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In this paper, we construct a model to describe the evolutionary epidemiology of spore
producing asexual plant pathogens in a homogeneous host population. By considering the
evolution in the space of the pathogen phenotypic values, we derive an integro-differential
equation with nonlocal mutation terms. Our first main result is concerned with the exis-
tence and uniqueness of the endemic steady state of the model. Next assuming that the
mutation kernel depends on a small parameter € > 0 (the variance of the dispersion into
the space of the pathogen phenotypic values), we investigate the concentration proper-
ties of the endemic steady state in the space of phenotypic values. In the context of this
work, several Evolutionary Attractors (as defined in classical adaptive dynamics) may
exist. However, in rather general situations, our results show that only one Evolutionary
Attractor persists when the populations are at equilibrium and when ¢ is small enough.
Our analysis strongly relies on a refined description of the spectral properties of some
integral operator with a highly concentrated kernel. We conclude the paper by presenting
some numerical simulations of the model to illustrate this concentration phenomenon.
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1. Introduction

The objective of this paper is to analyse the concentration property, in the space
of phenotypic values, of the steady state solutions of an integro-differential model
representing the evolutionary epidemiology of spore producing plant pathogens,
typically fungal leaf pathogen. Fungi are the most frequent agents of plant disease
in natural ecosystems and major causal agents of crop damage 37.

The inspiration of the current model was motivated by the emergence, during
the last decade, of a trend in mathematical epidemiology aiming to integrate in
the same modelling framework previously separate approaches dedicated, on one
side, to model epidemic and, on the other side, to model evolution (*). This ap-
proach was first proposed by Day and Proulx in ° and re-explained in different
contexts by Day and Gandon in . Essentially, this analytical framework is inspired
by quantitative genetics. It can be used to monitor the simultaneous dynamics of
epidemics and dynamics of evolution of any pathogen life-history trait of interest.
This is a major issue for public health policies but also for plant health management
in agro-ecosystems. Indeed, similarly to Darwinian medicine (%), the sustainable
management of plant disease has two distinct but interdependent goals : ”"an im-
mediate epidemiological one of reducing the incidence, severity and frequency of
disease epidemics and a longer-term evolutionary one of reducing the rate of evolu-
tion of new patho-types” (4%). The longer-term evolutionary goal aims for example
to preserve the efficiency of disease resistance genes used in cultivated plant varieties
(cultivar).

In this work, we use a system of integro-differential equations to model both
the epidemiological and the evolutionary dynamics of spore-producing pathogens
in a homogeneous host population. The host population is subdivided into two
compartments, Susceptible or healthy host tissue (S) and Infected tissue (7). Healthy
tissue is transformed into infected tissue with the arrival and successful germination
of a single fungal spore from the spore pool compartment (A). The host population
does not represent individual plants, but rather leaf area densities (leaf surface area
per m?). The leaf surface is viewed as a set of individual patches corresponding to
a restricted host surface area that can be colonized by a single pathogen individual
18

The model considers a continuum of different pathogen strains. It allows for
example to tackle the issue of pathogen adaptation to quantitative resistance. This
is important as up to now, most theoretical works deal with the adaptation of plant
pathogen to qualitative resistance (see for example 2940:31L,14.11,12,34) " On quanti-
tatively resistant hosts, parasite exhibit a continuous distribution of their disease
phenotype (2439)
level of quantitative pathogenicity 233, From the pathogen side, the adaptation to
quantitative resistance is thus characterized by a gradual increase of the pathogenic-
ity levels. From the host side, this process leads to a gradual erosion of the efficiency
of quantitative resistance 2*. More specifically, in the model, each pathogen strain

: all the pathogen strains cause infection but each with its own
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is characterized by its phenotypic value which affects the life-history traits of the
pathogens expressed during the basic steps of the host-pathogen interaction: (i)
infection efficiency (probability that a spore deposited on a receptive host surface
produces a lesion), (ii) latent period (time interval between infection and the on-
set of sporulation), (iii) sporulation rate (amount of spore produced per lesion and
per unit time) and (iv) infectious period (time from the beginning to the end of
sporulation). We consider an asexually reproducing pathogen: the evolution in the
space of phenotypic values is thus modeled with an integral operator with kernel
m describing mutations from a pathogen strain with phenotypic value y € RV to
another one with phenotypic value z € RV.

The model we shall consider in this work reads as the following non-local age
structured system of equations posed for ¢ > 0, age since infection a > 0 and
phenotypic value = € RV, for some integer N > 1,

(0r + g ) '(t a x) = —,uz(t a, x) (1)
i(t,0,2) , ),
Ot A(t, x) /RN/ r(a,y)i(t,a,y)dady — §A(t, x).

Here S(t), i(t,a,x) and A(t,x) respectively denote the density of healthy tissue,
the density of infected tissue since the time a > 0 by the pathogen with phenotypic
value € R¥, and the density of airborne spores of pathogens with phenotypic
value . The parameters A > 0, p > 0 and § > 0 respectively represent the influx
of new healthy host tissue, the death rate of the host tissue and the deposition
rate of spores. The function m stands for the mutation kernel and describes the
dispersion into the space of phenotypic values at each pathogen generation. The
function 8 = B(z) describes the infection efficiency of the pathogen while the age
specific function r = r(a, ) combines the life-history traits describing host-pathogen
interaction: the sporulation rate, the latent period and the infectious period. The
precise assumptions on these functions will be specified latter. Typically it takes
the form

r(a, ) = p(2) 1|7 (2),r()+i(2)] (@),

where p, 7 and [ denote the strain specific sporulation rate, latent period and
infectious period respectively. Here 1(;(4) r(2)41(2) 18 the indicator function such
that r(a,x) = p(z), if a € [7(x), 7(x) + I(x)] and 0 elsewhere.

The formulation of Problem (1.1) assumed that there is no disease induced
mortality of infected lesions. As it will be discussed further below, this model is
particularly well adapted for the description of biotrophic host-pathogen interac-
tions, for which the pathogens require a living host for their development. But, a
more general model formulation including disease induced mortality will also be
discussed in Section 3.
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Model (1.1) appears, in a slightly different form, in '® where the authors studied
the evolutionary adaptation of a pathogen to quantitative resistance.

In this work we shall focus on the study of the stationary states of (1.1). We shall
more specifically investigate the concentration properties in the space of phenotypic
values of these stationary states when the mutation kernel m depends on a small
parameter € > 0 and is highly concentrated. We shall more specifically assume that
it takes the form

m(z) = me(z) == Nm (f) , Vo € RY, (1.2)
€
Here the small parameter ¢ models the small variance of the dispersion into the
space of phenotypic values. Note also that this does not imply that mutations are
rare since they arise at each life cycle of the pathogen.

The formal limiting system with € = 0 fully uncouples the different locations in
the phenotypic trait space and it takes the form

8:5(t) = A — uS(t) — S(t) / BWA® )y,
(Or 4+ 04)i(t,a,x) = —pi(t, a, ),
i(t,0,x) = ﬁ(xolS(t)A(t,x),

Ot A(t, ) = /0 r(a,z)i(t,a,x)da — §A(t, x).

Under specific assumptions on the model parameters, that will be provided in As-
sumptions 2.1 and 2.2 below, the above system of equations may admit an infinite
number of endemic stationary states, in particular if the following threshold condi-
tion is satisfied

A
T = —¥le > 1,
I

with
o0
U(x) = @/ r(a,z)e"*da. (1.3)
0

This function ¥ will be referred below as the fitness function. Here we will show that,
under suitable conditions, when € > 0, then the coupling in the phenotypic trait
space is sufficiently strong to ensure the uniqueness of an endemic stationary state.
Moreover, when ¢ is small enough, this endemic stationary state concentrates, in
the trait space, on the points maximizing the fitness function ¥. And, more deeply,
we shall show that, under biologically reasonable assumptions, this concentration
property selects a single trait (that will be characterized) even if the maximal fitness
is achieved at several trait locations.

