x € S C X is an interior point of type I of S if for all y € X there exists p > 0
s.1.

[t <pu=ax+tyecs.

Definition 4. If X is a normed space, a point x € S C X is an interior point of type II of S if there
Je >0 s.t.

B(z,€) C 8.

where
B(z,e) ={y € X;|ly — || <e

Remark 4. Note that if x is an interior point of type II then it is an interior point of type I, for in
this case one can choose p < ﬁ

In this section, since we do not assume a norm on X, all interior point will be of type I.

Theorem 5. Let X be a linear space over R. Let K be a convex subset of X, and suppose 0 is an
interior point (of type 1) of K. If y ¢ K then there exists a linear functional I : X — R s.t.

l(x) <I(y) forallz € K
with strict inequality for all interior points v of K.
In order to prove this theorem we will need to define the gauge function.

Definition 5. Let K a subset of X which contains 0 as an interior point, the gauge of K denoted by
Pk, 18 the real valued function defined on X by:

pr(z) = inf{b > 0; % € K}

To prove Theorem 5 we will apply the Hahn-Banach Theorem 1. We first prove that when K is
convex, the gauge py is positively invariant and sub-additive.

Lemma 1. We assume that K C X is convex. Then the function py defined in Definition 5 satisfies

(D)pr(azx) = api(z) Ve € X Va > 0,

(i))pr(x +y) = pr(z) + pr(y) Yo,y € X.
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Proof
Note that

X X
—ecK&ea— e K
be aabe

from which it follows that

pr(azx) = apg(z) Ve > 0.
Let 2,y € X and b, ¢ such that
€ K.

ol

x
gv
Since K is convex, it follows that

x4y b =z c vy
= — ~eK
b+c b+cb+b—|—cc ’

which implies that
pr(z+y) <b+ec

Let (bn), (cn) two sequences such that =, £ € K and converging toward pg () and pg(y). Taking
the limit in the inequality
P (T +y) <bp+cn

gives
pr(z+y) < pr(@) + pr(y).
O
We can now proceed with the proof of Theorem 5.
Proof

We want to apply Theorem 1. Since py, is positively invariant and subadditive, we look for a relevant
linear functional [ and a subspace Y C X such that

l(z) <pk(x)Vz €Y.

Now assume y ¢ K. We set
l(y) =1
Since [ is linear
l(ay) = al(y)

therefore we can define [ as such on the subspace
{ay,a € R}.

Note that since y ¢ K and 0 € K,

g€K:>b>1

b
and therefore
px(y) = inf{b > 0;% €EK}>1.

This in turn implies that
pr(y) = U(y)
and therefore
pi(ay) = apk (y) = al(y) = l(ay) Va > 0.

We have also
l(ay) <0 < pg(ay)Va < 0.

We complete the proof by application of Theorem 1: [ can be extended to X and
l(z) < pg(z)Vx e X.

Now note that
x € Kpk(z) <1,
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since [(y) = 1 we deduce that
Ve e Kl(z) <l(y).

Note finally that if z is an interior point of K
pr(z) < 1.
O

Theorem 6. Let X be a linear space over R. Let K be a conver subset of X with an interior point
(of type I). If y ¢ K then there exists a linear functional l : X — R s.t.

I(z) <l(y) forallz € K

with strict inequality for all interior points x of K.

Proof
The result follows from a translation. Let zg be the interior point of K. We apply theorem 5 with
K' ={z—2,z€ K} and ¢y = (y.0) ¢ K'. O

Exercise 4:
Prove that
pi(z) < 1< x is interior to K

Solution 4:

We already know that
x is interior to K = pg(z) < 1.

Conversely if pg (z) < 1, there exists some b < 1 such that

x
- e€K.
bE

But then, for all y € K, one can find € > 0 such that

lt| < e = x+ty inkK.
This follows from the fact that 0 is interior to K and the convexity of K (draw a picture!).
Theorem 7. Let X be a linear space over R. Let H, M be two disjoint convex subsets of X. Assume

that at least one of them has an interior point. Then H and M can be separated by a hyperplane
l(x) = c: there is a real valued linear function l and ¢ € R s.1.

l(u) <c<l(v)Vu e Hve M.

Proof
Assume without loss of generality that H has an interior point. Let

K={zeX;z=u—v,u€ HveM}
Note that since HN M = ()
0¢ K.

Also K has an interior point. We now apply Theorem 5 to K and 0. Therefore there exists a linear
functional [ such that
l{lu—v) <0Vue€ H,ve M,

which gives

l(u) <l(v)Vu e H,v e M.

If we choose such that

sup l(u) < e¢ < inf (v
MEEI()_ _1)EM<)

we obtain the result. O
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1.3 Application of the Hahn-Banach Theorem

This section is largely inspired by [Sch, Lax02].
We first consider the linear space X = B(S) of all real valued bounded functions on some set S.
B(S) is endowed with the following partial order: for =,y € B(S)

x<yifVs e Sx(s) <y(s).

If 0 < x we say that « is non-negative. On B(S) a linear functional [ is said to be positive if it satisfies
I(y) > 0 for all y > 0. The following theorem holds

Theorem 8. Let Y be a linear subspace of B(S). We assume that there exists yo € Y such that yg > 1
and a positive linear functional I on'Y. Then | can be extended to all of B(S) as a positive linear
functional.

Theorem 8 results from a more general result which we will state below. We first need to define a
cone.

Definition 6. A subset P C X of a linear space over R is a cone if
Va,y € P,Vt,s >0, tx + sy € P.
A linear functional on X is P-positive if P(x) > 0 for all x € P.

Theorem 9. Let P C X be a cone with an interior point yo. If Y is a subspace containing yy on
which is defined a P NY -positive linear functional I, then | has an extension to X which is P-positive.

Proof
Again, we want to apply Theorem 1. We define p as follows:

p(z) =inf{l(y);y -2z € Py e Y}
Note that since yq is an interior point of x, by definition there exists ¢t > 0 such that
Yo —tx € P.

Since P is a cone

1 1
;(yO*m) = Zyo*IGP-

Therefore the definition makes sense. Next, note that since P is a cone
Va>0,y—are Poall—12)eP,
a

and since Y is a subspace
yePeZey.
a

Therefore,

plaz) = inf{l(y);y —ax € P,y eY}
inf{l(y); 2 —z € PyeY}
inf{l(az);z —x € P,z €Y}
inf{al(z);z—xz € P,z €Y}

= ap(x).

We can now look at the sub-additivity of P. Let z1,22 € X, y1,y2 € Y, such that y;—x; € P,i € {1,2}.
Since P is a cone

Y1 — 21+ Y2 — T2 =y1 +y2 — (21 + x2) € P.

Therefore
p(z1 +x2) =inf{l(2); 2 — (x1 + 22) € P,z € Y} <l(y1 + y2) = U(y1) + 1(y2).
Taking a limit of appropriate sequences (I(y7)), (I(y%)) converging toward p(z1) and p(x2) provides

p(z1 + 22) < p(z1) + p(z2).
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Next, note that if z,y € Y and y—z € P

lz) =1z —y) +1U(y) <U(y)

since I(z —y) = —l(y — ) < 0 which comes from the P-positivity of [. It follows from the definition
of p as an inf that that I(xz) < p(z) for z € Y. We can therefore extend p on X with I < p on X by
applying Theorem 1. Finally, let x € P. Then

p(—z) =inf{l(y);y +x € Py e Y}
But in this case for y =0, y + = « € P. Therefore
p(—z) <1(0) =0.

This in turn gives [(—z) < p(—2x) < 0 which shows that [ is P-positive. O
Proof (Theorem 8).

Under the assumptions of Theorem 8, yp is an interior point of the cone of the positive functions.
Therefore, we can apply Theorem 9 with P defined as this cone. This gives the result. OThe
following theorems use topological properties. We refer to [Brell] for proofs.

Theorem 10. Let X be a normed space over R. Let l: X — R be a linear functional different from
zero and o € R. Then the hyperplane

H={zeX; f(z)=0a}
1s closed if and only if | is continuous.

Theorem 11. Let X be a normed space over R. Let H, M be two disjoint convex subsets of X.
Assume that H is open and M is co,pact. Then H and M can be separated strictly by a hyperplane
l(x) = c: there is a real valued linear function l and ¢ € R s.1.

l(u) <c<l(v)Vu e Hve M.
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Chapter 2

Banach Spaces

In the previous chapter, we used a function p which was subadditive and positive homogeneity. In this
chapter, we consider normed spaces that induce naturally a metric and a topology.

2.1 Normed and Banach Spaces

Definition 7. Let X be a linear space over F' =R or C. A norm on X is a function ||| : X — [0, 4+00)
s.t.
1) ||z]] =0 <= =0

(2) |l +yll < |zl + llyl| (subadditivity)
(3) [laz|| = lall|z]| (homogeneity)
A normed space is a linear space X with a norm || - ||.

Exercise 5:
Prove that the d(x,y) = ||x — y|| defines a distance on X.

Solution 5:

First,
dz,y) =0=|lr —y||=0=>z=y.
Next,
d(z,y) = llz —yll = llo — 2+ z —yl| < [|z = 2[[ + ||z = yl| = d(z, 2) +d(z,y).
Finally,

d(z,y) = llz =yl = |l = (v = )| = [ly — ]| = d(y, z).

Thus any normed space is a metric space if we define the distance as above. As a consequence, the
following topological properties hold:

e a sequence x, converges to x if d(x,,x) = ||z, — z|| — 0.

e aset U C Xis open if for every x € U there is a ball B(x,¢) centered at x with radius € > 0 s.t.
B(z,e) C U.

e aset F is closed if X \ F' is open.

e a set K is compact if every open cover of K has a finite sub-cover.

15
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Two norms || - ||; and || - ||2 on X are equivalent if there is A, B > 0 s.t.

