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Chapter 1

semigroups of Linear Operators

Consider the differential equation

with a € R. The solution of this equation is

and satisfies z(t + s) = e**e*x(0). If we define for t € R, S(¢) by

S(t):{ R —R

T ety

then, we have,
and

The main purpose of this chapter is to analyze what happens when a is replaced by an operator acting
on functional spaces. We refer to [Gre06] for more details on the historical links between the original
works of Peano on ordinary differential equations and the further developments in functional analysis.

1.1 Uniformly Continuous semigroups

Let X be a Banach space and let £(X) be the set of all linear bounded operators from X to X.
Endowed with the operator norm || - [|z(x), defined for U € L(X) by

Ullzx) = sup [[U()]]-
llall<1

It is known that £(X) is a Banach space.

Definition 1. A family {S(t);t > 0} in L(X) is a semigroup of linear operators on X, or simply
semigroup if

(1)S0)=1
(19) S(t +s) = S(t)S(s) for each t,s > 0.
If, in addition, it satisfies the following continuity condition at t =0

lim S(t) =1

t—0+

in the norm topology of L(X), the semigroup is called uniformly continuous.
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6 CHAPTER 1. SEMIGROUPS OF LINEAR OPERATORS

A first important example of an uniformly continuous semigroup is given by S(t) = e*“, where et

is the exponential of the matrix tA.

Exercise 1:
Let A be a n x n real matrix. Define, for each ¢ > 0, S(¢) : R® — R" y S(t)z = e!4x, where

+oo tkAk

= 1
P k!

etA

1. Prove that {S(¢);t > 0} is a uniformly continuous semigroup of linear operators.
2. Prove that t — S(t) if of class C* from [0, +00) to £(R™) and satisfies

d
Z5(t) = AS(t) (1.1)

Solution 1:

1. The fact that e(tt9)4 = et4es4 follows from the absolute convergence of the exponential series.
The computations are analog to the equality for the exponential of complex numbers, see for example
the prologue in [Rud87]. For the reader’s convenience we provide here a few details. First for all t > 0

“+o0

1
S At = Al
k=0

Therefore the series
+oo 1
k
E(At)
k=0

converges absolutely so it converges in L(R™) (to a matrix). Next we want to compare

et+9)A and e,

To do that, we compare

and

We remark that

k!

mHAtHiHASHk_iH

1 . .
A k t k—i
Al

k
k!(\|f4\|(f+5)) I o 0.
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One have also S(0) = Id. To prove that the semigroup is uniformly continuous we need to prove
that ||e*4 — Id|| converge toward 0 as t — 0. Note that

k Ak
1S(6) — Id|| = || 32425 SA° — 1d]]
= | A
+ tIF11AlF
< kool\llll'\\
+ tIEIAlx
< ;f%"” It 4
< el 1 49
t—0+

2. Next, we consider the quantity
S(t+h) — S(t).

We have
00 k Ak 00 k Ak
S(t+h) -8 = T/ M - i o Gt
+oo (t)kAF
= Zk 0 24i=0 k' AR — k=0 : )k' (1 2)
+ t) + t)k Ak :
= kof)( +Z i= lk' AR — ki%()k!
= Z i=1 k‘ AR
It follows that S(t+h) - S()
+ _ S i1 —
T = Zi:l f 1 (k')tk it AF (1-3)
When h — 0 this quantity converges toward
+oo
k k—1 4k
> it
k=1
which is equal to
—+oo
1
A tk_lAk_l
St
or
Aet.
It follows that S(t) admits a derivative and that
d
aeAt = AeAt.
To prove that S’(t) is continuous, we write
HA@A(H_h) _AeAtH — ||A6At(eAh —]d)”
< || Alfell At [eAr — Id]|
< JlAllelAileAr — 1d) (1.4)
h—0 0

Exercise 2:

Let X be the space of all bounded and uniformly continuous functions from R* to R, endowed
with the sup-norm || - ||oo , and let {S(¢);¢ > 0} C L£(X) be defined by

(S@)f)(s) = ft+s)
for each f C X and each ¢t,s C RT.
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1. Prove that S is a semigroup.

2. Prove that S is not uniformly continuous.

Solution 2:

1. Write it down!
2. Consider the sequence of functions

0 1ft§%
Falt) = Ly g2 2
n n(t_f) lfggtgﬁ

n

1oift>2

and remark that

1SC) = Flloe =1

Definition 2. The infinitesimal generator, or generator of the semigroup of linear operators {S(t);t >
0} is the operator A: D(A) C X — X, defined by

D(A) = {z € X; lim M exists}
t—0+ t
and

Ar = lim M

t—0+ t

Equivalently, we say that A generates {S(t);t > 0}.

1.2 Generators of Uniformly Continuous Semigroups

Theorem 1. A linear operator A : D(A) C X — X is the generator of a uniformly continuous
semigroup if and only if D(A) = X and A € L(X).