Let us mention that concentration properties for continuously structured mod-
els with small mutation in evolutionary dynamics have attracted a lot of interest
in the last decade. Diekmann et al. in ® introduced a Hamilton-Jacobi approach,
roughly based on a suitable time rescaling argument and a change of unknown (usu-
ally called WKB ansatz), to study such concentration property in the phenotypic
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values space for a resource-consumer problem. Such an approach has been fruit-
fully used to deeply understand the dynamical behaviour of concentration points
for various problems, including non-local competition logistic equation and chemo-
stat problem, involving small mutation parameter. We refer for instance to :27:28:32
and the references cited therein. We also refer to 2 and the references therein for
some results on the long time behaviour concentration for some non-local logistic
like equation. Let us also mention the work of Calsina et al. in 3 where the authors
formulate and study a selection mutation equation with a continuous phenotypic
evolutionary trait and a non-local mutation operator. In this work, the authors
prove a concentration property for the steady state solutions of their problem when
the mutation rate is a small parameter, that is when the time scale for mutations
is slower than the selection phenomena. They provide a refined description of the
asymptotic profile for these steady states and show that their asymptotic profile is
a Cauchy distribution. Note that the context of the aforementioned work is rather
different from the one considered in this note. Indeed, as mentioned above, we do
not assume a slow time scale for the mutation processes but a small variance of the
dispersion into the phenotypic values space due to mutations at each life cycle of
pathogens. In Gudelj et al. 15, the authors study the effect of small mutation on the
phenotypic evolution of a pathogen population, modelled by a diffusion, coupled
with the host heterogeneity. Depending on the trade-off relationship between the
transmission rates on two host populations, using formal asymptotics expansions,
the authors determine the maximum number of phenotypes a pathogen population
can support in the long term.

In this work, our analysis of the steady states of Problem (1.1) relies on the
spectral properties of the integral operator (involving the fitness function )

Lola) = [ (e =)V, (14

and a refined analysis of its counterpart with small parameter e, that reads as
the same operator with m replaced by m.. Such study follows some arguments
proposed by Helffer and Sjostrand in 7 (see also 2136 and the references therein).
Let us mention here that we will not assume that the mutation kernel has very fast
decay at infinity. We allow fat tail’s dispersion with fractional exponential decay
rate restriction (see Assumption 2.4 (i) below). In that setting, one of the key point
argument relies on the derivation of the fast decay estimates for the eigenvectors of
some integral operator.

This manuscript is organized as follows. In Sections 2-3 we state and discuss the
main results that will be obtained in this work. Section 4 is devoted to the derivation
of simple conditions ensuring the existence of a principal eigenvalue for some non-
local operator. Section 5 investigates preliminary spectral estimates. Section 6 is
devoted to the derivation of eigenvector decay estimates. Finally Section 7 completes
the proof of the main results of this work, that deal with the asymptotic expansion of
some principal eigenvalue and the concentration property of the associated principal
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eigenvector.

2. Main results

In this section we state the main results that will be proved in this work.

Our first main result is concerned with the existence and uniqueness of
the endemic steady state of (1.1). Let us observe that (S,i,4) € (0,00) X
LY ((0,00) x RY) x LY (RY) is a stationary state of (1.1) iff it satisfies

[ e~ ¥ ALy = gA@)
RN

(2.1)
A=pS =5 [ 8GNy and ifa.2) = B@)SAl)e

Hence, the term % appears as an eigenvalue of the linear integral operator L given
by the left hand side of the first equation of (2.1), namely defined as in (1.4) and
where the fitness function V¥ is defined by (1.3).

Therefore the study of the stationary states of (1.1) strongly relies on the spectral
properties of the operator L defined by (1.4).

Before stating our existence result, we shall first state the set of assumptions
that will be needed to study the existence of stationary states for (1.1).

Assumption 2.1. (Fitness function) We assume that A, p and § are given pos-
itive parameters. The functions § = f(z) and r = r(a,x) respectively belong to
LY (]RN) and LY ((0,00) X RN). And, the function ¥ : RV — R, defined in
(1.3), is assumed to be continuous on RY. It furthermore satisfies ¥ # 0 and

lim ¥(zx) =0.

llz]| o0
Assumption 2.2. (Mutation kernel) The mutation kernel m : RY — R satisfies

(i) m € LY(RN) N L>=(RY) is non-negative, symmetric with respect to the ori-
gin, that is m(—z) = m(z) a.e. in RY and it has a unit mass, that is
Jon m(z)dz = 1.

(ii) The function m is almost everywhere strictly positive.

(iii) For each R > 0 the function My : x = sup m (z + y) belongs to L*(RY).

lyll<R
In order to state our existence result for an endemic stationary state, let us
introduce further notation. We set

Q={zeRY: ¥(z) >0} and O(z) = U3 (z), (2.2)
and we introduce the functional p = p[m] defined by
plm] = sup / O(x)0(y)m(z — y)p(z)p(y)dzdy. (2.3)
PEL?(Q) QxQ
”‘P”LZ(Q):l

Together with this notation, the first main result reads as follows.
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Theorem 2.1. Let Assumptions 2.1 and 2.2 be satisfied. Define the number Ty by

A
To = —plm]. (2.4)
I
When To < 1, then System (1.1) has a unique equilibrium point (SO,iO,AO) defined

by
(5°,i%,4°%) = (A,0,0> )
w

When To > 1, then System (1.1) has two different equilibrium points (So,i07AO)
defined as above and (S*,i*, A*), where the components satisfy

0<8* <8 A ¢ LYRY) N L= (RY) with A* > 0 a.e.,
and i*(a,x) = B(x)S* A*(z)e M2

As mentioned above, the proof of Theorem 2.1 is strongly relies on the spectral
properties of the operator L. The set of assumptions stated above will, in particular,
ensure the existence of a principal eigenpair for the operator L. In view of the
definition of the threshold 7 and System (2.1), we shall also prove that the quantity
plm] corresponds to the principal eigenvalue of the operator L.

We now assume that the mutation kernel m depends upon a small parameter

0 < e << 1. It is now denoted by m. and takes the form of (1.2).
We aim at describing the behaviour as ¢ — 0 of the endemic equilibrium point
(S%,i%, AY) of System (1.1) when m is replaced by m.. We shall more specifically
be interested in describing the concentration properties of the function A¥, that
arises as the principal eigenvector of the linear operator L° defined by

Lfp(z) = - me(zr —y)¥(y)p(y)dy. (2.5)

The behaviour, as € — 0, of the endemic steady state of System 1.1 will follow from
a detailed analysis of the principal eigenpair of the above linear integral operator,
as ¢ — 0. We will first collect some results related to the principal eigenpair of
operator L°. Note that the existence and basic properties of the principal eigenpair
will be ensured by Theorem 4.1 below. Then, as a corollary, we shall describe the
behaviour of the endemic equilibrium of System (1.1) as € — 0.

To perform our analysis we shall need to impose more assumptions than the ones
stated in Assumptions 2.1 and 2.2. In addition to these assumptions, we assume that

Assumption 2.3. In addition to Assumption 2.1, we assume that

(i) The function © = W7 is of the class C> on RV,
(ii) There exists a finite number of points {9, ..,2%,} C R such that

{z eRY: U(z) = |V} = {af,...2%},

and for all k= 1,.., M, the Hessian matrix —D?© (mg) is positive definite.
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Assumption 2.4. In addition to Assumption 2.2, the kernel function m arising in
(1.2) satisfies the following properties:

(i) There exist some constants My > 0, 79 > 0 and o € (0, 1) such that
m(x) < Mgexp (—nol|z|), a.e. z € RY.

(ii) The covariance matrix X[m] of the probability measure m(x)dz is positive
definite. Here recall that X[m] = (%), ;_; y is defined by

Yi :/ viy;m(y)dy, 4,5 =1,.., N.
]RN

Let us observe that Assumption 2.4 (i) implies in particular that Assumption 2.2
(iii) is satisfied. Moreover this assumption means that the dispersion decays rather
fast at infinity but without being a thin tail kernel. This assumption allows a class
of fat tail dispersal kernel. As a consequence, the Fourier transform of the kernel m
cannot be analytically extended on a complex strip around the real axis, namely of
the form {z € C: |¥(z)| < v} for some positive v. This prevents us from using the
methodology developed in 30:22:36 to derive Agmon type decay of the eigenvectors.

As discussed above we are concerned with properties of the principal eigenpair
(see Theorem 4.1 below) of the operator L for small 0 < ¢ << 1, that is of the
solution of the problem

LE® () = A% (2) with ¢° € L*(RY) N L®(RY) and 4° > 0 a.e. (2.6)

Now we shall observe that, due to Assumption 2.4, one may reduce (and simplify)
our next statements and computations to the case where the covariance matrix of
the mutation kernel reads as 2[y, where Iy denotes the N x N-identity matrix.
Indeed if (A\°,4°) denotes a solution of (2.6), then the pair (p%, ¢°), with

1 2 1
p° = 7”\11“00)\6 and ¢°(z) = ¢° ({E[m]2x> ,

becomes a solution of the following linear problem

1 ~[(T—=Y\ =
—N/ m () U(y)e (y)dy = p°° (x), a.e. z € RV,
9 RN 9

¢ € LYRYN) N L2(RY) and ¢° > 0 a.e..
Here, setting ¥ = X[m] for notational simplicity, we have set

m(x) = 27 % det(X)m (?E;x> and ¥(z) = mﬁ/ <\g§§]_éx> (21

Therefore the pair (p°, ¢°) corresponds to a principal eigenpair of the operator L*
with m and ¥ respectively replaced by m and .