Izl < Allzllz and ||z|ls < Bl|z[|, Vo € X

Exercise 6:
Prove that two equivalent norms define the same topology.

Solution 6:

Assume that two norms equivalent norms || - ||; and || - ||2 are defined on X. Let O be an open set
of (X,||-|]1), and « € O. There exists €; such that By (z,e;) C O where

Bi(z,e1) ={y € Xilly —alL <e}
We look for €3 such that Ba(x,e3) C O where
By(w,€2) = {y € X;illy — zl[2 < €2},
for this, it is sufficient to find €5 such that
ly —zllz <ex=|ly -zl <e

Since

l[z][1 < Allz||2
it is sufficient to choose e
€2 = 27

indeed this gives
ly —2lly < Ally — 2|2 < Aez = &1

Therefore, any open set of (X, ||-]]1) is an open set of (X, || -||2). The converse statement also holds.
Finally recall that a metric space X is complete if every Cauchy sequence (z,,) converges in X.

Definition 8. A Banach space is a complete normed space.

Exercise 7:
Assume that (X, ]| -|[1) is a Banach space. Assume that ||-||; and || - ||2 are equivalent. Prove that
then (X,|| - ||2) is a Banach space.

Solution 7:
Let (z,,) be a Cauchy sequence in (X, || -||2). It follows from
[|n = ap|l < Allzn — @pll2

that (x,) is also a Cauchy sequence in (X, ||-|]1). Since X, ||-||1) is a Banach space, there exists x € X
such that ||z, — z||1 converges toward 0 as n goes to +o0o. Next, since

lzn — ]2 < Bllzn — |1,
it follows that ||z, — x||2 converges also toward 0.

Banach Spaces and topological properties: a few examples

1) Consider the space X = C(]0, 1]) of continuous real valued functions on the closed unit interval
[0,1]. Then the formulas

1 1
_ _ 2 2
171l = sup O 171 = ([ 1702

for f € C(]0,1]) define norms on X. The space C([0,1]) is a Banach space with || - ||cc but is not
complete with || - [|2. It follows that these two norms are not equivalent.
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2) The space Y = C*([0,1]) of continuously differentiable real valued functions on the closed unit

interval is a dense linear subspace of C([0, 1]) with the supremum norm and so is not a closed
subset of (C([0,1]),]] - ||oo)-

3) Consider the closed unit ball B = {f € C([0,1])];||fllcc < 1} in C([0,1]) with respect to the

supremum norm. This set is closed and bounded. For every ¢t € [0,1], (f(t);ep = [-1,1] is
compact but B is not equicontinuous. More explicitly, consider the sequence (f,) of B defined
by fn(t) = sin(nmt) for n € Nand 0 <t < 1. For any pu > 0, let n such that ¢, = 5~ < . Then
| fn(0)— fn(tn)| = 1. Theorem 20 below shows that the compactness of the unit ball characterizes
the finite-dimensional normed vector spaces.

4) For each p € [1,00) let
+oo
? ={(ay,as, ),Z laj|P < oo}.
j=1
Define a norm on [P by
1
llall, = (D las1") .
j=1
Then [P is a Banach space.
5) Let
1°° = {(a1,as,...);sup |a;| < oco.
Define a norm on [*° by
llalloe = sup|a;].

Then [*° is a Banach space.

6) Let
Co = {(al, as, ), n1L>I20 Ay = O}
Choose the norm || - ||oo on Cy. Then Cj is a Banach space.
7) Let
F, ={(a1,as,...);IN € Ns.t.n > N = a,, = 0}.
Choose the norm || - ||, on F,,. Then F), is a normed space but it is not complete. Its completion

is isomorphic to [P.

8) Let Q C R? be an open bounded set and let p € [1,00). Let X = C.(2) be the space of continuous
functions with compact support in €2, endowed with the norm

17l = ([ 1F@Pda)?.

Then X is a normed space, which is not complete. Its completion is denoted L?(€2) and may be
identified with the set of equivalence classes of measurable functions such that

/ |f(2)|Pde < +00
Q

with two functions f, g called equivalent if f(z) = g(x) for almost every x.

9) Let X denote the set of C'! functions on © such that

/Q|f(x)|pdx<ooand /Q|6jf(x)|pdx<oo, ji=1,.,n

Let’s define

=

1fll1p = / F@Pdr+Y / 10,/ (2)|Pdx
j=1
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Then X is a normed space which is not complete. Its completion is the so called Sobolev space
WLP(Q)) which can be identified with the subspace of LP(2) consisting of (equivalence classes)
of functions all of whose first derivatives are in LP(2) in the sense of distributions. The study of
these spaces is part of another course.

Exercise 8:

Let L1
€ (1,+00) and ¢ defined as ) + p =1.

Prove Young inequality:

1 1
Va,b >0, ab < —aP? + -b7.
p q

Solution 8:
Apply the In function to the right-hand side of the equation. This gives the result thanks to the

concavity of In.

Exercise 9:

(Holder inequality) Let f € LP and g € L? with % + % = 1. Prove that
1731 <17l lgloe

Solution 9:

Let

| /] G lg]
I fller’ || La

f =
Then,

WAZ, = llglZ. =
We apply the Young inequality to f§ and integrate, we obtain,

[ ]G5

This gives the result.

Exercise 10:
(Minkowsky Inequality) Let f € L? and g € LP. Show that

L+ gllee < [[fllze + llgllzr-

Solution 10:

We write

A+ 1glllze =[S+ 1gD)?

JASI+ gD Uf + 1ghP—t )
(1 f e + Nallee) (S f]+ |g|)qp—q)f thanks to Holder inequality,
(1£]1ze + llgllze) (S (£ +1g))?)" "7 using the fact that L + 1 =1,

VARVAN

Multiplying both sides by [||f] + |gl||}»" gives the result. The next section provides a little more

details about LP spaces.
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2.2 L? spaces

This section is inspired by [Brell, Rud87]. Let (Q, M, 1) denote a measure space, i.e., ) is a set and
(i) M is a o-algebra in €, i.e., M is a collection of subsets of 2 such that:

(a)) € M

(b) Ae M= A° e M,

(¢) Upen An € M whenever VnA, € M,
(ii) p is a positive measure, i.e., p: M — [0, +00] satisfies

(a) p(0) =0,

(b)u( Unen An) = > nen H(An) whenever (A,) is a disjoint countable family of members of M.

The members of M are called the measurable sets. We shall also assume that
(iii) 2 is o-finite, i.e., there exists a countable family (A,,) in M such that Q =
+00.

The sets E € M with the property that p(E) = 0 are called the null sets. We say that a property
holds a.e. (or for almost all z € Q) if it holds everywhere on €2 except on a null set. On a measure
space (2, M, u), we can define the (Lebesgue) integral of a real valued measurable function f

/Q fdp.

We refer to [Rud87] for the detailed construction of the integral. A fundamental example of measure
space is given by 2 = R" associated with the Lebesgue’s measure relying on the natural measure of
cubes in R™ . The following theorems hold.

nen An and Vn u(A,) <

Theorem 12 (Lebesgue-Monotone Convergence). Let (f,) be a sequence of measurable functions
defined on €2, and suppose that

(a) 0 < fi(z) < fo(z) < ... ace.,
(b) fn(z) = f(x)a.e.

Then f is measurable, and

JERSE

Theorem 13 (Beppo-Levi-Monotone Convergence). Let (f,) be a sequence of measurable functions
defined on ), and suppose that

(a)0 < fi(2) < fol) < ae.
sup/fn < 4o00.
neN
Then (fn(x)) converges a.e. to a finite limit, which we denote by f(x); the function f belongs to
Yand || fn — fll1 — 0.

Theorem 14 (Dominated Convergence Theorem). Let (f,,) be a sequence of measure functions defined
on Q, and g € L*(2). We assume that (a) (f,(z)) converges a.e. to a finite limit, which we denote by
f(@);

(b) fu(z) < g(z) a.e.

Then the function f belongs to L* and ||fn, — f]l1 — 0.

Theorem 15 (Fatou’s Lemma). If ¥n € N (f,,) : Q — [0, +00] is measurable, then

/ liminf f, < liminf / fn-

Prove that L? is a Banach space.

Exercise 11:

Solution 11:
We consider © with the Lebesgue measure and the borelian sets. We follow the proof in [Rud87].
We start with the case 1 < p < +oo. Let (f,) a Cauchy sequence in LP.

Ye>03IN e N;n,p> N =||fn, — fl|LF <e
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From (f,) we extract a subsequence as follows: there exists ng such that

1
an - fno”P < ivn > 1.

Then pick ny > ng such that
1
||fn - fm”p < 2—2Vn >Ny,

and by induction n; > n;_; such that

21—&-1 —Vn > n,;.

By construction one has that
||fm+1 _fnsz 2Z+1V7’EN

Z ||fni+1 - fnl p < Z 2111 =1

iEN €N

Note that

Let
Z | frisa (2 Z | fri1(x) = fo, ()]

We want to apply Theorem 13 to (g7).

D D
9 < Ikt

and

k
/ zSZanﬁl_fm P<1
i=0

Therefore g} (x) converges a.e. on  and so do gi(z). We denote by g(z) the limit of gi(z). It follows
that > . (fn,+1(x) — fn,(x)) converges absolutely a.e. on Q. So f, converges a.e.. Let f denotes its
limit. Let € > 0. Since f,, is Cauchy, for all € > 0, there exists N such that n,k > N implies

fn = fllp <,

or
/ o — Ful? < €.
Q

From Fatou’s lemma we deduce
/ |f = InIP < liminf/ |fn, — fN|P < €7,
@ Q

from which we conclude that
[ fn = fllp = 0.

Next, we consider the case p = co. Remind that L>°(€) is defined as the set of measurable functions
for which there exists a positive constant C' such that f < C a.e. on Q. And

[1£lloe = inf {f < Cae}.

Exercise 12:

Prove that the set of continuous functions with compact support is dense in LP.