Proof
Assume that {S(t);t > 0} is a uniformly continuous semigroup. By definition,
}1_% Sit)=1

in £(X). Next remark that

1 [°
— / S(t)ydt — I
P Jo

1 P
:;A(1+aw_na—1

1 P
:;A(ﬂﬂ—nﬁ

Since
1 P 1 [P
w/%awfmwsf/mefMﬁao%p%m
P Jo pJo

we obtain that

1 [P
||f/ St)ydt—1I|| <1
P Jo
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for p small enough. It follows that 1 fo t)dt and therefore fo t)dt is invertible (this is because if
||B]| <1 then (I+B)> % (— )”B” = I) Next, we write

—I)/0 S(t)dtzlll/OpSt—kh dt—f/ S(t

We set s =t + h in the right-hand side of the equation. This gives

(s 1) / s = /h " S(s)ds - - / " s(t)dt
/S Yds + — /P+h ds——/ S(t dt—f/S

_ }L/pﬁh S(s)ds — %/O S(t)dt

pt+h h P 1
%(S(h)—z) - (% /p S(s)ds—% /0 S(t)d) ( /0 S(t)dt)”

Now, the right-hand side converges in £(X) as h — 0. So do the left hand side then. It follows that

and then

p —
A= (so)=1)( [ st (15)
Now assume that A € £(X). We define:
I 4k gk
A
St =>4
k=0

S(t) is a semigroup of linear operators (see exercise 1). We need to proof that it is uniformly continuous.
T 4k gk
t*A
Sit)—1I= x
k=1

I—Atz

tk 1Ak 1

It follows that
1S (t) = I|| < t[|Al[e! A1

which shows that S is uniformly continuous. It remains to prove that A is the infinitesimal generator

of S.
1 hk 1Ak
g(S( -A= Z
+oo Br—1 Ak
- k!
k=2

It follows that 1
”E(S(h) — 1) = Al| < h||A|Pell AR,

This completes the proof. [
Consider now the Cauchy problem

where A C £(X) and f € C([0,T]; X).
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Theorem 2. For any (&, f) € X x C([0,T]; X), Equation (1.6) has a unique solution u € C([0,T]; X)
given by the so called variation of constants, or Duhamel, formula

u(t. &, f) = S()E + / S(t — 5)(s)ds

for each t € [0,T] where {S(t);t > 0} is the semigroup generated by A.

1.3 Cy-semigroups

Definition 3. A semigroup of linear operators {S(t);t > 0} is called a semigroup of class Cy, or
Co-semigroup if for each x € X we have

lim S(t)x ==

t—0+

Theorem 3. If {S(t);¢t > 0} is a Co-semigroup, then there exists a constant M > 1 and w € R such
that
[|S(t)|] < Me*" vt > 0.

Proof
We first prove that there exists M > 1, u > 0 such that for

1S(t)]|2x) < MVt € [0, 4]

Assume that this is not the case. Then for all M > 1 and for all x> 0 there exists tys, € (0, u] such
that
S (Ear,w)llex) > M.

So we can construct a sequence t,, such that for all n € N
1
0<t, < - and [|S(t)||z(x) > n. (1.7)

Note that since (S(t)) is a Cp-semigroup,

Vee X lim S(t,)zr==x

n—-+oo

It follows that

Vo € X sup ||S(tn)zx]] < +o0.
neN

From the uniform boundedness theorem, we deduce that

sup |[S(tn)|lc(x) < +o0,
neN

which contradicts eq. (1.7). Next, for ¢t > 0, we write t = nu + §, with 6 € (0, ). We have

and therefore
IS < Mm+!
< e(n+1) In M

< ) InM

t
< Mew™M

In M O

with gives the result with w = L

Definition 4. A Cy semigroup is called a Cy semigroup of type (M,w) if

1S zx) < Me®* ¥Vt >0
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Definition 5. A Cy semigroup is called a Cy semigroup of contractions if
ISWlex) <1Vt =0

Exercise 3:
1. Discuss the notion of Riemann integral do define

/Ot S(s)ds

where (S(t)) is a uniformly continuous semigroup.
What can you say if S is a Cy semigroup?
2. Look for the definition of the Bochner Integral, for example in [Yos68]. See also [Eval0].

Solution 3:

1. Let ¢t > 0. We consider the sum
el
K, = — S(k—).

We can prove that (K,,) is a Cauchy sequence in £(X). Indeed, assume n > p

Pl Rl oy
K=Ky = = 37 S(h5) = =37 S(k-)
k=0 k=0

Reordering (%) and (%t) as a subdivision (t;), we can rewrite this last equality as

-1

-1
Kp—Kp= (tip1 — t)S(@"(t:) = > (tis1 — t)S(@" (1))
1=0

i

I
<

where |pP(t;) — o™ (t:)| < %. Now, since (S(t)) is uniformly continuous, we have that

Ve > 030s.t.7 <8=Vse[0,t—7)||S(s+7)—S(s)|| <||S()||S(r) — Id]] < ellAllse

It follows that for all € > 0, for p,n large enough

l

< (b = ) [|5(@"(8:)) — S(@F (1))

(2

|
—

I
=3

l—

<D (tarn — )| (min(¢" (£:), &7 ()| S (16" (1) — ¢7(8:)]) — 1]
i=0

1=

Ju

< telAlte.