Observe furthermore that m satisfies all the conditions stated in Assumptions 2.2
and 2.4 with ¥ [m] = 2Iy while the function U satisfies the conditions described
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in Assumptions 2.1 and 2.3 together with H\T/HOO = 1. In addition the set of points
{9 j=1,.., M} becomes

o~

(@ j=1,., M) = {\11 - 1} with 30 = V25220, j = 1,.., M. (2.8)

Our first result is concerned with the asymptotic expansion, as an asymptotic
series, of the principal eigenvalue A° as ¢ — 0. In order to state our result, we need
to introduce further notation. Define for each j = 1,.., M the (Hessian) matrix A;
by

Aj = -D?0 (79) with O(z) = ¥(x)?. (2.9)
Also denote by P;, for j =1,.., M, the elliptic operator defined by
L2
Pi= A+ HA]?:UH : (2.10)
and we define, for any j = 1,.., M, the function g ; by
1
Jalel?

2

N
2

$o,j(x) = (2m) % \/det(AZ) exp (2.11)

1
Observe that [l¢o ;| L2@y) =1 and Pjpg ; = tr (A;) @o,; forall j=1,..,M.
In addition to these notation and definitions, one defines, for any j = 1,.., M,
the sequences {¢y;},~, C L2(RY) and {Ax;},~, C R by the following recurrence
relation: - -

@o,; is defined in (2.11) and A\g; = —tr (A%) ,

and for k£ >1
k—1 k—1
s Lo and (P4 o)k == MepiPpj+ D Dikppps-  (212)
p=0 p=0

Here the symbol 1 is used to refer to orthogonality with respect to the usual
L*(RY)-inner product while the symbols D; , € R [z, 8] denote, for any j = 1,.., M
and p > 1, a differential operator that will be specified in (5.9) below. However, at
this stage, let us mention that these operators take the form

(@,8,7) . (,8) .
Dj,p = Z aja v 497 —+ Z b]a T, (213)
(a,8,7)€Lp (a,8)€Tp

wherein the different coefficients can be expressed in terms of the derivatives of O at
2? as well as different moments of the kernel m. The sets of summation index, Z,, and
Jp, depend on p but are independent of the point j. It is easy to see, using Fredholm
solvability condition, that the above defined sequence is uniquely determined.
Using the sequences {Ax j},~, for j =1,.., M, we shall define an order relation

on the set {1,.., M}. For that purpose, let us recall that the set of real sequences
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RN can be endowed by the usual (total) lexicographical order, denoted by <, and
defined as follows: for any pair of sequences {an},-, and {b,},~, one has

either ag < by,
{an}tn>0 2 {bu}n>0 & {either 3k >0, a, = b,Vp =0,..,k and ag1 < bgt1,
or a, = by, Vp > 0.

This total order for real sequences allows us to define the following total order <
on the set {1,.., M} as follows: for any 4,j € {1,.., M} one has

147 & {)‘kvi}kzo = {)‘kvj}kEO' (2.14)
Consider the set M C {1,.., M} defined by
M =max ({1,..,M}, Q). (2.15)

Observe that M # ) since {1,.., M} is finite and M is not necessarily reduced to
a single point. However, let us observe that if ¢ # j belongs to M then Ay ; = A ;
for all £ > 0.

We are now able to state our next main result that is concerned with the asymp-
totic expansion of the principal eigenvalue of the operator L®. Our precise result
reads as follows.

Theorem 2.2. Let Assumptions 2.1, 2.2, 2.8 and 2.4 be satisfied. Let \* denote
the principal eigenvalue of operator Lf. Then A admits the following asymptotic
series expansion as € — 0, for any j € M,

A~ 1Y) oo (1 + Zgl+k)\2k7j> , (2.16)

k=0
in the sense that, for any p > 0 one has

1 p
W}\E =1 + 251+k)\2k7j + O (5p+2) as € — 0.
e k=0

Our next result is concerned with a concentration property of the principal
eigenvector ¢° of L® as defined in (2.6). Our result reads as follows.

Theorem 2.3. Let Assumptions 2.1, 2.2, 2.8 and 2.4 be satisfied. Let us assume
that M = {i}. Consider the principal eigenvector ¢¥° of L normalized so that
||¢E||L1(RN) = 1. Then, for eachv € (0,70), there exists n > 0 such that the following
concentration property holds true:

/ ¢ (z)dz = O (exp (—ne"~ ™)) ase — 0.
RN\B(29,e¥)

In particular, one gets Y — 040 as € — 0 for the narrow topology. This means that
for any continuous function f € C (RN) one has

lim [ f()y(2)de = / F(2)8,0 (dr) = £ (12) -
RN RN

e—0
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We are now able to come back to the study of the stationary states of System
(1.1) with m = m, given by (1.2). In that setting, the threshold quantity 7o depends
upon the small parameter €. In order to emphasize such a dependence, we shall
denote it by 75 . Now recall that, according to Theorem 2.1, if 77 > 1 then System
(1.1) has a unique endemic equilibrium point, denoted by (S¥,:%, A%). Then the
above theorems, namely Theorem 2.2 and Theorem 2.3, can be applied to obtain
the following information on the asymptotic shape of the endemic stationary state
of Problem (1.1) as € — 0.

Corollary 2.1. Let Assumptions 2.1, 2.2, 2.3 and 2.4 be satisfied. Then the thresh-
old Ty satisfies

A
oA
lim 75" = 7¢ = 12l

We furthermore assume that T > 1 and that the function B is continuous on RY.
If M = {i} then the endemic steady state (SZ,if, AY), that is well defined for any

grve
€ > 0 small enough, satisfies the following asymptotic behaviour as € — 0:

. " 1
L T

and for any continuous function f € C(RN), we also have

. . TP -1

and

lir% f(z)i(a,z)dx = %OH f(z?) e in L'(0,00) N L>(0,00).
e—r RN

Remark 2.1. Assume that the trait is one-dimensional, namely N = 1 and that the
fitness function V¥ is symmetric. If M = {i,j} with ¢ # j then, since the principal
eingevector is also symmetric, the endemic stationary state (equally) concentrates
on these two points and this yields a dimorphic steady state.

In order to comment the above let us assume that N = 1. In that case it is easy
to check that 4,7 € M if and only if

o™ (29) = e (2?), Yn e N.

From a biological point of view, if M = {i}; then in that case, when the disper-
sal in the phenotypic trait space is small, namely ¢ << 1, the unique (endemic)
steady state of (1.1) concentrates on a single trait, i.e. the equilibrium population
is basically monomorphic.
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3. Discussion

In this section, we first introduce the notion of singular strategies and discuss some
numerical simulations of the model. These simulations illustrate how to use the
model to monitor the evolutionary epidemiology of spore producing plant pathogens
as introduced in 5. We also discuss (i) the link between the pathogen fitness func-
tion ¥ and the well known basic reproduction number Ry in the context of epidemi-
ology and (ii) how the model can encompassed the major trophic modes encountered
in fungal parasitism. Throughout this discussion we consider the term strategy to
be a synonym for phenotypic value.

Singular strategies. In order to introduce some vocabulary from the adaptive
dynamics literature, we shall consider a slightly simplified version of System (1.1).
Here we omit the age structure and we assume that the evolution of the density of
airborne spores is a fast process. In that context we re-write (1.1) as follows

O Se(t) = A — pSc(t) — S:(t) . By)A:(t,y)dy,

Ol (t,x) = B(x)S: (1) Ac(t, ) — <p+ l(ic)) I (t,x), (3.1)

Ata) =5 [ mee =o)L (t9)ay.

Here we take into account the (strain-specific) duration of the sporulation period,
denoted by I(z), while p(z) denotes the (strain-specific) sporulation rate.
For the above model the fitness function ¥ takes the form

__Baw)
Y= S i)

and, the results presented in the previous section for (1.1) also hold true for the
above slightly different system of equations.

Here we assume that N = 1 (i.e. # € R). Then it follows from classical adap-
tive dynamics 3132% that the growth rate of a rare mutant strategy, y, in the
resident z—population is given by the so-called invasion exponent defined by
fo(y) == (,u + @) (Sz¥(y) — 1). Herein S, denotes the stationary solution of (3.1)
when ¢ — 0 and the pathogen population is assumed to be monomorphic (see (3.2)
below). To see this, note that formally taking the limit € — 0 into (3.1), this system
becomes

oS(t) = A — pS(t) — ? /R By)p(y)1(t,y)dy,

OI(t,z) = (u + l&)) [S)¥(x) —1]I(t, ),

so that with a monomorphic pathogen population, I(t,z) = I(t)d,, the previous
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system further simplifies and yields
0S(t) = A — uS(t) — MS@)I@),
ol(t) = (,u + l(la:)> [S#)¥(x) — 1] I(¢).