Solution 12:

Coming soon...
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2.3 Finite versus Infinite Dimensional Normed Spaces

The following results are specific to finite dimensional normed spaces. The proofs can be found in
classical Topology courses.

Proposition 16. FEvery finite-dimensional normed space is a Banach space.

Proposition 17. Let X be a normed space. Then every finite dimensional linear subspace of X is a
closed subset of X.

Proposition 18. Let X be a finite-dimensional normed space. Let K C X. Then K is compact if
and only if K is closed and bounded.

Theorem 19. Le X be a finite dimensional vector space. Then any two norms on X are equivalent.

Exercise 13:
Prove the theorem stated above.

Solution 13:
Let || - || be a norm on X. Let e, es, ..., e, be a basis of X. For x = Y1 | \e;, set

.....

This defines a norm on X. We have

n

]| < llalloo Y IAil.

=1

On the other hand, note that S = {z € X;||z||cc = 1 is a compact set in (X, || - ||co). Since

el =1yl < llz =yl < O il = ylloo

i=1
the function
£ (X llee) = (R ]-])
' —

x ||

is continuous. Therefore f(9) is a compact set of (R, |- |). It follows that there exists zo € S such
that

Let z # 0.

Therefore

T
lzol| < (|51l
E41PS

which in turn implies

|z]|oo < —1]2||-
7 ol|

The following lemma is the key tool to prove Theorem 20.

Lemma 2. Let X be a normed space and let Y C X be a closed linear subspace that is not equal to
X. Then there exists a vector x € X such that

N | —

=1, inf |jz —y|| >
llzll =1, inf llz —yll =
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Proof
Let z € X \'Y and let

d = inf — .
it {Jlo -y}
Since Y is closed, d > 0 (why?). Let yo € Y such that

Iy — o]l < 2d.
Next, we define z as
L — Yo
7= —".
[z — wol|
For any y € Y, it holds
z—yo—ylle—woll, o d 1
Iz —yll =l == =5
[z = yol| 2d 2

O

Theorem 20. Let X be a normed space and denote the closed unit ball in X by
B={x e X;||z|]| <1}

Then B is compact if and only if X is finite dimensional.

Proof

X finite dimensional = B compact has been proven in the undergraduate course of topology. We prove
here that X infinite dimensional = B is not compact. For this, we are going to construct a sequence
(zy,) in B from which any convergent subsequence cannot be extracted. Let S = {z € X;||z|| = 1}
and let zo € S. From Lemma 2, there exists z1 € S such that ||y — || > 1 for all y € span{zy}. Then
we proceed by induction, and assuming that zg,z1, ..., 2, are already defined, we choose x,,+1 € S
such that ||y — z,11|| > 1 for all y € span{wz,z1, ..., , }. No convergent subsequence can be extracted
from (z,).

2.4 Linear functionals on a Banach Space

Definition 9. A linear functional | : X — K on a normed space X over K = R or C is bounded if
there is ¢ < o0 s.t.
[I(z)| < cl|z||Vx € X.

The inf over all such c is the norm [,

I(x
I = sup z) (2.1)
zeX,z#0 HIH

Theorem 21. A linear functional I on a normed space X is bounded if and only if it is continuous.

Proof
We assume first that [ is bounded. Let z € X. Let (z,,) be a sequence converging to xz. Then

() = Uzn)| < U]z = zn]|

which shows that [ is continuous. Conversely, assume that [ is not bounded, then there exists a sequence
(2,) such that:

el
||z ]|
Setting
Tn
Yn = —F/= 7
"Vl
we have
[1(yn)| > V1 = +oc.
But

which is a contradiction. [
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Definition 10. The set X' of all bounded linear functionals on X s called the dual of X.
Theorem 22. Endowed with the norm defined by Equation (2.1), X' is a Banach space.

Proof
Let (I,,) be a Cauchy sequence in X’'. We want to show that there exists a linear functional [ on X
such that (I,,) converges to . We know that for all €

[l — Ll < €
for any n, m large enough. It follows that
[l (2) = L (2)]] < €||z]| Yo € X.

Thus, for all z in X, [,,(x) is a Cauchy sequence in K. Since K is complete (I, (z)) converges toward a
value that we call [(x). This defines [ as a functional over K. By computations limits, one can deduce
that [ is linear. We need to prove that [ is bounded. Since (I,) is Cauchy and thanks to the inequality

el = [l < [l = I

we know that (||l,]]) is a Cauchy sequence in R. Since it is Cauchy, it is bounded by a constant c.
Therefore
[ ()] < T[] |2]] < cf|]]

Taking the limit, we obtain
|i(@)] < c||z]]

which shows that [ is bounded. Also, from
|l (2) = In(2)] < el]z]
we obtain, taking the limit in m that
l(z) = In(2)] < €l|z]]
which implies that
[l = L[ — 0.

O
Can we always say that for a given Banach space there exists a bounded linear functional? This is
the topic of the next exercise which illustrates how the Hahn-Banach theorem theorem 1 provides the
answer.
Exercise 14:

Let y1,...,yn be N linearly independent vectors in a normed space X and a,...,ay arbitrary
scalars. Prove that there is a bounded linear functional | € X’ such that

l(yj) = Clj,j = 1, ,N

Solution 14:

Let
Y = span{y1,y2, ..., yn}
We define [ on Y by
y;) = .
Indeed, thanks to the linearity of [ this defines [ on Y by

Uy) =10 Biws) = D By,
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forally =>" y Bjy; € Y. One can verify that [ is linear. Furthermore ! is bounded. This follows from
U Bl < 3 18ylla] < max ;| 3 1851 < Cllol.
J J J

The last inequality holds because j |8;] is a norm on Y and all the norms on Y are equivalent. To
conclude, we apply Corollary 1 if K =R or Proposition 3 if K = C.

Proposition 23. Letl be a bounded linear functional defined on linear subspace Y of X. Thenl can
be extended to X, furthermore

v = It x
Proof
We apply Theorem 1 if K = R or Proposition 3 if K = C with p(z) = ||I||y/||z]|. So we can extend [ to
X, and

1(@)| < [ll]ly]|||[Ve € X

We deduce that

@)

z€ €

that is,

L < [y

li]ly = sup 1@ o 1@
ey |2l 7 zex [l

On the other hand

< [l x-
0.
Proposition 24. For every xg € X, there exists @, € X' such that

10 Il = llzol| and |z, (o) = [lzol[?

Proof
We apply Proposition 23 with Y = {ax¢;a € K} and ¢, (azo) = a|zg||?>. So, ¢z, can be extended
to X with

||§0:L’0||X’ = ||‘pro||Y’
Note that
|00 (ao)| = || [[aro]?
from which we deduce that
lpaollx = llaolly = [lzoll-
Finally choosing o = 1 shows that
o (z0)| = [|zo||*.

0

Proposition 25. For every x € X, we have that

|zl = sup  fo(z)].
peX" |l

Proof
For every ¢ € X' with ||p|| < 1, we have

lp(a)| < [J]].
To prove the result, it remains to find a ¢ such that ||| < 1 and |¢(x)| = ||z||. From Proposition 24,
there exists g such that
lloll = llz]| and |go(2)] = ||z]|?

Choosing
1
$1 = 77 7F0
|||

provides the result.
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The Uniform Boundedness
Principle and the Closed Graph
Theorem

3.1 The Baire Category Theorem

Theorem 26 (Baire). Let X be a complete metric space and let (Fp)nen be a sequence of closed
subsets in X. Assume that

VneN, (F,)° =0

then
(Ur) -»
neN
Proof
Let
U, =F¢
then U, is an open set. Furthermore, since
U,=F;=(F)) =X

it is dense in X. Now,

(Ur))=(Ur)-Nu

neN neN neN

therefore, it is sufficient to prove that A = (0, .y Un is dense in X. Let z € X, and let ¢ > 0. We
want to prove AN B(x,€) # (. To this end we are going to construct a Cauchy sequence (z,) whose
limit belongs to A N B(x,€). Since Uy is dense in X, Uy N B(x,€) # (0. Let z¢ and rg > 0 such that
B.(zo,7m0) C Uy N B(z,€) where B, denotes the closed ball. This is possible since Uy N B(x,¢€) is an
open set. Next let 1 and 71 such that B.(z1,r1) C B(2o,70) N U1 and 71 < 7. Next, having defined
Tp,Tn, we define x, 1,741 such that Be(2ni1,7041) C B(#pn, ) NUpy1 and 7,41 < 3. Clearly,
(z,,) is a Cauchy sequence. We note [ its limit. For any fixed n, I € B.(xy,r,) C U, N B(z,€).00

Corollary 2. Let X be a nonempty complete metric space. Let (Fy,) be a sequence of closed subsets

such that
Ur=x
neN
Then there exists ng € N such that
Fy, # 0

25



26CHAPTER 3. THE UNIFORM BOUNDEDNESS PRINCIPLE AND THE CLOSED GRAPH THEOREM

Proof
Assume that for every n € N
(Fn)o =0
then by the Baire theorem,
(UE) -»
neN

But this is not possible because
U F,=X=X°
neN
since X is open. Therefore since it is not empty the corollary is proved. [J

3.2 The Uniform Boundedness Principle

The following theorem is often referred as the Uniform Boundedness Principle or the Banach-Steinhaus
theorem.