Therefore (K,,) is Cauchy. So it converges. We set

n—-+oo

¢
/ S(s)ds = lim K,.
0
If (S(t)) is a Cy-semigroup one can define in the same way

¢
/ S(s)xdsVx € X.
0

Exercise 4:

11
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Let {S(t);t > 0} be a Cy semigroup. Show that the map

0,400) x X — X
(t,z) — S(t)x

is continuous.
Solution 4:
Let h>0and y € X
[|S(t+ h)y — St)x|| =[|S{Et+ h)y — St + h)x+ St + h)x — S(t)x||
< ||S(t+ h)y — S(t+ h)x|| + [|S(t + h)x — S(t)z]|
< IS+ Wiy = =[] + [[SOIIS(h)z — =]
< My — ||+ S (@[S (h)e — ]

—_—
(ha)— (0" )

Let h<0Oand y € X
[|S(t+ h)y — S)z|| = ||S{E+ h)y — S(t+ h)x+ S(t+ h)x — S(t)x||
<||S(t+ h)y — S(t+ h)x|| + [|S(t + h)x — S(t)z||
< 1S+ My — =[] + 1S+ h)[||lz — S(=h)=]|
< MU (|ly — ]|+ [lz — S(=h)z|l)

0
(h,z)—(0—,x)

Exercise 5:

Check Equation (1.5) if S(t) = e®.

Solution 5:
Left to the reader.

Exercise 6:
Prove Theorem 2.

Solution 6:

Left to the reader.

Theorem 4. Let A : D(A) C X — X, be the generator of a Cy semigroup of linear operators
{S(t);t > 0}. Then

1.

t+h
Vi > 0Ve € X hli>151+ 7 /t S(s)xds = S(t)z (1.8)

¢ ¢
vVt > 0Vx € X,/ S(s)xzds € D(A) and A/ S(s)xds = S(t)r —z
0 0

3. for each x € D(A) and eacht > 0, S(t)x € D(A). In addition, the mapping t — S(t)x is of class
Ct on [0,+00), and satisfies

d
aS(t)m =AS(t)x = S(t)Ax
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4. for each x € D(A) and each 0 < s <t < 400, we have

/S " AS(r)adr = / ' S(r) Awdr — S(t)x — S(s)a

Proof

L 1 [tth
I [ Syads - s(oal
t

t+h t+h
:||%(/t S(s)xds—/t S(t)zds)||

1 t+h
< GISOlleco [ 156~ o - lds
t

which converges to 0 as h goes to 0T.

2.
¢ ¢
%(S(h)/ S(s)zds — / S(s)xds)
0 0
1. [t ¢
- E(/ S(s+ h)xds —/ S(s)xds)
0 0
1 [t+h ¢
= E(/ S(s)zdsf/ S(s)zds)
h 0
1 [tk h
= E(/ S(s)xds —/ S(s)xds)
t 0
Now from Equation (1.8), we deduce that,
1 ¢ ¢
hlirgl+ 7 (S(h)/ S(s)xds — / S(s)zds) = S(t)x — =
- 0 0
which gives the result.
3.

15 (St -+ B — S(1)a) — S(1) Al

1
< ||S(t)”£(X)HE(S(h)$ — ) — Azl|
which proves that, since x € D(A),
S(t)z € D(A), and d%sos)x = AS(t)z = S(t) Az

Now, for h < 0 and t + h > 0, we write
1
15 (St +h)z = S(t)z) — S(t) Ax]]

< 118G+ W= (S(~h)z — ) — Az + Az — S(~h)Adl|

< HS(Hh)II(II_ih(S(—h)x —x) — Az[[ +||Az — S(—h)Az]])

which show the left differentiability. Since S(t)Ax is continuous, we obtain that S(¢)x is of class

C' with respect to t.
4. for each z € D(A) and each 0 < s <t < 400, we have

/s ' AS(r)edr = / ' S(r) Awdr = / t 4 S(ryrdr = (1)~ S(s)a
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1.4 The Infinitesimal Generator of (| semigroups

Definition 6. An operator A: D(A) C X — X is called closed, if its graph is closed in X x X.

Theorem 5. Assume that A : D(A) C X — X s the infinitesimal generator of a Cy-semigroup
{S(t);t > 0}. Then D(A) is dense in X, and A is a closed operator.

Proof
Let z € X. For € > 0, it follows from Theorem 4 2) that

1 €
f/ S(t)x € D(A)
€Jo

and from Theorem 4 1) that

e—0t €

lim 1/ S(t)xdt = x
0

which proves that D(A) is dense in X. Next, we prove that A is closed. Let (z,, Az, )nen & sequence
with z,, € A for all n € N. We assume that (x,, Ax,) converges to (z,y) in X x X. We want to prove
that y = Azxz. We know from Theorem 4 that

h
S(h)xy — xp = / S(s)Azpds,
0

taking the limit in n in this last equation, we obtain

h
S(h)x —x = / S(s)yds
0
Dividing both sides by h and taking the limit as h goes toward zero shoes that € D(A) and gives
Ax =y.
O

Theorem 6. Assume that A : D(A) C X — X is the infinitesimal generator of two Co-semigroups
{S(t);t > 0} and {T(t);t > 0}. Then S(t) =T(t) fort>0.