Hence the invasion of mutant strategy y into a resident x—population is given by

(3.2)

the following linearized equation with growth rate f,(y):

Oly(t) = fu(y)Ly(t).
Now the evolution of a trait x is then governed by the selection gradient defined
by
= (/A + l(i)) SV (z).
y=a

Equilibrium points of the adaptive dynamics (also called singular strategies) are
solutions of D(z*) = 0. The classification of singular points involves second order

Ofa
D(z) := 8—2

derivatives of the invasion exponent f,(y) by computing the following coefficients
(see 8:10:13:25 and references therein):
0? 0?
Coo = —= [+ (T¥); 12 = co1 = ——— fo+(2¥) and c11 := —(ca2 + 2¢12).
22 6y2fm (x*); ci2=ca 8:c6yfz (z*) 11 (22 12)

According to 1325 a singular point x* is called Evolutionary Stable Strategy (ESS)

if cao < 0 and Convergent Stable Strategy (CSS) if c12 + coo < 0. Fvolutionary
Attractor (EA) is then a strategy that is both ESS and CSS.

Coming back to (3.1), singular points are the solutions of D(x) = 0, that is

Sz’ (x) = 0. Hence the singulars points are critical points of the fitness function
v,
Now recalling the non-degeneracy hypothesis in Assumption 2.3, the points — glob-
ally — maximizing the fitness function ¥ are then EA, so that the set of global
maximum points of the fitness function W is contained in the EA-set. Indeed,
note that we have coo = (p+1(z*)™1) Sp+¥”(2*) < 0 and, since S, = ¥(z)7?,
ciz = [V(@)V(@")l(z*)"2 = (p+U(a*)"1) ()] O(z*) 2V (z*) = 0, for any
points z* such that U(z*) = || V]| .

In the context of this work, several evolutionary attractors (as defined above)
may exist. However, in rather general situations, our results show that only one EA
persists (at least at equilibrium) when ¢ is small enough. This persistence property
is described by using the set M (see (2.15)). For this reason, the points in M will
be referred throughout this discussion as Globally Stable Fvolutionary Attractor
(GSEA for short).

Basic reproduction number. The basic reproduction number (usually de-
noted by Rg ) is one of the most important concepts in epidemiology, **2. When
there are no ’interactions’ in the phenotypic space of pathogens (i.e. without muta-
tions in Model (1.1): ¢ = 0 ) and using the next generation operator approach as in
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719 we find the basic reproduction number. More specifically, the basic reproduc-
tion number Ro(z) of the pathogen strain with phenotypic value x is related to the
fitness function ¥(x) given in (1.3) as follows

Ro(a) = 2a) = & x BTy ],
JZ 1% op

The above expression of Ro(z) aggregates all the quantitative traits of pathogenicity
of the disease cycle: infection efficiency (5(x)), latent period (7(z)), sporulation rate
(p(z)) and infectious period (I(z)). It is a useful function combining these basic life-
history traits into a single fitness metric 4126, In particular Ry can be used to
measure and compare the fitness of pathogens with different quantitative traits,
especially with different latent period. This is an important point in the context of
agricultural system as pointed in ?3. Generally, by assuming that there is only one
pathogen strain z* which maximizes Ry, it’s well known that «* will be the strongest
(or dominant) strain. We refer for example to 7 and references therein. However,
the situation becomes more complicated to characterise the strongest strain when
at least two pathogen strains maximize Ry. By taking into account the mutation in
the space of the pathogen strains, the results obtained in this note allow us to do
so. Roughly speaking, by introducing a mutation kernel describing the dispersion
into the space of phenotypic values of pathogens, we provide a characterization of
the dominant strain even in the case of multiple strains maximizing Rg. To end
this paragraph, we emphasize that the decay of the mutation kernel considered
here (namely Assumption 2.4 (7)) allows us to also consider some class of fat-tailed
mutation kernel. This assumption is interesting in biological context where mutant
offsprings can be significantly different from their progenitors at the first mutation
generation. See for example 2°, where this point is also discussed.

Description of the model numerical simulation. Let us consider a field
where a pathogen population has become monomorphic (concentrated around the
phenotypic value () because, for example, a single plant cultivar has been sown
for a very long time. The simulations will describe the epidemiological and evolu-
tionary dynamics following the deployment of a new plant cultivar in that field at
time ¢ = 0. Typically, this new cultivar is bearing a quantitative resistance. The
function ¥ describes the fitness of the pathogen population on the cultivar con-
sidered. We set ¥ := 7G(z1,01) + (1 — m)G(x2, 02) where G(z;,0;) states for the
Gaussian function with expected value x;, with variance crjz and 7 € (0,1). This
implies that the pathogen population is essentially constituted of two groups with
dominant phenotypes 7 and x5 mixed in proportion 7 (see Figure 1). It defines an
adaptive landscape with two local fitness peaks regrouping each individuals with
close combinations of life-history traits.

From here, the simulations of the evolutionary epidemiology dynamics of the
model are divided in two parts: the case of single maximum for ¥ and the case
of at least two maximum points for ¥. For all the simulations, the variance of the
dispersion into the space of phenotypic values is fixed to ¢ = 0.04.
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Dynamics with a single global maximum point for the fitness function
W. Here the fitness function ¥ is maximized by a single phenotypic value zo, but
a local maximum fitness also exists around z; and is close to ¥(z3) (Figure 2 (a)).
In this case x5 is the GSEA value (as defined in the Singular strategies section of
the Discussion). Accordingly, the simulation shows that the pathogen population
is concentrated around this phenotypic value zo as the time becomes large (see
Figure 2 (b)). But, the transient dynamics before reaching the GSEA value is also
interesting: the pathogen population lives during certain time around the initial
dominant phenotypic value xog and then shifts by mutation and lives for a relatively
long time around the local maximum fitness x;. In our applied case study, the
duration of the transient dynamics is the time length needed for the complete erosion
of the quantitative resistant cultivar. It measures the durability of the quantitative
resistance gene considered. Said another way, this is the time length during which
the quantitative resistant cultivar introduced at ¢ = 0 still reduce epidemic relatively
to epidemic intensity before its deployment.

Dynamics with at least two global maximum points for the fitness
function V. Here, the fitness function is maximized by two phenotypic values x;
and zy (Figure 3 (a)). The natural question is: where will be the concentration in
the space of phenotypic values of the pathogens with the long time dynamics? In
other words, among these two EAs, which one will asymptotically persist? In the
configuration described in Figure 3 (a), the phenotypic values x; and x5 differ by
their respective second derivative of the fitness function. Namely, we have " (x5) >
U”(21). According to the order defined in (2.14) on the set of maximum points of
the fitness function, x5 is the GSEA value. The simulation shows the concentration
around z3 in the large time behaviour (Figure 3 (b)). Before reaching the GSEA
value, the pathogen population lives during certain time around the initial dominant
phenotypic value zy and then shift by mutation and lives for a relatively long time
around the EA value z1. Notice that the time needed to reach the GSEA value is
longer than the previous case of a single maximum point for the fitness function
(see Fig. 2 (c) compared to Fig. 3 (c)). Indeed, the phenotypic value z; is much
more ’close’ to the GSEA value x5 than previously in the sense that here we have
U(z1) = U(z2), which was not the case before.

Another configuration is the case where we cannot ’classify’ the two global max-
imum points x; and zo of the fitness function by using their second derivative,
namely ¥”(x1) = ¥”(z2). In this situation, we have to compute the higher order
derivatives of the fitness function to determine the GSEA values using the total
order provided by (2.14).

In the case of symmetric configuration of the fitness function with respect to the
phenotypic values z; and x5, the system admits two GSEA values and, in that
special case, the pathogen population equally concentrates on these two GSEA val-
ues and leading to a dimorphic pathogen population (see Figure 4 and also Remark
2.1). In the more general setting with non-symmetric configuration and two GSEAs,
we are not able to describe the concentration property of the solutions. We suspect
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that the pathogen population may be dimorphic with, possibly, different proportion
for each GSEA.