Theorem 27 (Uniform Boundedness Principle). Let E and F be two Banach spaces and let (T;)ier
be a family of continuous linear operators from E into F. Assume that

Ve € E sup ||Tiz|| < . (3.1)
‘el
Then
sup ||T;|| < oo.
iel

Proof
For n € N, we define F;, as
F,={zeX;Viel, |[Tal| <n}

Note that F,, is closed in X Let x € X. From assumption (3.1) there exists a constant C, such that

sup ||Tial| < Ci.
el

It follows that for n > C., z € F,,. Therefore x € U,enF),, which implies that

X = UFn‘

neN

From Corollary 2, it follows that there exits ng such that Fy; # 0. Let # € X and r > 0 such that
Bc(l',T') C Fnoa
where B.(z,r) is the closed ball of center z and radius r. By definition of F},,, one has that

sup ||T;(x + ry)|| < no
iel

for all y in X such that ||y|| = 1. Next, remark that
WTi(ry)ll = | = Ti(@)|| < ||Ti(ry + 2)[| < no

which gives
175 (ry) 1] < no + || T3 ()|

or

1
ITi I < = (no + [[T3(2)]])
which proves that
1
sup ||71]| < = (ng + C).
i€l r
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3.3 The open mapping theorem and the closed graph theorem

Theorem 28 (Open Mapping Theorem). Let E and F' be two Banach spaces and let T be a continuous
linear operator from E onto F (onto = surjective). Then there exists a constant ¢ > 0 such that the
image of the unit ball of E contains the ball of center 0 and radius ¢ of F':

Br(0,¢) C T(Bg(0,1))

Proof
We split the proof into two parts.
1) First, we prove that there exists a constant ¢; > 0 such that :

B(0,¢1) € T(B(0,1)). (3.2)

Note that since T' is surjective,

F = |JnT(B(0,1)).

neN
To see this, consider any y € F. There exists € F such that
x

y="T(x) = 2|\95||T(H2x||

)

which shows that y € nT(B(0,1) as soon as n is large enough. Next, we seek to apply the Baire
theorem theorem 26. Since we have
F = |JnT(B(0,1))
neN
there exists ng such that

(noT(BOT) ) #0.
Now, let y € F' and ¢ > 0 such that

B(y,c) C noT(B(0,1))
Assume that ||z|| < ¢, we can write

y+z= lim neT(xx)

k—+oco
with
xp € B(0,1)

therefore,

vtz _ lim T(x)

no k—+oco
which means that y e
B(=,—)cT(B(0,1
(£, 2) cT(B0.1)

WLOG, assume that
B(y,¢) C T(B(0,1)).

In particular y € T(B(0,1)). It follows that —y € T'(B(0,1)) too. Therefore:

B(0,¢) = —y + B(y,c) C T(B(0,1)) + T(B(0,1)).

Next, we remark that

T(B(0,1)) + T(B(0,1)) = 2T(B(0, 1)). (3.3)

Let us detail this last statement. Let y,z € T(B(0,1)) and (x1x), (x2x) two sequences in B(0,1) such
that (T'(z1x)) and (T'(zax)) converge respectively toward y and z. It follows that

y+z= lim 27(ZET2%) c 97 (B(0,1))

k—+oo
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which implies

T(B(0,1)) + T(B(0, 1))  2T(B(0, 1)).
Conversely, let y = limg_, 4 o0 27 (21) with a2 € B(0,1). We have that

y= lim (T(xg+ k)

k—+oo

which implies

2T(B(0,1))  T(BO,1)) + T(BO, 1))
which proves Equation (3.3). This gives eq. (3.2) with ¢; = §.
2) Now, we know that for any given linear application T' (we did not use the fact that T is continuous
yet), there exists a constant ¢; such that

B(0,¢1) C T(B(0,1))

Let, y € B(0, ). From step 1), we deduce that there exists € B(0, 1) such that
¢
14y — Tzl < 5

We set
T
To = —.
074

Note that

1
[lzoll < 7 and [y = Tl < 3

Next, analogously, there exists € B(0,1) (in general, different from the previous one of course!) such

that c
18y — To) — Tl < 5.

We set
T
T = g
It follows that
a

1
[lea]] < 5 and |ly = Two = T || < 34

By induction, we construct a sequence (z,,) such that
1 - c
1
||xn||<mand\|y—ZT,’EkH<W. (3.4)
k=0
The second inequality induces that
“+oo
y=3 T
k=0
Also, by construction, (ZZZO xy) is a Cauchy sequence, so it converges to a limit x with

™= 1<X1 1
k=0 k=0

Since T is continuous, we have
—+oo —+oo
y:E Txk:TE =Tz
k=0 k=0

with ||z|| < 1. This proves the theorem. OJ
The following exercise explains why Theorem 28 is called the open mapping theorem.

Exercise 15:
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Let E and F be two Banach spaces and let T' be a bounded linear operator from E onto F' (onto
= surjective). Prove that the image of an open set of E by T is an open set of F.

Solution 15:
Let U be an open set of E. Let y € T(U). Let = € F such that y = T'(x). Let ¢ such that
B(0,¢) c T(B(0,1)).
Since U is open, there exists § > 0 such that
B(z,0)cU
But
T(B(z,0)) =y +0T(B(0,1))

We deduce that
y+3dB(0,¢) C T(B(x,08)) Cc T(U),

which proves the result.

Exercise 16:
Assume that T is a bijective (injective (one to one) +surjective (onto)) bounded linear operator
from a Banach space E to a Banach space F. Then T—! is bounded.

Solution 16:
Let ¢ as in Theorem 28, so that
B(0,¢) C T(B(0,1))

Since
c

Y
ol <e
2|l

There exists € B(0, 1) such that

=T (g,

Therefore

T (- <1
I (2\|y|l)”

from which we deduce that )
T~ ()| < Iyl

Exercise 17:

Let E be a linear space. Assume that || -||; and || - ||2 are two norms on E such that E is Banach
for each of the two norms. Assume further that there exists a constant ¢ > 0 such that

Vz € E||z(lz < cflz]]s.
Then the two norms are equivalent: there exists a constant d > 0 such that

Vo € B [|z]ly < d||z[]2.

Solution 17:

We apply the result of the previous exercise with F' = E, T' = Id from (E, || - ||1) to (E,]| - ||2)-
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Theorem 29 (The Closed Graph Theorem). Let E and F' be two Banach spaces. Let T be a linear
operator from E into F. Assume that the graph of T, G(T) = {(x,Tx);x € E}, is closed in E x F.
Then T' is bounded.

Proof
We consider the following norm on E:

Ve € B, [|z]lz = ||z|le + [[T||F

To prove the theorem, it is sufficient to prove that (E,|| - ||2) is a Banach space. If this is true, then
applying the result of the previous exercise we deduce that there exists a constant d > 0 such that

lzllz +[|Tx|[r < dl|z||e

which gives
[ Tz|[r < (d—1)|z||p-

Let us then prove that (E, || -||2) is a Banach space. Assume (z,,) is a Cauchy sequence in (E, || - [|2).
Then (z,,Tx,) is a Cauchy sequence in E x F. Since E and F are Banach, (z,,Tx,) converges to
some (z,y) € E' x F. Since G is closed we deduce that (z,y) € G(T), i.e y = Tx. It follows that (x,)
converges to z in (E,|| - ||2). O

Exercise 18:

Definition 11. A family {S(t);t > 0} of bounded linear operators from a Banach space into itself is
called a semigroup if

(1) S(0) =1
(13) S(t + s) = S(t)S(s) for each t,s > 0.

Definition 12. Let X be a Banach space. A semigroup {S(t);t > 0} is called a semigroup of class
Cy, or Cy-semigroup if for each x € X we have

lim S(t)x ==
t—0+

Prove that if {S(¢);t > 0} is a Cp-semigroup, then there exists a constant M > 1 and w € R such
that

[|S(t)]| < Me“* vt > 0.

Solution 18:
We first prove that there exists M > 1, u > 0 such that for

vt e 0,4 [|S®)]] < M

where ||.|| denotes the operator norm. Assume that this is not the case. Then for all M > 1 and for
all o > 0 there exists tyr, € (0, u] such that

1S ()l > M.
So we can construct a sequence t,, such that for all n € N
1
0<t, < - and ||S(t,)|| > n. (3.5)

Note that since (S(t)) is a Cp-semigroup,

Vee X lim S(t,)r==

n—-+oo
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It follows that

Vo € X sup ||S(ty)z|] < +oc.
neN

From the uniform boundedness theorem, we deduce that

sup ||S(tn)]] < 400,
neN

which contradicts eq. (3.5). Next, for t > 0, we write ¢t = nu + 0, with § € (0, ). We have

and therefore
IS@)]] < M+

< e(n+1)1n M

< e(ﬁ;f3+1)1nM

t
< Mew™M

In M

with gives the result with w = e
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Chapter 4

Weak and Weak* Topologies

4.1 Topological Spaces, Comparison of topologies and the ini-
tial topology

4.1.1 Topological Spaces

Previously, we dealt with metric spaces. Metric spaces are naturally endowed with the metric topology.
The aim of this short paragraph is to recall how to define a topological space more generally without
a distance.

Definition 13. A topology on a set X is a set T of subsets of X, called open sets, that satisfy:
1.0, XeT
2. IfUV T thenUNV T
8. If foralli € I U; € T then U;e U; € T.
Endowed with a topology T the set (X,T) is called a topological space.
For the purpose of what is coming next, we will now recall the definition of basis of a topology.

Definition 14. Let (X, T) be a topological space. Then a subset of open sets B C T is called a basis
of open sets of T if every nonempty open set of X can be written as an union of sets of B:

YU € T,3(Us)ier C B, U = UierU;.

Exercise 19:
Let (X, T) be a topological space.

1. Prove that the two following statements are equivalent
(a) B is a basis of T.

(b)
Vee X,VUeT,reU=3VeBst.xeV cCU.

2. We assume that B is a basis of 7. Prove that U € 7T if and only if for all x € U there exists
V € Bsuch that x € V C U.

Solution 19:

1. Assume that B is a basis of 7. Let x € X, U € T such that x € U. Since B is a basis of T, we
write U = U, V; with Vi € 1,V; € B. It follows that there exists i € I such that x € V; which
proves 1-b. Conversely, let U € 7. Then we can write U = Uzecp{x} C Uzer{Ve} C U where
for all z, V, € B and = € V, C U, which proves that B is a basis of 7.