Proof
Let t > 0. For x € D(A), let us consider the function

f(s) =Tt —s)S(s)x

for s € [0,t]. Then
f(s)=—AT(t — s)S(s)x + T(t — s)AS(s)z = 0.

Therefore f is constant in [0,7] and f(¢) = f(0) gives S(t) = T(t). Since D(A) is dense in X the
result is true for x € X. O

Exercise 7:
Let A: D(A) C X — X be the infinitesimal generator of a Cy-semigroup. The goal of this exercise
is to prove that (1, .y D(A™) is dense in X.

1. Let ¢ : R — R be a function with a compact support [a,b] C (0, +00). We define z(p) as

+oo
() = / o (0)S (bt

Prove that

x(p) € ﬂ D(A"™).

neN

2. Prove that there exists a sequence (p,,) of functions as defined above that converge toward x.
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Solution 7:
Left to the reader.

Exercise 8:

We say that a semigroup of operators is a group of operators is the properties of the semigroup can
be extended to t € R. Prove that a uniformly continuous semigroup can be extended to a uniformly
continuous group.

Solution 8:
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Chapter 2

The Hille-Yosida Theorem

2.1 The Hille-Yosida Theorem. Statement

Definition 7. Let A : D(A) C X — X a linear operator. The resolvent set p(A) is the set of all
the complex numbers X, called reqular values, for which A\I — A is one-to-one and onto, and for which
R(X\ A) = (M — A)~1 is continuous from X to X.

Theorem 7 (Hille-Yosida). A linear operator A : D(A) C X — X is the infinitesimal generator of a
Cy-semigroup of contractions if and only if

(1) A is densely defined, closed,
(79)(0,400) C p(A) and for each A > 0

1
RO Allex) < 5

2.2 Proof of the Hille-Yosida Theorem. Necessity

ProofAssume that A is the infinitesimal generator of a Cy semigroup, then D(A) is dense and A is
closed. This results from Theorem 5. Therefore (i) holds. In order to prove (ii), we define

—+oo
R(Nx :/ e MS(t)xdt. (2.1)
0
We are going to prove that R(\) = R(A; A) and that [|[R(\)|| < +. First note that

—+oo
IR(N|| < / eMIS () [l ld

1
< S lll]-

So the integral in Equation (2.1) is well defined. Next, we compute

We have that

S(h)R(\)z — R(\)x
+oo +oo
:/ e MS(t + h)xdt — / e MS(t)zdt
0 0

+oo +oo
:/ e MM S () adt — / e MS(t)zdt
h 0

17
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+o0o h “+o00
:/ e_/\(t_h)S(t)acdt—/ e_/\(t_h)S(t)xdt—/ e MS(t)xdt
0 0 0

which means that

(Md — A)R(N\) = Id.

It remains to prove that
R(A\)(AId— A) = Id.

To do that, assume that € D(A), we compute

which gives

that is
R(\)(Md— A) = Id.

2.3 Proof of the Hille-Yosida Theorem. Sufficiency

Definition 8. Let A: D(A) C X — X be a linear operator satisfying (i) and (ii) in Theorem 7. Then
the operator Ay defined by Ay = AAR(\; A) is called the Yosida approzimate of A

In order to prove the sufficiency, we will provide two lemmas.

Lemma 8. Let A: D(A) C X — X be a linear operator satisfying (i) and (i) in Theorem 7. Then

Vee X, lim AR\ Az ==x (2.2)
A—+oo
Vo € X, Ayz = N2R(\; A)x — Az (2.3)

Vo € D(A), )\liIJIrl Aye = Ax (2.4)
)



2.3. PROOF OF THE HILLE-YOSIDA THEOREM. SUFFICIENCY 19

Proof
Let z € D(A). Since
RN A)(Ad—A)=1d

we have also
AR(N A) —Id = R(M\; A)A

Therefore, for all z € D(A),
1
IAR(A; A)z — ]| = [[R(X; A)Az|| < S| Az]]

so that Equation (2.2) holds for z € D(A). For € X, we use the fact that D(A) is dense. Let € > 0,
and y € D(A) such that ||z —y|| < §. Since

[AR(A; A)z — || = [[AR(A; A)z — AR(X; A)y + AR(N; A)y —y +y — |
< AR Al =yl + (AR A)y — yl| + [ly — x|
<2y — x| + [|AR(A; A)y — yl|
<e

if A is large enough which proves eq. (2.2).
Next, we remark that

N2R(A\; A) — Ad = AAR(X; A) — (AId — A)R(X; A))
— A(Ad — (Ald— A))R(); A)
= MR()A)
= A,

Finally, for x € D(A),
Ayxx = MAR(M\ A)x

= AMARMWNA) —Id)z
= AMARNA)— R(NA)(MNd—A)x
= AR(NA)Azm

which converges toward Az as A converges to +o0o thanks to eq. (2.2). O

Lemma 9. Let A: D(A) C X — X be a linear operator satisfying (i) and (ii) in Theorem 7. Then
for each X > 0. Ay is the infinitesimal generator of a uniform continuous semigroup {e!4*;t > 0}
which satisfies

vt >0, |leN] < 1.