Disease induced mortality of infected host tissue. Plant pathogens can
be classified by their feeding relationships with their host: necrotrophs, biotrophs
and hemibiotrophs 6. The necrotrophs have to kill host tissues and then obtain
food from the dead plant material. The biotrophs require a living host for nutrition
and to successfully complete their life cycle. The hemibiotrophs combine both a
biotrophic and a necrotrophic mode of nutrition. Typically there is a relatively
short biotrophic phase followed by necrotrophy and the development of necrotic
lesions.

Our model formulation in (1.1) assumed that there is not disease induced mor-
tality of infected lesions, i.e. the pathogen considered is essentially biotrophs. But,
notice that the model can encompass the other major trophic modes (necrotrophs
and hemibiotrophs) encountered in fungal parasitism by taking into account the
disease induced mortality. Actually, the i-equation of Model (1.1) can be written as

(0 + 0a) i(t, 0, 7) = —(p + d(a, 2))i(L, a, z);

wherein d(a, z) is the disease induced mortality of the infected tissue by pathogen
with phenotypic value x and which is infected since the time a. By taking into
account the disease induced mortality of the infected tissue, the preceding results
of this note remain true with the following fitness function

U(z) = @ /OOO r(a, 7) exp (-W _ /0 d(c, a:)da) da.

Fitness function (¥ (x))

I
|
|
|
|
|
|
|
|
|
I
|
X,

0 2 1
Phenotypic distance (x)

Fig. 1. An adaptive landscape with two local fitness peaks. The fitness function ¥ of the pathogen
population is described by a Gaussian mixture model: ¥ := 7G(z1,01)+ (1 —7)G(z2,02), wherein
G(x;,0;) states for the Gaussian function with expected value x;, with variance 0]2. and 7w € (0,1).
This implies that the pathogen population is essentially constituted of two groups with dominant
phenotypes z1 and z2 mixed in proportion 7.
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(a)
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——Fitness function (¥(x))
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Phenotypic distance (x)
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Fig. 2. Epidemiological and evolutionary dynamics of a spore producing pathogen with a single
global maximum point for the fitness function. (a) The fitness function ¥ and the density of
pathogen population at time ¢ = 0 with respect to the phenotypic value space. The fitness function
is maximized by a single phenotypic value z2 and has a local maximum at z;. In this case,
z2 is the GSEA (Globally Stable Evolutionary Attractor) value. (b) Joint epidemiological and
evolutionary dynamics of infectious tissues with respect to the phenotypic value space. Initially
(at t = 0), the pathogen population is essentially concentrated around the phenotypic value zg.
Then the graph displays how the density of infected tissue and the phenotypic composition of the
pathogen population change jointly on the same time scale. The long time dynamics illustrates
the concentration of the pathogen population around the GSEA value z2. Before reaching the
phenotypic value 3, the pathogen population lives during certain time around the initial dominant
phenotypic value zo and then shifts by mutation and lives for a relatively long time around the
local maximum fitness z1. (c) Same as for (b) but without logarithmic time scale.

Second derivative

(c)

Infectious

Phenotype

—Fitness function (¥(x))
[l Density of pathogen pop. at t=0
0 0.2 0.4 0.6 0.8 1

Phenotypic distance (x) &

5 6 K

4
log(Time)

Fig. 3. Epidemiological and evolutionary dynamics of a spore producing pathogen with two global
maximum points for the fitness function. (a) The fitness function ¥ and the density of pathogen
population at time ¢t = 0 with respect to the phenotypic value space. The fitness function is max-
imized by two EAs (Evolutionary Attractors) z1 and xo. The phenotypic values z1 and xo differ
by their respective second derivative of the fitness: ¥ (z2) > ¥ (z1). According to the order
defined in (2.14) on the set of maximum points of the fitness function, z is the GSEA (Globally
Stable Evolutionary Attractor) value. (b) Joint epidemiological and evolutionary dynamics of in-
fectious tissues with respect to the phenotypic value space. Evolutionary epidemiology dynamics
of infectious tissues with respect to the phenotypic value space. Initially (at ¢ = 0), the pathogen
population is essentially concentrated around the phenotypic value xzg. The long time dynamics
illustrates the concentration of the pathogen population around the GSEA value z3. Before reach-
ing the phenotypic value x2, the pathogen population lives during certain time around the initial
dominant phenotypic value xgp and then shifts by mutation and lives for a relatively long time
around the phenotypic value z1. (c) Same as for (b) but without logarithmic time scale. Observed
that, the time to reach the GSEA value is longer than the case of Figure 2 with a single maximum
point for the fitness function.
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— Fitness function (¥(x))
[l Density of pathogen pop. at t=0

0 0.2 0.4 0.6 0.8 1
Phenotypic distance (x) og,(Time)

Fig. 4. Epidemiological and evolutionary dynamics of a spore producing pathogen in the case of
symmetric configuration of the fitness function. (a) The fitness function ¥ and the density of
pathogen population at time ¢ = 0 with respect to the phenotypic value space. We have a sym-
metric configuration of the fitness function with respect to the phenotypic values x1 and x2. Thus,
according to the order defined in (2.14) on the set of maximum points of the fitness function,
both phenotypic values 21 and z2 are GSEA (Globally Stable Evolutionary Attractor) values. (b)
Joint epidemiological and evolutionary dynamics of infectious tissues with respect to the pheno-
typic value space. Evolutionary epidemiology dynamics of infectious tissues with respect to the
phenotypic value space. Evolutionary epidemiology dynamics of infectious tissues with respect to
the phenotypic value space. Initially (at ¢ = 0), the pathogen population is essentially concentrated
around the phenotypic value zg. With the long-time dynamics, the pathogen population equally
concentrates around the phenotypic values 1 and z2 leading to a dimorphic population.

4. Preliminaries and proof of Theorem 2.1

In this section we study some spectral properties of the linear operator L defined
in (1.4), acting on Lebesgue spaces, and we prove Theorem 2.1.

To proceed, for each p € [1,00) we denote by L, the linear operator L act-
ing on the Lebesgue space LP(RY). Let us observe that since the kernel operator
m € LY(RYN) N L=(RY), the operator L, is a bounded linear operator. Using this
notation, we shall split this section into two parts. We first study the existence of
a principal eigenvalue of the operators L, for any 1 < p < oo. And, using this
property, we then turn to the proof of Theorem 2.1.

4.1. Principal eigenpair of operator L,

As mentioned above, this section is devoted to the study of the principal eigenpair
for the linear bounded operator L, for p € [1,00). We refer to I and the references
therein for results about generalized principal eigenvalue for some non-local opera-
tors. In view of our applications, we prove in this section that Assumptions 2.1 and
2.2 are sufficient to ensure the existence of the principal eigenpair. The main result
of this section reads as follows.

Theorem 4.1. Let Assumptions 2.1 and 2.2 be satisfied. Then the following hold
true:

(i) For each p € [1,00), the linear operator L, is compact on LP(RY) and,
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its spectral radius, denoted by r (L), satisfies v (L,) > 0. Moreover there
exists a function ¢, € LP(RN) such that

¢p > 0 a.e. and Lpop, =1 (Lp) ¢p.

Furthermore, if ¢ € Lﬁ_(RN) \ {0} satisfies for some o € R the equality
L,p = ag, then ¢ >0 a.e., ¢ € span (¢p) while o« =1 (Lp).

(ii) One has r(L,) =1 (Lq) and ¢4 € LP (RY) for all p,q € [1,00).

(i11) Recalling the definition of p[m] in (2.3), the common value of these spectral
radius is characterized as r (L) = p[m] for any p € [1,00).

In order to prove this result we shall make use of the so-called Frobenius theorem,
that generalizes the well known Krein-Rutmann theorem for positive, irreducible
and compact linear operators in Banach lattices. Its precise statement can be found
in Corollary 4.2.15 in 33 (see also the references therein).

Recall that the open set € is defined in (2.2). Let us first observe that when

Q # RY then, for any p € [1,00), the operator L, may not be irreducible on
LP(RY). To be more precise, if RY \ € has a non empty interior, consider any
function ¢ € L (RY)\ {0} such that ¢(z) = 0 a.e. for € Q. Then (L,)" ¢ = 0 for
all n > 1 and the operator L, is not irreducible.
Hence, despite the compactness of L, we cannot directly apply the aforementioned
result. To proceed, let us notice that by extending functions by zero outside {2 one
may identify for each exponent p € [1,00) the space LP(Q)) as a closed subspace of
LP(RY). In addition, with such an identification, one may also consider, for each
p € [1,00), the restriction operator Ly|r»(q) defined as a bounded linear operator
from LP(2) into LP(R™) but also the operator M, € £ (LP(f2)) defined, for any
u € LP(Q), by

Mylul(z) = A m(z —y)¥(yuy)dy = (Lplr@) (@), aezeQ.  (41)

Despite the operator L, is not irreducible in general, the operator M), is irreducible.
Hence our proof of Theorem 4.1 relies on the study on the spectral properties of
the operator M),

Throughout this section, for any p € [1,00], we shall denote by p’ the conjugated
exponent of p, namely & + - = 1.