33
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2. Assume that B is a basis of B and let U € 7. Then the conclusion follows from 1-b. Conversely,
let U € T for which for all x € U there exists V € B such that x € V C U. Then we can write
U = Uzev{z} C Uzev{Va} C U where for all o, V,, € B and € V, C U. Therefore U is an
open set as a union of open sets.

Remark 30. For a metric space, the open balls are a basis of the metric topology.

4.1.2 Comparison of topologies

Definition 15. Let E be a set, and Ty, T2 two topologies on E. We say that Ty is coarser than Tz (or
weaker) if T1 C Ta. Alternatively, To is said to be finer (or stronger) than T;.

Next, we will see how to define a topology upon a given basis of open sets. Assume that (X,7) is
a topological space and B a basis of T, then

Vee XU € Bst.xeU (4.1)

and
YU,Us € BYz € Uy NU23U € Bst.x € U C Uy NUs. (4.2)

Conversely if B C P(X) satisfies eq. (4.1) and eq. (4.2), there exists a unique topology 7 on X for
which B is a basis.

Exercise 20:
Prove the previous statement.

Solution 20:

Assume that (X,7) is a topological space and B a basis of 7. Since X is open, eq. (4.1) holds.
eq. (4.2) comes from the fact that U; N Us is an open set. Conversely if B C P(X) satisfies eq. (4.1)
and eq. (4.2), we define T as the set of sets which write as an union of elements of B plus the empty
set. Then one can check that 7 is a topology. In particular, if Uy € T and Us € T then

Uy NUz = (Uier Uri) N (Ujes Usy)
= Uier,jesU1s N Uszj

= Uier,jeJ Uzeuy;nUs; Ve

where x € V,, C Uy; NUy; and V,, € B. The other verifications are left to the reader.

4.1.3 The initial topology

Let FE be a set and (F}, 7;):cr, a family of topological spaces, and for all i € T let ¢; an application
from E to F;. Let B the family of sets defined as finite intersection of the sets 4,0;1(0;) with i € T
and O; open set of F;. Then B satisfies the assumptions eq. (4.1) and eq. (4.2). Indeed, for any i € I,
go[l(FZ-) = F € B, which shows that eq. (4.1) holds. Next, let Uy, Us € B and z € U;NUs,. By definition,
we can write Uy, Us as finite intersections: Uy = ﬂieh)je]{w;l(O;L Uz = Nier, jes go;l(O;-). It follows
that U; N Us writes also as a finite intersection of the required form, and therefore Uy N Us; € B. It
follows that eq. (4.2) is also satisfied. The initial topology is now defined as the unique topology for
which B is a basis.

Definition 16. The initial topology on E is the unique topology for which B as defined as above is a
basis.

By construction, we have that,

Proposition 31. The initial topology is the coarsest topology that contains the sets

(@i_l(w))iel,weﬂ
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4.2 The Weak Topology

Definition 17. The weak topology o(E,E’') on E is the initial topology associated with the linear
functionals f € E'.

Exercise 21:

Show that the topology associated with the usual norm ||-|| on E is stronger than the weak topology
o(E,E").

Solution 21:
Since all linear functional ¢ is continuous from (E, || - ||) into K, ¢; *(w) is an open set of (E, || -||)
for all open set w € K. Then, the result follows from Proposition 31.

Definition 18. We say that a topology T defined on a space X is Hausdorff if for any x,y € X with
x # y there exists two open sets U,V € T withx € U, y € V such that UNV = ().

Exercise 22:
We assume that K = R. Show that the weak topology o(F, E’) is Hausdorff.

Solution 22:
Let 2,y € E with x # y. We look for two open sets U,V of o(E, E’) such that x € U, y € V and
UNV ={. Let us define ¢ on span(y — z) by

ply —z) =1.

Then ¢ can be extended to a bounded linear function on E, see Proposition 23. Note then that

p(y) = (@) + oy — 2)
=(x) + 1.
Next, let
U={2€E;p(2) <p(r) +1/2} = ¢~ ((—00, (z) +1/2))
V={z€ Bp(z) > p(z) +1/2} = o~ ((p(x) +1/2,+00.)
Then U,V are two open sets of o(E, E') such that z €e U, y € Vand UNV = .

Exercise 23:
We assume that K = C. Show that the weak topology o(F, E’) is Hausdorff.

Solution 23:
Let 2,y € E with « # y. We look for two open sets U,V of ¢(E, E’) such that x € U, y € V and
UNV ={. Let us define ¢ on span(y — z) by

ey —x) =1
Then ¢ can be extended to a bounded linear function on E, see Proposition 23. Note then that,
p(x) = (y) =1

U={z€ B;p(2) € Blp(x),1/2)} = ¢~ (Blp(x),1/2))
V ={z € EBip(z) € Blp(y).1/2)} = ¢~ (B(e(y),1/2)
Then U,V are two open sets of o(E, E’) such that x e U, y e Vand UNV = 0.

Definition 19. Let (X, T) be a topological space and let x € X. We say that V C X is a neighborhood
of x if there exists U € T such that x € U C V.
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Definition 20. Let (X, T) be a topological space and let x € X. We say that B is a basis of neigh-
borhoods of x if for any neighborhood V' of x we can find a neighborhood U of x U € B such that
UcV.

Exercise 24:
Let E be a Banach space. Show that

{Z S E7 |%07,(Z) - @Z(x)‘ < €, 1 € {07 ---777/},4,00,@1,-“,8011 S E/an S N,G > O}

defines a basis of neighborhoods of = for the weak topology.

Solution 24:

Let x € E, and V a neighborhood of z. By definition of a neighborhood, V' contains an open
set which contains z. By definition of the weak topology there exists a finite number of applications
(¢i)ier and a finite number of open sets in K, (O;), e, such that

2 € Nierjer®; (0)).
Therefore for all i € I,j € J,
pi(z) € O;
Since O; is open in K, there exists ¢;; such that
B(pi(z),€i5) € O

Let € = min{e;; }, then

re () o' Bleia), o).

i€l,jES;

When a sequence (z,,) converges weakly i.e in the weak topology o(F, E’) toward x we will write
Ty — .
To say that a sequence (x,,) converges strongly means the convergence in the usual norm:
[|zn — || — 0.

Proposition 32. A sequence (x,,) converges weakly toward x € E in the o(E, E") topology if and only
if for every ¢ € E', (¢o(xy)) converges toward p(x).

Proof
Assume that (x,,) converges weakly toward z in the o(E, E’) topology. Let U be an open set containing
©(x) in K. Then o~ 1(U) is an open set of o(E, E') which contains z. Therefore, there exists N € N
such that n > N implies x,, € »~!(U) which in turns implies that p(z,,) € U.

Conversely, assume that for every ¢ € E’, (¢(x,,)) converges toward ¢(z). Let U € o(E, E’) an
open set containing z. Then by definition there exists a finite number of ¢; € E’ and open sets in K,
Vi, i €{1,...,p}, such that

p
x € ﬂ ;' (Vi) C UL
i=1
For all i € {1,...,p}, let N; be such that
n> N; = p;(x,) € V;.

Let N = max; N;. Then
n>N=Vie{l, .. ,p}tyi(z,) €V,

which in turn implies that

p
z, € (o, (Vi) CU.
=1
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Proposition 33. Assume that (x,,) converges strongly toward x in E, then it converges weakly in the
o(E, E") topology.

Proof
This follows from the continuity of ¢ for the strong topology. More precisely, let ¢ € E’, then

p(2n) = (@) < [lellllzn — 2|

which proves the result. Another way to express it is as follows. Consider an open set U of (E,o(E, E'))
containing x. Then it is also an open set in (X, ||-]|) since o(E, E') is coarser than the norm topology.
It follows that

AN st.n> N = x, € U.

which proves the result.l]

Proposition 34. Assume that a sequence (x,) converges weakly toward x € E in the o(E,E"). Then
() is bounded for the usual norm in E and

< limi .
[zl < lim inf [[a, |

Proof
Since
r, =z ino(E,E)

it follows that Vo € E' p(x,) — ¢(x) which in turn implies

Vo € E' sup |[p(z,)] < ¢y
neN

for some positive constant c,. Defining the bounded linear functional g,, from E’ to K as g, (¢) =
@(xy), we deduce from the uniform boundedness principle that

sup ||9z., || c(er k) = sup sup |[p(2n)]] < C
neN neN ||p|[<1

for some constant C'. Now since, from Proposition 25

sup [ (@n)|| = ||zl
[lell<1

it follows that
sup [|zn|| < C,
neN

which proves that (z,) is bounded in the usual norm in E. Next,
lp(@n)l < llelll|2ll
which implies that for every ¢ such that ||| <1
o) < 2]
Taking the lim inf in both sides, we obtain that for every ¢ such that ||| <1
|p(2)| < liminf ||z, ||
taking the sup in the left hand side of this inequality and using the fact that

sup [p(x)| = |||
llell<1

we obtain that
||| < liminf ||a,||
n—-+oo
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O
Exercise 25:

Prove that if (x,,) converges toward z in o(E, E’) and (p,) converges toward ¢ in E’, then ¢, (z,)
converges toward ¢(x) in K.

Solution 25:

lo(z) — n(zn)| = [p(2) — @(2n) + P(Tn) — Pn(Tn)]
< |90(x) - ‘P(In” =+ “p(zn) - @n(xnﬂ
< () = o(@n)l + e — @nllllznll-

Proposition 35. When E is of finite dimension the weak topology o(E, E") and the usual topology on
E are the same.

Proof
Let T denote the usual topology on E. We already know that

Uco(E,EY=UcT.