Furthermore,
Vo e X, YA\ u>0, |z —

Apl]. (2.5)

Proof
From eq. (2.3), we deduce that

[[Axz]| < AR A + D []])

< 2)jal|

therefore Ay is the infinitesimal generator of a uniform continuous semigroup that we call {e*4>;¢ > 0}.
Furthermore,

tAx I t>\2R(>\;A)7t)\IH
||6”‘2R()‘;A)||H67t)‘1‘|
N IIR(NA)| [ o= At

e)xtef)\t

1.

le le

e

INININ N
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In order to prove eq. (2.5), we remark that

'd
6tA,\x _ etAux — el (eStA)\e(lfs)tAux)ds
0 ds

1
— / tA}\estAAe(l—s)tAHl, _ tAMestAke(l—s)tA”x
0

It follows that
||etAA1‘ _ etA"l‘H < tHA)\l' - A;Ax||'

O
Proof (Hille-Yosida, sufficiency)
First, we need to define a good candidate S(t) to be the semigroup generated by A. From, eq. (2.5)
and eq. (2.4) we deduce that for any (),) converging to +oo, for fixed t > 0 and z € D(A), et nz is
a Cauchy sequence in X. Therefore it converges. We set:

S(t)z = lim e,
A—>+o0

We note here that the convergence is uniform with respect to t on any closed interval [0, 7]. Note that
since S(t) is defined as a limit, it follows from the properties of e!4* that for all 2 € D(A):

Sit+s)z= lim et9Mg = lim etz = S(t)S(s)z.
A—r 400 A—r+o0

Analogously, S(0)z = x and ||S(t)|]| < 1. Since S(t) is uniformly continuous on D(A) and D(A) is
dense, we can extend S(t) by continuity on X. We now want to prove that S(¢) is a Cy semigroup.
Let € > 0, and let . € D(A) such that ||z — z|| < §. Then,

S(t)x —x = S(t)x — S{t)z. + S{t)x. — M + M.~z + 1 — 2
from which we deduce that

IS(t)z — =[] < % +[[S()e — el + [l ae — x|

€
1St = al| < 5 + [1S(B)we — e Dac|| + || = Id]][ ||

Choosing A such that ||S(t)z. — e z.|| < £ on [0,T], and ty < T such that |[e' — Id|| < e o
(0,t0) proves that
1S()z — || < eVt € [0, o).

This proves that (S(¢)) is a Cy semigroup of contractions. Next, we need to prove that A generates
(S(t)). Let x € D(A). We consider

Br = lim M’
h—0 h
whenever this limit exists. Note that
Sh)z —z = lim ez —2
A——+o0

hd
= lim / — et apdt
A——+o0 0 dt
h

= lim et A, xdt
A=+ Jo
We will prove below that
lim e'*Ayz = S(t)Ax. (2.6)
A——+o00

Accordingly, we obtain

S(h)x —x = /Oh S(t)Axdt
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Dividing both sides by h and taking the limit at 0 gives

. 1
;zl—l>%l+ 7 (S(h)x — z) = Ax.

In other words, D(A) C D(B), and for all x € D(A), Bz = Ax. Let us prove eq. (2.6).
Yz € D(A), ||e> Ayx — S(t) Ax|

= |[e! Ayz — et Az + e Az — S(t) Az
< (e[| Axa — Az|| + [[e"> Az — S(t) Az]|
< ||Axz — Az|| + || Az — S(t) Az||

which converges to 0 when A goes to 0.

Finally, we need to prove that D(A) = D(B). We first remark that, since B generates a Cj
semigroup of contractions, from the necessity condition, we deduce that 1 € p(B). It follows that
(I — B)D(B) = X and subsequently D(B) = (I — B)"1X. On the other hand, from the assumptions,
we know that 1 € p(A) and (I — A)D(A) = X. Note also that (I — A)D(A) = (I — B)D(A). Therefore
D(A) = (I — B)~*X which provides the result. O

Exercise 9:
Prove that
R(A; A)R(p; A) =

Solution 9:
(Md — A)(pld — A) = (uId — A)(M\d — A)

= Id = (uld — A)(AId — A)R(u; A)R(\; A)
= R(A\; A)R(p; A) = R(p; A)R(A; A)
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Chapter 3

Classical Operators from Physics
generating (j semigroups

3.1 The Heat equation -1d

In this section we consider the equation:

U = Uy V(x,t) € (0,1) x RT*
uo(x)Ve € (0,1) (3.1)
w(l,t) =0Vt > 0

s £
=K
V@» (e
N—
[

This is the heat equation in one dimensional space which describes the evolution of the temperature in
a rod. Its study goes back to J. Fourier in the nineteenth century, see for example [GGO05].. In order
to clarify the well-posedeness of this equation, we consider the following operator A.