Proof. [Proof of Theorem 4.1] The proof is split into several steps.

First step: In this first step we shall show that, for any p € [1,00), the operator
L, is compact in LP (RV).

To that aim let us denote, for each h € RV and each function f : RN — R, by 7, f
the translation of f by h, defined by 7, f(x) = f(x + h) for all z € RY.

Let p € [1,00) be given. Let u € LP(RY) and h € RY be given. Then one has

p

Imn Lplu] = Lplu]ll7 0 @ny = / /RN [Thm(z —y) — m(z — y)]V(y)u(y)dy| d.

RN
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Then Young inequality yields
I Zpfl = Lol o oy < m = mllza sy 1@l -
Since [|Tm — m|| L1 mnyy — 0 as h — 0 one gets that
lim 7L [u] = Ly[u] in L' (®"),

wherein the above convergence holds uniformly on bounded sets on LP(RY).
On the other hand, let u € LP(RY) and s > 0 be given. Then one has

/|a:|>s (@)l d < /|x|>s URN m(@ = y>‘1’<y)U(y)ldy} . (4.2)

Let R > 0 be given. Consider a smooth and nonnegative function xg such that
0<xr <1, xr(y)=1if |yl < R and xg(y) =0if |y| > R+ 1. Then, there exists
some constant C' = C,, > 0, such that Equation (4.2) becomes

u](z)[P dz <C m(z — w d ? -
[ miwra<e, [ [ - puelmiema) d

+Cyp " [/RN m(z —y)¥(y)|u(y)|(1 — XR(y))dy]de;,

Now observe that there exists some constant C' > 0 independent of w (and R) such
that one has

/|x|>s URN m( = y)q’(y”“(yNXR(y)dy} Cdo

< Cllmll el vy [ sup mly)| do.
llz]|>s | lo—yl|<R+1

Moreover, since ||m||;1 g~y = 1, Young inequality ensures that
P
[ Lm0 e i - x| ao < sup [P o
llzl|>s L/RN lyll=R
Now, setting B,(1) the unit ball in LP(R"), one obtains from Assumption 2.2 (4ii)
that for all R > 0

limsup sup / |Lylu)(x)|" dz < C), sup |¥(y)|P.
llzll>s

s—+00 ueB,(1) llyll =R
Finally recalling the last condition in Assumption 2.1, namely that ¥(z) — 0 as

lz|| = oo, one obtains

SJTMSEﬁn [ p[u]HLP({HxHZs})

Therefore the Fréchet-Kolmogorov theorem applies and ensures that L, is a compact
operator on LP(RY).

Second step: In this second step we shall prove that the spectral radius of the

operator L, is positive. As mentioned above, the operator L, is not irreducible, in
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general. This difficulty is overcome by using the operator M, € £ (L”(2)) defined in
(4.1). Let us first observe that the operator M, can be re-written as M, = r,0L,0j,,
wherein the bounded linear operators j, : LP(Q) — LP(RY) and r, : LP(RY) —
LP(R2) are defined by

Jplul(z) = {

As a consequence of the first step M, is a compact operator on LP(£2).
Moreover, due to the definition of € in (2.2), and since m > 0 a.e., the operator
M, is irreducible on L?(Q2). We deduce from this discussion that Frobenius theo-
rem (see Theorem 4.2.13 and Corollary 4.2.15 in 33) applies and ensures that its
spectral radius r (M) is positive and it is a simple eigenvalue of M, associated to
an eigenvector 1, > 0 a.e. in Q0. Moreover if o € R is an eigenvalue M, associated
to an eigenvector ¢ € L% (Q) \ {0} then o = r (M),) and ¢ > 0 a.e. in Q.

As a consequence, if 1 € LP() is a principal eigenvector of My, then the function
¢ € LP(RY), defined by

o(z) = {w(x) if 7€,
i JamE - )@@y ifrgQ

satisfies L,¢ = r (M),) ¢ so that 0 < r(M,) < r(Lp).

As a consequence of the positivity of the spectral radius r(L,) (see Lemma
4.2.10 in 33) there exists ¢ € LL (RY)\ {0} such that L,¢ = r(L,)¢. Hence the
function ¢ = Em e L () \ {0} is such that My = r (Ly) . Therefore because
of the properties of the spectral eigenpair stated above for the operator M), one
concludes that

.. Q
uz) aewe and rp[u](z) = ulo(z) a.e. z € Q.
0 else

r(M,) = r(L,) and ¢ > 0 a.e. in RY.

This argument coupled with the properties of the operator M, completes the proof
of Theorem 4.1 (4).

Third step: In this step we complete the proof of Theorem 4.1 (ii). By the first
item (i) with p = 1, there exists a function ¢; € L'(RY) with ¢; > 0 a.e. such
that r(L1)¢1 = Li1¢1. Now, let ¢ > 1 be given. Because of (i), in order to show
that r(L,) = r(L1), it is sufficient to show that ¢; € L9(R"). However note that
this follows from Young inequality. Indeed since ¢; € L'(RY) and m € L}(RY) N
L>(RYN), then the convolution product m * (V¢;) € LY(RN) N L>®(RY) and the
result follows.

Fourth step: We now complete the proof of Theorem 4.1 by proving (ii7).

To that aim, because of the result of (i¢) and by the proof of the second step, it
is sufficient to show that p[m] = r (Ms), where the operator M, is defined in (4.1)
with p = 2. Let ¢ € L?(2) with ¢ > 0 a.e. be a principal eigenvector of M. Then,
recalling the function © defined in (2.2) as © = W2, it satisfies

/Q m(z — 9)OW)pw)dy = r(Ma)d(x), Yo € Q, with p(x) = O(@)(x).



L_‘December 5, 2016 11:8 WSPC/INSTRUCTION FILE DemasseDucrot-
abre’M3AS

22 R. Djidjou-Demasse et al.
Hence multiplying the above equation by ©(x) yields
Ola) [ m(z—1)O)pl)dy = r(Ma)e(a), Vo € 2

Next consider the linear bounded operator M on the Hilbert space L2 (Q) defined
by

MIp)(x) = O(z) m * (Op) (x), Va € Q, Yo € L*(Q).

Then observe that using similar arguments as the ones developed for the study
of Ms, the positive linear operator M is compact and irreducible. Since ¢(.) =
O()y(.) € L3(2) with ¢ > 0 a.e., one deduces that

r (Ma) :r(JT/[\).

Finally, due to the symmetry hypothesis on the mutation kernel m, the operator
M is self-adjoint and then, the Rayleigh quotient formulation for the principal
eigenvalue of M ensures that

r(My)=r (]\7) = p[m].

This completes the proof of (ii4) and also completes the proof of Theorem 4.1. O

Remark 4.1. From the above proof, we have obtained that if (r,¢) € (0,00) X
LY(RY) is a principal eigenpair of Ly (and thus of L, for any p > 1) then (r, ¢|Q)
(resp. (r, ®¢|Q)) is a principal eigenpair of M, (resp. J/\/l\) One may also observe
that if (r,) € (0,00) x L?() is a principal eigenpair of M, then the function
Yp=5¢€ L?(Q) and the pair (r,1)) is a principal eigenpair of M, (and thus of M,
for any p > 1). From the construction of the second step of the proof above, the
pair (7, ¢), where the function ¢ is defined by

o@) = 1 [ me~1)OW)e)y. v € RY.

is a principal eigenpair of Lo, thus of L, for any p > 1.
This remark provides a correspondence between the principal eigenpairs of the three
types of operators L,, M, and M. This will be used in the sequel.

4.2. Proof of Theorem 2.1

This section is devoted to the proof of Theorem 2.1. For that purpose, let us observe
that the trivial stationary state (So,io, AO) = (%70, O) is an equilibrium of (1.1)
whatever the value of the threshold 7. In order to prove Theorem 2.1, it is sufficient

to study System (2.1). Hence we look for non-trivial solution (S,i, A) € (0,00) x
LY ((0,00) x RN) x L (R") satisfying (2.1). Here non-trivial means that A # 0.
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Note that using the notation of the previous section, (2.1) re-writes as

Li[Al(x) = %A(a:), r e RY,

(4.3)
A—pS= S/RN B(y)A(y)dy and i(a,x) = B(x)SA(x)e H.