Conversely assume that U € T . We want to prove that U € o(F, E’). Let € U, we want to prove
that there exists an open set V' € o(E,E’) such that x € V. .C U. Let r > 0 such that B(z,r) C U.
Let e, €2, ..., e, be a basis of E, with Vi € {1,..,n}, ||e;|| = 1. We define ¢; from E to K as ¢;(x) = a;
where z = > | z;¢;,. Without loss of generality, we assume that ||z]| = .7, |2;|. Note that ¢; € E'.
Counsider the open set V € o(E, E’) defined as

Note that x € V. Furthermore, for y € V,
n
lly —z|| = Z ly; — xi| < ne.
i=1

Choosing € < - provides the result. [

The proposition proposition 35 is only valid in finite dimensions.

Exercise 26:
Prove that if F is infinite dimensional, the unit sphere

S ={z € E;||z|]| =1}

is not a closed set for the weak topology o(E, E’).

Solution 26:

We shall prove in fact that the closure of S in o(E, E’) denoted by S is equal to the closed unit
ball B. = {x € E;||z|| < 1}. We first start to prove that the unit open ball B(0,1) C S which
proves that S is not closed since S N B(0,1) = () which implies that S # S. Let zg € B(0,1). Let
U € o(E,E") with zg € U. We want to prove that U NS # 0. Since U € o(F,E’) and zy € U, there
exists 1, ..., on € F', and € > 0 such that
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Let y € E such that Vi € {1,...,n}, v;(y) = 0. Such a y exists because F is infinite dimensional. If
this was not the case one could define a bijective application ¢ = (¢1, ..., ) from E into K™ which
would imply that E is of dimension n < oo. Now, consider g(t) = ||zo + ty||. We have that g(0) < 1
and lim;_, 1, g(t) = +o00. Since g is continuous, there exists ¢y such that g(tp) = 1. This implies that
xo + toy € S. Note also that Vi € {1,...,n}, ¢;(xo + toy) = @i(x0), therefore z¢ + toy € U. Finally,
UNS # 0 and therefore S is not a closed set for o(E, E'). Finally, note that

B = Nyepr o<1 (Be(0,1))
is closed in o(E, E') as an intersection of closed sets. This means that S C B, C S which implies

B.=S.

Exercise 27:
Prove that if E is infinite dimensional, the unit ball

B ={z € E;lz|| < 1}
is not an open set for the weak topology o(E, E').

Solution 27:
Proceed by contraction and remark that

S = B.(0,1) N (B(0,1))°.

4.3 The Weak* Topology

We are now interested in the topologies defined on E’. First, we can define the usual (strong) topology
associated to the dual norm on E’. We can also define the weak topology o(E’, E"), by analogy with
the construction of o(F, E’) as the initial topology associated with the elements of E”. But we are
now going to define a third topology on E’ called the weak* topology and denoted by o(E’, E). For
every x € FE, consider the linear functional ¢, : B/ — K defined by

¢ = @a(p) = p(x)
As x runs through F, we obtain a collection (¢;)zcr of maps from E’ into K.
Definition 21. The weak* topology o(E’',E) on E’ is the initial topology associated with the linear

functionals (¢s)zecE-

Exercise 28:
Show that the weak* topology o(E’, E) is Hausdorff.

Solution 28:

Let 1,00 € E’ with ¢1 # ¢3. Then there exists & € E such that ¢1(z) # @a(x). Since K
is Hausdorff, there exits two open balls, Bi(p1(z),€1) and Ba(ps2(x),€2) such that By N By = 0.
Let Uy = p;1(B1) = {¢ € E';50(z) € By}, and Uy = ;1 (Ba) = {¢ € E';¢(x) € Ba}. Then
Ui,Us € U(E,,E), w1 € Uy, p2 € Uy and U; NU3 = 0

Exercise 29:
Show that

{p € E';|o(z;) — polxi)| < € i €{0,....,n}, 0,21, ...,7n € E,n € N;e > 0}

defines a basis of neighborhoods of ¢g.
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Solution 29:

Proceed as in the analogous result for o(E, E’).

When a sequence (¢,,) converges weakly i.e in the weak* topology o(E’, E) toward ¢ we will write

*

Pn — P

The few next propositions are analogous as those in the previous section. Their proof are left as an
exercise

Proposition 36. A sequence (p,) converges weakly toward ¢ € E’ in the o(F’', E) topology if and
only if for every x € E, (pn(x)) converges toward ¢(x).

Proposition 37. Assume that (¢,,) converges strongly toward ¢ in E’', then it converges in o(E', E")
and in the o(E', E) topology.

Proposition 38. Assume that a sequence (p,) converges weakly toward ¢ in the o(E', E) topology.
Then (py) is bounded for the norm topology in E' and

[lepl| < Tliminfn — 400||¢n||

Exercise 30:

Prove that if (y,) converges toward ¢ in o(E’, E) and (x,,) converges toward x strongly in E, then
©n(xy,) converges toward p(z) in K.

Solution 30:
Proceed as in the analogous result for o(E, E').

Exercise 31:

Let g : B/ — K be a linear functional that is continuous for the weak* topology. Then there exists
some xg € F such that

g(e) = p(zo)Vp € E'

Solution 31:
Left to the reader.

Exercise 32:
Assume that H is a hyperplane in E’ that is closed in o(E’, E). Then H has the form
H={p€E¢(x) = a}
for some xg € F, and some « € K.

Solution 32:
Left to the reader.
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The product topology
Let (Fy,7;)icr, be a family of topological spaces. We consider the cartesian product space
E= H E;
iel
which means that an element x € E writes as
T = (zi)ier
where for each i € I, x; € E;. Next, for each i € I, we note
pi - BE— E;
the canonical projection from E into E;, which at x = (x;);er associates ;.

Definition 22. The initial topology associated with the family of projections (p;)icr is called the
product topology on E.

Remark that for each open set U; of E;,
pi () = 11U
jel

with U; = U; if j = ¢ and U; = Xj if j # 4. Therefore a finite intersection of open sets p{l(Uz—) , with
U; an open set of E;, is an open set of E which write

[Tu;
jel

with U; open set of F; for all i € I and U; = E; for all but at most a finite number of indexes. Recall
that those open sets are a basis for the product topology in F.
In the case where F; = F for all i € I we have

E:HF:F’
el

and the product topology is also called the topology of point wise convergence since it corresponds to
the point wise convergence for functions.

Theorem 39. The closed unit ball
Bpr = {p € E';|l¢]] <1}

is compact in the weak* topology o(E', E).

Proof

The proof goes as follows. We first prove that By is compact in K¥ endowed with the product topology.
Then we remark that the topology o*(E’, E) is the induced topology by the product topology on E’.
Bp is compact in K¥ endowed with the product topology

First note that

Bp = {p € E';|p(x)| <1, for [|z]]| < 1}
= {p e KF;Vx,y € E,V\ € Clp(2)| < |||, p(Az) = Az, p(x +y) = ¢(z) + o(y)}

Next, notice that
{p e KF;Vx € E,V\ € K|p(x)| < ||z]|}

is product of compact sets which is compact by Tichonov’s Theorem. To conclude, we prove that

{o e K¥;Va,y € E,VA € Kp(Az) = Ap(x), p(z +y) = o(x) + o(y)}



42 CHAPTER 4. WEAK AND WEAK* TOPOLOGIES

is a closed set. Indeed, for fixed x € F and )\ € X,
(e € K25 p(a) = Ap(@)})

= {v € K% p(Az) # Ap(2)}
which is an open set of the product topology as an union of elementary open sets (Uy)yer with Uy, =K

if y ¢ {z,\z}, and U, x Uy, = K2\ {(2,A\2).ex} (K2 \ {(2,\2).cx} writes as union of products of
balls B, x By;). Taking the intersection over x and A gives the result. An analog argument holds for

e +y) = o) + ¢(y).
Bpg: is compact in E’ endowed with the topology o(F’, E)

We remark that the topology o(E’, E) is the induced topology by the product topology in E’'. Let U
be an open set of (E’,0*) and ¢ € U. Then, there exists x1,...,z, € E and Vi, ..., V} open sets of K

such that
g€ N 92, (V)
i€{l,..,n},le{l,....,k}

which writes as a finite intersection of sets of the form
E'n [ w,
yeE

with W, = K for all y € I except if y = x; for some ¢ in which case W,, = V}, for some k. This proves
that o*(E’, F) is the topology induced by the product topology on E'.0J

4.4 Reflexive spaces

Definition 23. Let E be a Banach space and J the canonical injection from E into E” which at each
x € E associates ¢, € E"” by 0. (p) = p(x). We say that E is reflexive if J(E) = E".

Remark 40. We recall that J is well define because:

ez ()l = le(@)] < lllllel]-
So E is reflexive means that J is onto.

Remark 41. Ezamples of reflexive spaces are LP and [P for 1 < p < co. Note however that L', L™=, 11, L™
are not reflexive. We shall see in the next chapter that Hilbert spaces are reflezive.

Theorem 42. A Banach space E is reflexive if and only if the closed ball B. = {x € E;||z|| < 1} is
compact for the weak topology o(E, E').

Proof (Necessity)

We assume that E is reflexive, and because ||¢.|| = [|z|| we have that J(B.) = {p;]|lz|] < 1}.
Furthermore, from Theorem 39, we know that J(B.) is compact for the topology o(E”, E’). To
prove the result, it is therefore sufficient to prove that J~! is continuous from (E”,o(E", E')) into
(E,o(E,E")). This is equivalent to prove that for all ¢ € E’, ¢ o J~! is continuous (E”,o(E", E"))
into K. Now, note that for every ¢, € E”,

poJ N ps) = p(x).

But by definition, (o(E”, E’) makes ¢ continuous from (E”,o(E”,E")) into K. O
The proof of the sufficiency of Theorem 42 relies on two lemmas.

Lemma 3 (Helly). Let E be a Banach space, ¢1,...,0n € E' and v1,....7n € K. The following
properties are equivalent.