A:D(A) C L2(0,1) — L2(0,1)

U~ Upy (3.2)

with
D(A) = H;(0,1) N H?(0,1)

Exercise 10:

1. Prove that the operator A generates a Cy semigroup of contractions.

2. What do you conclude with respect to Equation (3.1)?

Solution 10:
1) The idea here is to use the theorem of Hille-Yosida (theorem 7) to prove the result. To prove
that the sufficient conditions i) and ii) hold, we shall study the equation

—Au+Iu=f
with A > 0 and f € L?(0,1). We look for solutions u € D(A) of
—u 4+ = f. (3.3)

One could apply the Lax-Milgram theorem. However, since we work with dimension 1, it is worth
to compute the solution explicitly. We first assume that f is regular to perform computations and
then return to f € L? by a limit process. Equivalently, we look at

£)-69-0)
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along with
u(0) = u(1) = 0. (3.4)

Since the eigenvalues of <())\ é) are —V/\ and v/, this gives,
s —VA(z—y)
u(x)) _ ple 0 p-1(u) _ ple 0 p-1 0 dy.
v(z) 0 eV Vo 0 eV @) f
0

P = ( > and Pil 21ﬁ>

After a few computations, and taking into account that u(0) = u(1) = 0, we obtain

Il
VN
N N

B

where vg is given by

Vo + e Vo + ——=e e dy — ——=e e d

1
2v/\

e VA [HeVN f(y)dy — eV [ eV f(y)dy
eﬁ — 6_\5 ’

Therefore, for each continuous f, there exists a unique u € C(0, 1) solution of (3.3)-(3.4). Note that
for f € L?(0,1), the expression found for the solution makes sense. Now, we approach f in L? by a
sequence of continuous function (f,). Solving (3.3)-(3.4), we obtain a sequence of functions (u,,) which
converges toward u. Also u satisfies (3.3) in the sense of distributions and thanks to

(Md— A= f,

we deduce that u € H? (since u and f are in L?) and in H' (see the computation below). Furthermore,
from the boundary conditions, we deduce that u € H}. Now,

Mu—u' =f

)\/Olu2+/01(u')2/01fu
1

1
[ o < 5l
0

implies
and therefore

which in turn implies that
|| || < *1||f||
u .
2 = b\ L2
This gives the uniqueness and also the estimate

_ 1
I(Ad = A)7H| < <.

Finally, to prove the sufficiency conditions, we remark that H2N H{ is dense in L? (see [Brell, Eval0]).
Also (A\[d— A)~! is well defined and continuous in L?, it is therefore closed. This implies that (\[d— A)
is closed in D(A), indeed let (x,,) C D(A) a sequence converging toward z in L?, such that (Az,, — Az,,)
converges toward y. Then by continuity,

z, = (Md— A" Az, — Axy,)
converges toward (A[d — A)~'y which gives
Md—-Az=y

and proves that (A d — A) is closed. This implies that A is closed.
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3.2 The Wave equation -1d

In this section we consider the equation:

Uty = Uge ( ) ( ,1) x RT*
u(z,0) = &(= Vwe( 1)
wlz0) = EaaVre (0.1) (3.5)
u(0,t) = u(l, )—OVtZ

This is the wave equation in one dimensional space. It describes the variations of a string fixed at its
ends. It involves a second derivative with respect to the time. In order to study Equation (3.5) as
previously, we set v = uy, so that Equation (3.5) becomes

u = vV(zr,t)e(0,1) x RT*

v = Uy V(z,t) € (0,1) x RT*
w(z,0) = &(x) Vx €(0,1) (3.6)
v(z,0) = &(r)Vr € (0,1)
u(0,t) = w(l,t)=0vt>0

Setting z = (u, v), Equation (3.6) rewrites z; = Az, z(0) = zp where we define A as

A: D(A) € H(0,1) x L2(0,1) — HE(0,1) x L*(0,1)
(u,v) = (v, Ugy)

with
D(A) = Hj(0,1) n H?(0,1) x L*(0,1).

Furthermore, we endow the space X = H}(0,1) x L?(0,1) with the scalar product

1 1
((u1,v1), (u2,v2)) =/ uyuh —|—/ V1V,
0 0

Endowed with this scalar product, X is a a real Hilbert space.
Exercise 11:

1. Prove that the operator A generates a Cy semigroup of contractions. What about —A?

2. What do you conclude with respect to Equation (3.6)?
Solution 11:

1. As before for all given w = (f, g) € X we study the equation
(Md — A)z =

()= () 63

Multiplying the first equation by A and summing up the two equations gives

for z = (u,v) € D(A). This rewrites

Azu*uzz:Af+g

We can now use the same computations as in the previous section to obtain:

ule) = =3¢ R+ gz o+ 50e [T )+ gy = 35 [ MO + o)y

e [L MV Af(y) + g(y))dy — e [y e M (Af(y) + 9(w)dy

ho = 3

— e
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And then v is given by
v=Au— f.