Because of Theorem 4.1 (i), one obtains that r(L1) = & and A € span (¢1), wherein

¢ € LY(RY) N L>=(RY) denotes the principal eigenfunction of L; normalized by
|1l L1 myy = 1 and such that ¢; > 0 a.e.. We write A = A¢; for some unknown
constant A > 0. Plugging this expression into the S—equation of Problem (4.3) one
obtains that

oA
T(Ll) - T'(Ll) i /B(y)¢1(y)dy

Hence, since the right hand side of the above equality is positive and recalling that

due to Theorem 4.1 one has r(L1) = p[m], the condition Ty > 1 is a necessary
condition for the existence of a non-trivial stationary state.
On the other hand, if 7o > 1, then System (4.3) admits a unique solution that
is given by
1 Ar(Ly) —
S= -1 A@w)= Ak
r(Ly) Jev By)o1(y)dy
(Here recall that since ¥ # 0, then S # 0 so that the integral arising in the
expression of A is positive) This completes the proof of Theorem 2.1.

$1(z) and i(a,z) = B(z)A(z)e ",

5. Preliminary spectral estimates and quasi-modes

This section is concerned with the derivation of preliminary asymptotic expansions
of the eigenvalues of some linear operators.
For notational simplicity, throughout this section we write m, ¥, © and z¥, for

i=1,.., M, instead of m, ¥, © and 2V for i = 1,.., M defined in (2.7) and (2.8).

5.1. Asymptotic spectral estimates

We shall analyse the limiting behaviour as ¢ — 0 of the principal eigenvalue (or
spectral radius) associated to the linear operator L¢ defined in (2.5). We denote the
spectral radius of L€ by ¢ i.e. \°* = r (L¢). Because of Remark 4.1, it is also given
as the principal eigenvalue of the symmetric linear operator M¢ acting on L%(RY)
and defined by

M2[u)(z) = ©(x) / me(z — 9)O(y)uly)dy, © € RY. (5.1)

Thus we shall analyse the spectral properties as € — 0 of the linear operator M¢ on
the Hilbert space L2(R™). Observe that, using the same arguments as in the proof
of Theorem 4.1, for each € > 0, the operator M€ is self-adjoint, compact but may
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not be irreducible if  # RN. However its spectrum coincides with the one of its
restriction to L2(2), that is an irreducible operator.

Our analysis of the spectrum of M€ relies on a suitable comparison between the
linear operator M¢ and the so-called harmonic operators P; defined around each
point of the set {x?}jzle given in Assumption 2.3 (i7). Here to be more precise,

the linear operators P;, for j =1,.., M and € > 0, are defined on L?(RY) by

Pf = —22A + Vj(x) with Vj(x) = HA] (- 22) H . (5.2)

Now for any j = 1,..,M, let us denote by w; = (ij,..,wj,N)T with w;; > 0
the vector of eigenvalues of the positive definite (see Assumption 2.3 (i7)) matrix

Aj% = (—DQ\II (x?))% Then the spectrum of P; is given by

o (Pjg) ={eea;: a € NN}l,

1 5.3
withea7j:2a~wj+tr(Aj2),VaGNN. (5:3)

In the above formula, the symbol - denotes the inner Euclidean product in RV,
In order to state our first result related to the spectrum of the operator M€, we
reorder the set

: N
{ea,j cJ=1,.,M, aeN } = {61,62, ...,en,...},
with e; <ey <ezg<..<e, <.

Here the elements appearing in the above sets are computed with multiplicity. Let
us also note that, if we consider the linear operator P¢ := @]M:l P? acting on

@j]vil L?(RY), then its spectrum is given, for any € > 0, by
o (P®) = {5ea7j cj=1,.,.M, a € NN}.

Also notice that the normalized eigenfunction of the operator Ps associated to the
eigenvalue €e, ; is given by

e —N/4 y—- 55? 1 1 0 2 N
9as) =M tha | == e (—o [4w-20)|"), aen’s (5
where hy = ho, ®- - -®hq, while h; denotes the one-dimensional Hermite polynomial
—1 l d )
h(y) = (7)61/2 @ eV
2 Il/4 dy

With this notation, our first result reads as follows.

Proposition 5.1. Let Assumptions 2.1, 2.2, 2.8 and 2.4 be satisfied. Let us denote
by E1(e) > Ea(e) > ... > E,(e) > ..., the eigenvalues of M€. Then for each n > 1,
the following expansion holds true:

E.(e)=1—-¢e,+0 (56/5) for 0 <e << 1.
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The proof of this proposition is classical and based on the Rayleigh quotient
formulation for the eigenvalues. The proof is omitted and we refer the reader to 38
and 36,

5.2. Construction of quasi-modes and properties of the sequences
{50
In this section we shall construct suitable quasi-modes for the operator M¢ around
x? for some fixed index j € {1,.., M} and we shall study properties of the sequences
{Ak,jtiso defined in (2.12).
To that aim we consider the unitary operators U; defined on L*(RN) by
U5 [u](z) = ey (5_% (z— mjo)) .

-1

Here note that (U;) [u](z) = T u (5%33 + x?) Next observe that one has

(1= M°) [u](z) = /RN (u(x) — u(z + ey)) Ke (2, y)dy + Ve(z)u(z),

wherein we have set

{Ks(xay) = @(I)@(’JJ + 5y)m(y)7 (55)
V() = 1= S8 [y [O(x + ey) + O(x — ey) m(y)dy.
Note also that one has
M) (2) i= (UF) o (1= M%) 0 UF ) [u] ()
(5.6)

= /RN (u(m) —u(x +€%y)) K. <E%x+aﬁ?,y) dy + V. (g%x+x§?) u(z).

Recalling the definition of the sequence {(Ap,j, ¢p,;)},50 in (2.12), the following
proposition holds true:

Proposition 5.2. Let n > 2 be given. Let us define u®™ by

n
u®" = Z‘g%(pp,j'
p=0
Then one has for e << 1:
n "
M5 [u™"] = — (Z 51+§)\p,j> u®" + 0 (ET> in L? (RY).
p=0

Remark 5.1. Using the above proposition one may already prove Theorem 2.2 in
the special case where

card {z =1,.,M, tr (AZ%) = min tr (A;)} =1 (5.7)
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Indeed in that case, because of Proposition 5.1, there exists a unique 7 € {1,.., M’}
such that

Bie) =1-etr (47) +0(cF),

V\/hlle fOr ally ] > 2 one haS
]l]ll - l - E 13 # 1 A2 .
0 ( ]( )) ( l)

However, since M€ is self-adjoint, note that for each n > 2, Proposition 5.2 ensures
that

dist (1 + ie”gkw;o (M€)> =0 (57%1) :

p=0

1
Hence since Mg ; = —tr (A?), one obtains that

(3

Bie) =1+ > 40 (1),

p=0

and Theorem 2.2 follows from Lemma 5.1 below in the particular case where (5.7)
holds true.

Before going to the proof of Proposition 5.2, let us first observe that the functions
¢p,; for p > 0 take the form of a polynomial multiplied by ¢ ; (see (2.11)). Hence
for each p > 0 and each multi-index av € NV there exist some constant C}, o > 0
and some integer N, o € N such that

1
2 .12
A} ||

0%, (@)] < Cpa (14 [|2]M) exp | ——5

, Vo e RV,

Next, the proof of the above proposition is based on the following estimate:

Claim 5.1. For each integer m > 0, n > 0 and r > 0, there exists some constant
Cynonr > 0 such that for all € € [0,1] one has

1 147 (-+<ty) )2
L e e lyImm@)dy| <
]RN
L2(RN)
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Proof. Let us observe that, for any ¢ € (0, 1], one has for all x € RY:

3 1
. o la} (z+ety) 2
Jall” [ N ebylresp | ———— Il m(y)dy

1
14; (v +ety) |2
2

1 r m
S/RN(H$+\/5yH+ﬁ|ly\\)"||x+€2y|\ exp | — [y[I™m(y)dy

1
A . 147 (2 +ety) | ,
éZ(k)w [ ot VeI e | 5 Iyl =+ m(y)dy.
k=0 R

By setting, for each integer k > 0, my the function defined by

mi(y) = yl*m(y),
and recalling that ¢ € (0, 1], one gets for any x € RV:

3 1
. . la} (o +edy) 2\
Jall” [ o eblesp | ———— Iyl m(y)dy

d A7 P e
<> () (1w ) (et () @

Finally, using Young convolution inequality, one obtains

3 1
la (+ety) |2

n 1 ks m
L R Il m(y)dy
RN
L2(RN)
1

R R N PE N
<> (}) HI.II’” exp |~ Il vy

h=0 L2(RN)

and the claim follows for any e € (0, 1] and also for € = 0 because of Fatou lemmal