1. Ye > 0, 3z, such that ||z.|| <1 and

Vie{l,...n}|pi(z) —vi| <e.
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2. By, ... Bn € K,
1> Bl < 11D Bl
i=1 i=1

Proof
1=2
Let € > 0 and z, such as in 1. Then,

13 Bl = 13 Bilyi — walw) + 3 Bl
=1 =1

=1

<ed 1Bl +11Y_ Biall:
i=1 i=1

Taking the limit as € goes to 0 provides the result.

2=1

Let v = (71, ..., vn) and for € E, ¢(x) = (p1(x), ..., on(x)). Property 1 says that for all e > 0 there
exists x, such that ||z.|| < 1 and

l¢(ze) =l <6

where || - || refers to the classical max norm in K™. In other words, this means that v € ®(B.(0,1))
with respect to the closure in (K", || - ||oo. We proceed now by contradiction. Assume that

v ¢ ¢(Bc(0,1)).
Then we can find Sy, ...8, € K such that Vz € B.(0, 1)

1> Bigi(@)| <o < | Bivil
=1 1=1

(why? Exhibit explicitly 81, ..., 8,). Taking the sup over x in the left hand side leads to a contradiction.
O

Lemma 4 (Goldstine). Let E be a Banach space. Then J(E) is dense in (E”,0(E", E")).

Proof
We are going to prove that J(B.) is dense in B, g = {g € E";||g|| < 1} for the topology o(E", E").
Let g € B g and U € o(E", E’) with g € U. Then there exists ¢1, ..., o, € E" and € such that

{ne B";Vie {1, ....n}|pi(9) — pi(n)] < e} CU.
We look for = € E such that
Vi e {1,...n}|pi(g) — pi(z)] <€
Thanks to lemma 3, it is sufficient to prove that Vi, ..., B, € K,

n n
1> Bl < 11D Bl
i=1 i=1

with v; = ¢;(g). But this is true because

1> Biilg) < 11 Bigillllglll| > Biill.
i=1 i=1 i=1

Proof(end of theorem 42)

The canonical injection J from (F,o(E, E")) into (E”,c(E", E’)) is continuous, since for z € E and
p € E', J(x)(p) = p(x) and ¢ is continuous from (F,c(E, E’)) to K. Assuming that B, is compact
in (F,0(E,E")), it follows that J(B.) is compact in (E”,o(E", E’)), and therefore closed. This ends

the proof since J(B.) = B¢ gr.
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4.5 Separable spaces

Definition 24. Let E be a Banach space. We say that E is separable if there exists a countable
subspace of E which is dense in E.

Theorem 43. Let E be a separable Banach space. Then the closed unit ball in E' is metrizable in
the weak® topology (E', E). Conversely, if the closed unit ball in E' is metrizable in the weak* topology
(E',E), then E is separable.

Proof
We assume that F is separable. We assume that (a,)pen is dense in the unit ball of E. For all

1,2 € B, we set
—+oo

1
1 — 2| = Z 27|§01(an) = p2(an)|
n=0
This defines a norm on E’. Assume that U is an open in o(E’, F). We shall prove that U N B, g is

an open set for the topology induced by |- |. Let ¢o € U N B gr. Since U is an open set in o(E’, E),
there exists x1,...,xx and € > 0 such that

{30 € E/; “P(ml) - @O(xz” <€ 1€ {17 7k}} cvu.

We want to prove that there exists g > 0, such that | — o < pr and ¢ € B, g+ implies ¢ € UN B, gr.
Now,

+ |§0(ani) —@o(an,)| + [po(an;) — wo(z:)|
+ 2" o — o

< €,

lo(ws) — wo(zi)| < lo(xi) — @an,)

< 2|z — ap,

where the n;s were chosen such that ||x; — a,,|| < § and p such that | — @o| < min;cqy, . k) gror-
This proves that every open set induced by o(E’, E) in the ball B, g/ is an open set in the topology
induced by the norm |- | on B, g.

Next, we want to prove that any open set in the topology induced by the norm |- | on B, g/ is an
open set induced by o(E’, E) on B, gs. Let U be an open set of E' for | -|. Let ¢g € Begr NU. Let p
such that

{e e E'slo—po| <p} CU.

We want to prove that there exists ¢ > 0 and some z1,...,xx € F such that

(BC,E/ N {(p e El; |(P($1) — @0(I1)| < €, ’L S {1, ,k’}}) C (BC,E/ n {QD S E/; |(p — §00| < ,LL})
Recall that
+oo 1
lo — ol = Z 27|‘P(an) = o(an)|-

n=0
Since
l(an) = wolan) < [l — wollerllanll <2,

we deduce that

1
onP(an) = wolan)| < 5
Let ng such that

n=no+1

Then it is sufficient to ensure that

1w
|o(an) = polan)] < (2= 57057) 5 Y € {0, .m0}

to obtain the result.



Chapter 5

Hilbert Spaces

In this chapter we work with K = R. The last section discusses however the case K = C.

5.1 Scalar Product and Hilbert Spaces. Projection on a Closed
Convex Set

Definition 25. A (real) scalar product on a linear space H over R is a real valued function (-,-) :
H x H — R which satisifies

e Bilinearity: uw — (u,v) and v — (u,v) are linear.
o Symmetry : (u,v) = (v,u).
o Positivity : (u,u) > 0 whenever u # 0.

Exercise 33:
Prove the Cauchy-Schwarz inequality:

N

[(u,0)| < (u, )2 (v,0)

Solution 33:

We consider,
PA) = (u+ Av,u+ ).

Note that P(\) > 0. Furthermore
P(\) = (u,u) + 2\ (u, v) + A (v, v).
Since P()\) > 0 its discriminant A = b? — 4ac is non-positive. This gives
P(\) = 4((u,v))* — 4(u, u)(v,v) < 0.

Which in turn implies ) )
(1, 0)] < (,0)} (0, )3

For all w € H, we set )
ul = (u,u)?

Exercise 34:

Prove that | - | defines a norm on H.

45
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Solution 34:
We prove that
lu+ o] < Juf + |v].

The two other verifications are left to the reader.

lu + v|* =(u+v,u +v)
=[ul® +2(u,v) + o]
<|u)? + 2|ul|v] + |v|* by Cauchy-Schwarz
<(ul + [v])*.

Definition 26. We say that a linear space H endowed with a scalar product is a Hilbert space if H is
complete for the norm | - | defined above.

Classical examples of Hilbert spaces are R™, L2, H' to cite only but a few. Hilbert spaces are
reflexive but we are not giving the proof here. See [Brell].

Exercise 35:
Prove that
|a+b|2+|a—b|2 :2(\a|2+ |b|2) (5.1)

This equality is known as the parallelogram’s law.

Solution 35:
Just write
a4 b2 = (a+b,a+b) = |al? + b +2(a,b)
and

la —b*> = (a+b,a+b) = |a]* + |b]* — 2(a,b).

Summing the two previous equalities provides the result.

Theorem 44. Let K be a closed convex subset of H. Then for all u € H there exists a unique u* € K
such that
|lu —u*| = inf |u—v].
veEK

Furthermore u* is characterized by u* € K and

(w—u*,v—u*) <0Vv e K. (5.2)

K

Proof
Let v,, a sequence such that
d=inf [u—v|= lim |u—uv,]
veEK n—-4o0o

We will prove that (v,,) is a Cauchy sequence. We apply the parallelogram’s law (5.1) to
a=u—"vy, b=u— v

We obtain
120 — (v + V)| + [V — Vn]? = 2|u — v, | + 2t — vy, |2
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and subsequently,

1 1
= §|u —v|? + i\u — U |?
which gives

_ Un +vm|2

1 1
:f|u—vn|2+§\u—vm|2—|u 3

2

and since, ”"Jr% € K, we can write

U, — U 1
|%|2§ |U*vn\2+§|u7vm|27d2.

DN | =

Since the right hand side converges toward 0, we have that (v,) is Cauchy. Since E is complete, (vy,)

converges. We set

v = lim wv,.
n—-+o0o

It follows that
|lu —u*| = inf |u—v].
veEK

Now, for all ¢t € [0, 1], w € K we have

u— | <fu—((1 -t + tw)|
< |u—u* +t(u* —w)|

which implies
u—u*? < |u—u 4+ 2t(u—ut ut —w) + At —wl

Therefore,
0 < 2t(u—u*,u* —w) + tu* —w|?.

Dividing by ¢t and taking the limit as ¢ goes to 0 we obtain
(u—u"w—u") <0.

Conversely, assume that
(u—u*,w—u*) <0

for some u* € K. Then, for all w € K

2= (w—u,w—u)

|w = ul
=(w—u"4+u" —uw—u" +u"—u)
= |u—u**+|w—u*]?+2u* —u,w—u*)
> |u— u*|?.
Finally, we need to prove the uniqueness. Let uf,u} € K satisfying eq. (5.5), then

Vw e K, (u—uj,w—ui) <0

and
Yw € K, (u—uj,w—ul) <O0.

Choosing w = uj3 in the first equation above and w = uj in the latter, summing the two, we obtain
|u>1k - u;|2 < 07

which implies u] = u3. O
The above element u* is called the projection of v in K and denoted by

u* = Pk (u)

The following inequality holds
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Proposition 45.
[P (u) — Pre (v)| < |u— v

Proof

Vw € K, (u— Pk (u),w — Pg(u))

and
Vw € K, (v— Pg(v),w — Pg(v)).

As before, choosing w = Pk (v) in the first equation above and w = Pk (u) in the latter, summing the
two, we obtain
(u— Pg(u) —v+ Pg(v), Pk(v) — Px(u)) <0

which implies
| P (v) = Prc(u)[* < (v —u, Pr(v) — Pr(u)).

Applying the Cauchy-Schwarz inequality to the right-hand side gives the result. O
In the case where H is a linear subspace of H, we have also:

Proposition 46. If K is a linear closed subspace of H then
(u— Pg(u),v) =0Vv € K.

Proof
Let w € K, then
(u—u"w)=(u—uv5w+u" —u*) <0

and
(u—u*,—w)=(u—u*,—w+u* —u*) <0
which implies
(u—u*,w)=0.