Therefore, (A\Id — A)~! is well defined in X. Next, multiplying the derivative of the first equation in
Equation (3.8) by u, and the second by v, integrating and summing up gives

)\/ui—/vmuw—l—/\vQ—/umvz/fmum—&—/gv
Integrating by parts leads to
)\/u926+)\v2:/fmuz+/gv.

)\||z|\§( = (z,w)

This rewrites

Applying the Cauchy-Schwartz inequality gives
Mlzll% < lzllx [l x

and therefore

1
llzllx < < llwllx
or equivalently

_ 1
(A = A)~hwl[x < Sffwl|x.

This proves the result.
An analogous result holds in R”, see [Brell, Vra03].

3.3 The Heat Equation in 3d with Dirichlet Boundary Condi-
tions

In this section we consider the equation:

u = AuV(zr,t) € QxR
u(z,0) = wup(z)vVe € Q (3.9)
u(z,t) = 0OVt > (0Vx € 900

where Q C R3 is an open set. We will consider different space of functions in order to write Equa-
tion (3.9) as uy = Au where the operator A generates a C semigroup of contractions, as it was the
case in 1d. From now on, we assume that the reader is familiar with the basics of Sobolev spaces. We
refer for example to [Brell, GTO01, Jos13, Eval0, Vra03].

3.3.1 The L? setting

Let X = L?(Q2), and A = A with D(A) = {u € H}(Q),Au € L*(Q)}. Then A generates a C°
semigroup of contractions on X. The proof is suggested as an exercise for the reader.

Exercise 12:

Prove that the operator A generates a Cy semigroup of contractions.

Solution 12:
For f € L?(Q) and \ > 0, we consider the equation

—Autdu=f (3.10)

We set
a(u,v) :/Vu.Vvdx+)\/ uvdz
Q Q
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and

Flv) = /Q Fuda.

We rewrite Equation (3.10) in a weak sense as

/ Vu.Vudr + )\/ wvdr = / fvdxYv € H}. (3.11)
Q Q Q

Assume that H{ is endowed with scalar product induced by H'. Then F € H~! and a is bilinear
continuous and coercive on Hi. We deduce from the Lax-Milgram theorem (see for example [Brell,
GTO1]) that for every f € L? the equations admits a unique weak solution in H}. Next, choosing
u = v in Equation (3.11), and applying the Cauchy-Schwarz inequality in the right hand side f=gives

1
[|(AT — A) Y|z < TVA>o0.

3.3.2 The L? setting

Let 1 < p < +00. Let X = LP(Q2), and A = A with D(A) = W, *(Q) N W?P. Then A generates a C°
semigroup of contractions on X. Details can be found in [Vra03, Paz83]. The density of D(A) in X is
a classical result. For the existence and uniqueness of the solution of

—Au+ u=f

with f € LP, we refer to [GTO01]. For the estimate of R(\, A), we propose to solve it as an exercise.
Exercise 13:

Prove that for A >0 )
M — Allx < N

Solution 13:
This exercise is left to the reader.

3.3.3 The Cy(?) setting

Let X = Cy(Q), and A = A with D(A) = {H}(Q) N Co(Q), Au € C5(Q)}. Then A generates a C°
semigroup of contractions on X. See [Vra03] and [GT01] for more details.

3.4 The Heat Equation in 3d with Neumann Boundary Con-
ditions

3.5 The Maxwell Equation

In this section, we discuss the existence of solutions of the Mxwell Equation. Maxwell Equations
describes the time evolution of electric field E and a magnetic field H. We recall that for ¢ € L*(R?)
and F(Fy, Fy, F3) € (L?(R3))3 :

Vo= g

_OF,  0F, OF;

= — P —_— 2
v 8$1 81‘2 81‘3
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OF3 _ O0F,

ox ox

)z Ja
VxF==|-¢54+%0
OFy _ OF

81?1 8:62

Then, the Maxwell Equation writes
E, = —cV x H
Ht = cV X E
V-E= V-H=0E(0)=Ey,
H(0) = Hy

Define
D(A) ={H,F € (L*(R*)3,V x HV x E € (L*(R*))3}

A(B,H) = (—cV x H,cV x E)
The following theorem holds (see [Vra03]

Theorem 10. A generates a Cy semigroup in (L?(R3))? x (L?(R3))3.

3.6 The Schrodinger Equation

The Schrodinger equation below describes the time evolution of a wave function, the quantum-
mechanical characterization of an isolated physical system.

O (1) = i pre 1) — 1V (@)l 1)

where ¢ is a complex valued function, m is the mass of the particle, V(x) is the potential that
represents the environment in which the particle exists and h is the reduced Planck constant. Define
X = L*Q,C), and
D(A) = {u € H}(Q,C); Au € X}
Au = iAu
The following theorem holds (see [Vra03]

Theorem 11. A generates a Cy semigroup in X .

3.7 Some insights about the L” setting-Fundamental solutions
of the Laplace and the Poisson Equations

The LP setting is much more technical than the L? setting. This paragraph is intended to provide the
reader with the basic ideas on which rely the more advanced techniques of the LP setting. A classical
reference is [GTO01]. Two fundamental papers are [ADN59, ADNG4]. A key ingredient is to provide
fundamental solutions of the Laplace and Poisson Equations. We follow here [Eval0] and [Jos13]. We
recall that the Laplace equation is

—Au=0

and the Poisson equation writes
—Au = f.

Solutions of the Laplace equation are called harmonic functions. Those equations are very important
in Physics, see [Eval0].

Exercise 14:
Find radial solutions of the Laplace equation for n > 2.

Solution 14:
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We start with the case n = 2. We set

with © = (z1, z2).

ou 1
g = #/lell) x 5(at +a3) 74 x 20,
= @' (le|))(af + 23) " 221
And,
*u / 2 2\—1,_.2 ’ 2 2\—3 2 ’ 2 2y—1
752 = ¢ (lzlD(1 +23) " oy — @ ([lel) (@1 +23) 7221 + ¢ ([Jal]) (21 +23) 7=
1

It follows that .
Au = ¢'([[z]]) + ¢ ([1=]]).

Denoting ||z|| = r, we look, for a function ¢ such that

§1() + /(1) = 0.

This equivalent to

This gives

and therefore

For n > 3 analog computations provide
o(r) = er?’ ™™ 4 cy.

In particular, we found that

o(z) = { In(||z]]) ifn=2

[|z]>~" ifn>2

is harmonic if z # 0.

Exercise 15:
Prove that for n > 2, and for K compact

/ 6(2)|dz < +oo
K

Solution 15:

It is sufficient to prove the result for K = B(0,1). For n = 2 use polar coordinates, x; = r cos 6,
x9 = rsinf. We find that

[ m(apldeids

B(0,1)

1
= 727r/ rlnrdr
0

5.
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/ o(]|z]]) d:c—/ / r)drdo
B(0, R) 0 aB(m
R
:/ / r"Lo(r)drdo
o JaB(o,1)
R

:na(n)/o " Lo(r)dr

For n > 3, we write

where a(n) denotes the volume of the unit sphere in R", a(n) = #31)

Exercise 16:
Prove that if u,v € C?(Q),

/Auvdm—/uAvdx:/ UVu.fido(a:)—/ uVov.ido (3.12)
Q Q 0 o9

Solution 16:

Hint: Use Green formula We set

= In(||z]]) ifn=2
|2=n ifn > 2

o) = {

n(2—n)a(n) HSL‘l
where a(n) is the volume of the unit ball in R”.

Theorem 12. If u € C%(Q), then under the notations above, for x €

/( (@ — 1) — bl )% dy+/¢x— ) Au(y)dy (3.13)

Exercise 17:
Prove Theorem 12.

Solution 17:
Let € > 0 such that B(z,e) C Q. The idea is to apply Equation (3.12) with u(y) = ¢(x — y) and

v(y) = u(y) on Q\ B(x,€), then take the limit at e = 0.

/ O(z — y)Au(y)dy — / A®(z — y)udy = / OVu.iido — / uVe.ndo
Q\B(z,e) Q\B(z,e) o o0

—/ @Vu.fidJJr/ uV®.ndo
OB(z,¢) OB(z,€)

| dVu.iido| < / |®|Vu|oodo
OB(x,e) 0B(a,¢)

< / |P|Vu|oodo
OB(z,€)

< <p(e)|Vu|ooe”_1/ do

dB(z,1)

Then we remark that,
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< 0(6)|Vu|se™™! / do
OB(z,1)

—0ase—0.
Also,

/ uVe(x — y).fido = / ¢ ()| u(y)do
OB(z,€) OB(x,€)

=¢'(e)|B(x,¢)| u(y)do

‘B(J?’ 6)| OB(x,€)
— u(y) as € — 0.

This proves the result.
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Chapter 4

Analytic semigroups

4.1 Definitions

Let X be a Banach space, and let £(X) be the space of all bounded linear operators on X.

Definition 9 (Analytic Semigroup). An L(X)-valued function U(z) defined in a sectorial domain
Do ={z € Cilargs| <530 <9< %

is called an analytic semigroup on X if U(z) satisfies

1. U(z

is an analytic function in Xy with values in L(X).

—_—  ~—

2. U(z) satisfies the semigroup property U(2)U (') =U(z+ 2') for z,2 € £;.
3. U(O) =1 and lim, g .ex, U(z)r =z for every x € X.

Definition 10 (Spectrum). Let A be a densely defined, closed linear operator in X. The spectrum of
A is defined as the complement the resolvent set p(A). It is denoted by o(A).

Definition 11 (Sectorial Operators). Let A be a densely defined, closed linear operator in X. Then
A is said to be sectorial if it satisfies:

1. the spectrum of A is contained in an open sectorialdomain,
o(A) Cc X, ={ e C;larg\| <w},0<w <, and

2. its resolvent satisfies the estimate

M
IO = A)7H| < W,A ¢ S,

with some constant M > 1.
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Chapter 5

The Galerkin Method and some
applications

See Allaire, J.L. Lions, Daytraypions, Magenes — Lions....
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