5.2 Riesz-Frechet, Stampacchia and Lax-Milgram Theorems

5.2.1 The Riesz-Frechet theorem

In a Hilbert space H, for any ¢ € H' there exists an element v € H such that the product scalar with
u equals . This is the Riesz — Frechet representation theorem stated below.

Theorem 47. [Riesz-Frechet Representation Theorem] Let ¢ € H', there exists a unique u € H such
that

(u,v) = p(v) Vv € H.

Proof
Let
M = o 1(0).

Note that M is a linear closed subspace of H. If M = H then u = 0. We assume from now on that
M # H. Let wg € H\ M and let wy = Ppywg the projection of wy on M. Now consider

_ Wo —wy
|w0 - w1|'
We remark that
lw| =1

and
(w,z) =0Vz € M.
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Now for any v € H, we define h as

h=v— #(v) w
p(w)
Note that ¢(h) = 0 and therefore h € M. It follows that

(w, h) = 0.
and therefore for all v € H
(w,v) = p(v)
’ p(w)

Setting v = p(w)w, we obtain that for all v € H,

(u,v) = ¢(v)

For the uniqueness, assume that wuy, us satisfy the condition then

Yv € H, (u3 — ug,v) = 0.

which implies
|U1 - U2| =0.

5.2.2 The Stampacchia theorem

For the next theorem, it is useful to remind the follwoing fixed point theorem.

49

Theorem 48. Let (X,d) be a complete metric space. We assume that S is an application from X

into X such that for all x,y € X

d(S(x), S(y)) < kd(z,y)

with k < 1, then there exists a unique x* € X such that
S(z) = x.

Proof

Let g € X. We consider the sequence defined iteratively by

Tnt1 = S(xp).

We have

p—1

d(anrpv :En) < Z d(anr'h -TnJriJrl)

=0

p—1

< k'd(zo,71) Y K

=0

1
S k‘nd(.’L‘o, 1‘1)7

1—k no+too

Therefore, (x,,) is a Cauchy sequence, and since X is complete it converges toward some x € X. Taking

the limit in the expression d(z,,, z,+1) gives
d(z,S(x)) =0.
Finally, if x,y are two fixed points, we obtain
d(z,y) < kd(z,y)

which implies z = y.
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Definition 27. We say that a bilinear form a on H is continuous if there exists a constant C' such
that

la(u, v)|] < Clulv] Yu,v € H.
We say that a is coercive if there exists a > 0 such that
a(u,u) > alul?.

Theorem 49 (Stampacchia). Let a be a continuous and coercive bilinear form on H and K be a closed
convex. Then for any ¢ € H' there exists a unique u € K such that for allv € K

a(u,v —u) > (v —u) (5.3)

Proof

From Theorem 47 there exists a unique z € H such that (z,v) = ¢(v) for all v € H. Next, since for
fixed u, a(u,v) defines a continuous linear form on H, Theorem 47 provides a linear map from H into
H such that (Au,v) = a(u,v)Vv € H. Note that from the continuity of a(-,-) we deduce that

|Au|2 = a(u, Au) < Clul|Au|

which implies
|Au| < Cul.

It follows that the problem (5.3) is equivalent to finding u € K such that
(Au,v —u) > (z,v —u) Vo € K.
Note that for any p > 0, this is equivalent to
(—pAu+pz+u—u,v—u) <0Vv e K.
So it is equivalent to find u such that
Pr(—pAu+ pz +u) = u.
We are therefore looking for a fixed point of the map S : v — Px(—pAv + pv + v). Next, note that
IS (v2) = S(v1)| < [ = pA(v2 — v1) + (v2 — v1)]
and therefore
[S(v2) = S(v1)]* < [v2 —v1]* = 2p(A(v2 — v1), (v2 — v1)) + p?|Av2 — v1)[?
< |vg — 1)1|2 — 2parjvg — 01\2 + pza(vz —v1, A(vg — v1))
< Jvz = 01|* = 2palvy — v1[* + p*Cloy — v1]|A(v2 — v1)|
< |vg —v1|* = 2palvy — 01\2 + p2C? vy — v1\2.

Choosing p < 2% implies that
S (v2) = S(v1)[* < K?|vz — v1|?

with k2 = 1 — 2pa + p?C? < 1. Therefore, we deduce from Theorem 48 the existence of unique u such
that S(u) = u. O

Proposition 50. Under the assumptions of Theorem 51, if we assume furthermore that a is symmetric
then u is characterized by u € K and

1

Sl ) — o) = inf (Za(v,0) - ¢(v)).
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Proof
If a is symmetric then it defines a scalar product. Applying Theorem 47 with this product scalar
provides the existence of z such that

a(z,v) = p(v)Yv € H.
In this case inequation (5.3) is equivalent to
alu,v —u) > a(z,v — u)

which is equivalent to u = Pk (z) (for the scalar product a). We know that this is also equivalent to
find u such that

alu—z,u — z) :Uigif(a(z—v,z—v).

Since
a(z — v,z —v) = a(z,2) — 2a(z,v) + a(v,v)

this is equivalent to find v which minimizes
1
5(v,) — p(v).

5.2.3 The Lax-Milgram theorem

Theorem 51 (Lax-Milgram). Let a be a continuous and coercive bilinear form on H. Then for any
p € H' there exists a unique v € H such that for allv e H

a(u,v) = p(v) Vv € H. (5.4)

Furthermore if a is symmetric then w is characterized by

1

Sl ) — o) = inf (Ja(v,0) ~ p(v)).

Proof
Let ¢ € H'. From Theorem 51 with K = H there exists a unique u € H such that

Yo € H,a(u,v —u) = (v —u).
Therefore,
Vo € H,a(u,v) = a(u,v +u—u) > pv+u—u) = o).
And also,
a(u> 7'0) Z QO(*U)

which provides

a(u,v) < ¢(v)
and therefore

a(u,v) = ¢(v).

The characterization is as in Proposition 50.

5.3 Hilbert Sums

Definition 28. Let (E,)nen be a sequence of closed linear subspaces of H. We say that H is the Hilbert
sum of the E! s if

1. the spaces E,, are mutually orthogonal, i.e.,

(u,v) =0Vu € E,,Yv € E,,n#m

2. the linear space spanned by finite linear combinations of elements of E! s is dense in H.
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Theorem 52. Assume that H is the Hilbert sum of the E!s. Then,

+oo
Vu € H, ZPEkU:U
k=0

and

+oo
Z | P, ul? = |u|® (Bessel-Parseval’s Identity).
k=0

We will use the following lemma.
Lemma 5. Assume that (v,) is a sequence in H such that
(Un,vm) =0 if n #m,
and

—+o00
Z log|? < +o0.
k=0

Let the series
—+o0

>
k=0
converges in H and
+oo —+oo
|2 oel* =D ol
k=0 k=0

Proof (Proof of Lemma 5)
Let

Sn = Z V-
k=0
We remark that (S,,) is a Cauchy sequence. Indeed, for m > n,

Sim — Sn|? = Z |og]*.

k=n-+1

Since 7% Jug|? < 400, we deduce that (S,,) is a Cauchy sequence. Taking the limit in

n
[Sal? =D lowl?
k=0

proves the lemma. O
Proof (Proof of Theorem 52)
We are going to apply Lemma 5 Let

n
un, = Pg,u and S, = E V-
k=0

From assumptions, since u,, € E,, and u,, € E,,, we have
(Uny Up) = 0 if n #£ m.

Next, we remark that
(u—up,v) =0Vv € E,.

Choosing v = u,, gives
(u,up) = |up|®
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Summing up from 0 to n gives
(u, Sn) = |Sn|2'
By the Cauchy-Schwarz inequality,
|Sul? = (u, Sn) < [ul|Shl,

and therefore
[Sn] < ul,

which in turn implies
n
Dl < Juf.
k=0
From lemma Lemma 5, we deduce that Zgﬁg uy converges. Let us call it S. It remains to prove that
u =98 =>%u,. Weremark that
(uw— Sp,v) =0Vv € E,,,m < n.

This is because

Taking the limit gives
(u—S,v)=0

for all v in the linear space spanned by finite linear combinations of elements of F,,,n € N Since this
space is dense in H, this implies that

(u—S,v) =0Vv € H.
It follows that S = w. O

Definition 29. A sequence (en)nen in H is said to be an orthonormal basis if it satisfies the following
properties:

1.
len] =1, and (em,e,) =0, Vm # n,

2. the linear space spanned by the (e,)'s is dense in H.

Proposition 53. Let (e,) be an orthonormal basis. Then for every u € H, we have

“+o0
U = Z(uv ek)ek

k=0
and

+oo

uf> = |(u, ex))?

k=0

Proof

We apply Theorem 52 with E,, = span{e,}. We have oonly to prove that
Pg u=(u,e,)e,.
But

(u — (u, en)en, en) =(u,en) — (u,en)
=0.
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5.4 Hilbert spaces on C

In this chapter we briefly discuss the case K = C.

Definition 30. A scalar product on a linear space H over C is a complex valued function (-,-) :
H x H — R which satisifies

o Sesquilinearity: u — (u,v) s linear and v — (u,v) is skewlinear: (z,ay) = a(z,y).
o Skew Symmetry : (u,v) = (v,u).
o Positivity : (u,u) > 0 whenever u # 0.

Exercise 36:
Prove the Cauchy-Schwarz inequality:

[(u, )| < (u, )2 (v,0)%

Solution 36:
Left to the reader.

For all uw € H, we set

N

Exercise 37:

Prove that | - | defines a norm on H.

Solution 37:
Left to the reader.

Theorem 54. Let K be a closed convex subset of H. Then for all uw € H there exists a unique u* € K
such that
|lu —u*| = inf |u—v].
vEK

Furthermore u* s characterized by u* € K and

Ru—u*,v—u*) <0Vw € K. (5.5)
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