Proof. [Proof of Proposition 5.2] Recalling that ¥ = ©2 and setting u = u®", let
us observe that one has

/ (u(x) —u(ere%y)) K. (6%x+x?,y) dy
RN
. E%H,B\a?ﬁxa/

320, a>0 RN
lal+2|8]<n

(u(@) — u(z + =2y)) yPmly)dy + R¥[u] ),

wherein we have set

wp _ 07090 (a9)

“ Bral (58)
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while the remainder satisfies that there exists some constant C,, > 0 such that for
all e € (0,1]:

REp@)] < Cue ™ (14l [ futa) —u (a+b9) |01+ 1l ™) miu)a
Hence because of Claim 5.1 one obtains that
Re[u] = O (5%1) as e — 0 in L?(RY).
Using once again Claim 5.1 we get
- /RN (u(a:) —u(x —|—€%y)) K. (5%35 + a:?,y) dy
= > Ep+m+wa§a’ﬁ’7)x“87¢p,j(:r) +0 (6@1) ,

a,BENN |y|>1, p>0
ptlal+[y|+2|8/<n

wherein we have set
(.87 _ 1 aﬁ/ y+B
a; = —a’ ¥ Pm(y)dy.
J A1 BN

As a consequence we obtain
la|+]]
_ME [1EM] — p+ el 18] (a,B8,7) o gy )
M5 [us"] = E € 2 a; 207 pp
a,BENN, |y|>1, p>0
pHlal+|v|+2]8|<n

k4| n
+ > €T+Iﬁ|b§»a)5)$a(pk,j +0 (5%) ,
k>0, |af+|8|>1
k+lal+2]8|<n

with
(@) _ 14 (=D)IF19°T (o) 970 (a7) 5
b E T (a+ B)! L V)Y

Now recalling that ¥(z9) = ©(29) = 1 and V¥(29) = VO(29) = 0, straightforward
computations yields

n—2 p—1
e emn P ntl
—M; [u™") = € (P + Xo) pote et < (Bj + Xo,j) ¢p,j + Z%m%j)JrO (6 2 ) ;
p=1 k=0

where P; is the operator defined in (2.10) and the differential operators D;,, are
defined by

D), = Z ag.“’ﬁ’”):c@m + Z b§-a’ﬂ)x°‘. (5.9)
|| +2|B]+]v[=2+p, [v|>1 || +2|8|=2+p

Finally recalling (2.12) completes the proof of Proposition 5.2. O
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We now give some further properties of the sequences {Ag;},~, for j €
{1,..,M}. To that aim recall that functions ¢y, ; are given by a polynomial multi-
plied by ¢q ;, defined in (2.11). We now write, for each k¥ > 0 and j € {1,.., M }:

Yrj = Qr,jpo,; with Q. ; € R[X1,.., Xn].

The next lemma ensures that the formal series > ;- 2 Ak,; does not contain any

1
5-degree terms.

Lemma 5.1. Let j € {1,..,M} be given and fized. Then the polynomials Qy ;
satisfy

Qri(=X) = (=1)*Qy;(X),
and the sequence {Ag;},~, Satisfies
A =04 k=1 mod 2.
Proof. During this proof, since the index j is fixed we write Qy and \j respectively

instead of Qr,; and A ;. To prove this result, let us observe that the sequence
{Qr }r>0 satisfies the following equation for all X = (X1, .., Xn)7T:

908,} (Pj + Xo,5) [‘PO,ij] = (—A + QAJ?X . v) Qs

k—1 k—1
=- Z Ne—p@p + Z @(I}Dj’k*p [£0, @] -

p=0 p=0
Next let us write R[X1,.., Xn] = ET @& E~ with
Ef ={PeR[X,,.,Xy]: P(—X)=+P(X)}.

Next observe that (fA + 2A]-%X . V) E* c E* and that

ker (—A+ 242X . V) ={PeR[X,,..Xy]: P=P(0)} =RC E*.
Next we shall prove, using an induction argument for k > 0, that
Q2p € ET, Qopr1 € E~ and Agpy1 =0, Vp € {0, .., k}. (5.10)

Step k = 0: Let us first observe that Qo(X) = 1 and that the function 1 ; = Q10 ;
satisfies the equation

(Pj + Xoj) P15 = =Mwo; + Dol
Recall that D, ; is defined in (5.9), and reads as

Dj,l _ Z a§a,37"/)xaa’y + Z b§a;5)xa
lal+2|Bl+]v]=3, [v[>1 lal+2|8|=3

= Z a;O’O’W)av + Z b§a’0)xa + Z b§-a”8)xa.

|v|=3 lo|=3 lal=1,B8]=1
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Now looking at the definition of the coefficients a§-a’ﬁ’7) and b;a’ﬁ ) above and recall-
ing that m is symmetric, we get

Dja= Y ba.
|a|=3
Thus the equation for ¢; ; reduces to
(Pi+Xoj) o1 = Mo+ D b;a’o)xaﬁpo,j.
|a|=3
Now Fredholm alternative ensures that
_)\18007j + Z b‘ga,o)xawo’j L SO(),j = )\1 — 0’
|a|=3
so that ¢ ; and @1 respectively solve
(Py+20)prg =y b e%e0; and ( A+247X - V) = > Ve B
ler|=3 |o|=3

This ensures that Q1 € R @ E~ while the condition ¢;; L ¢ ; ensures that
®1(0) = 0. This re-writes as 1 € E~ and this completes the first step for k = 0.
Step from k to k 4 1: Here we assume that (5.10) holds for some k& > 0 and we shall
prove that it also holds true for k + 1. To that aim let us first observe that

2k41
Z Aokt2—pQp = Z Aokt2-2pQ2p € BT
p=0 p=0

On the other hand observe that

2k+1
Z 0. Dj2k+2—p [00,;Qp] = Z bga’ﬂ)X‘”‘Qp
p=0 o] +2|8|=4+2k—p
2k+1
+ 2 > a{P Vg X207 (90,Qp) -
p=0 |a|+|y|=2(2+k—|B))—p

[v[>1

However for each |a| = p mod 2 one gets X*Q, € ET while, for each |a| + |y| =p
mod 2 we have w&}X“@”f (¢0,;Qp) € ET. Hence this yields

1
(—A +242X - v) Qoiso € E* and Qopyo € EY.

Now, using the same argument as above, let us show that Qax4+3 € E~. First note
that

2k+2

Z A2kt3-pQp = Z A2k+3—(2p+1)Q@2p+1 € BT

p=1
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Next note that
2k+2

Z ‘P(ﬁpj,zkw—p [0, Qp] = Z bgaﬂ) X°Q,
p=0 |a|+2|8|=54+2k—p
2k+2
+ Z Z GI;OL’B”Y)QD(I;XQ@’Y (SOOJ'QP) .
p=0 |a|+|y|=1+2(2+k—|B])—p

[v[>1

Now note that for each |a| = 1+ p mod 2 one gets X“Q, € E~ while, for each
lal + |y] = 1+ p mod 2 we have ¢y i X9 (00,;@p) € E~. Thus we get

(~A+247X V) Qupss = —dakss + R with R€ B

Hence because of Fredholm solvability condition one gets

s [ ei@des [ R ) =0.
RN RN

Next since R € F~ the second integral in the above solvability condition vanishes
1
that ensures that Aa;y3 = 0. Moreover since (—A + 2A;X . V) Qor+s € E~ we

obtain that Qar4+3 € R ® E~. Finally since ¢g; L wory3; = Qart39o,;, this yields
Q2r+3 = 0 and Q213 € E~. This completes the proof of the induction step and
thus the proof of the proposition. O

6. Spectral properties with a single peak

As in the previous section, for notational simplicity, throughout this section we
write m, ¥, © and ¥, for i = 1,.., M, instead of m, \f', O and ) fori=1,...M
defined by (2.7) and (2.8).

We shall work around a single peak of the fitness function W. To proceed we fix
i €{1,..,M} and a radius r > 0 such that

¥ >0on B (z),r) and ¥(z) < [|[¥]|o V& € B (2f,7) \ {2}
Now we consider the linear operator M;"" defined on L? (B(z?,7)) by
M7 [u](2) = u(e) - @(I)/B( . )me(ﬂc —y)OW)u(y)dy, = € B(af,r).  (6.1)

The aim of this section is to study some spectral properties of this self-adjoint
operator. Let us denote by {Fjx(¢)},-, its sequence of eigenvalues ordered such
that -

Fii(e) < Fiae) < < Fipe) <---

Now let us mention that the asymptotic expansion derived in Proposition 5.1 also
holds true for this operator. This means, in this context, that one has

F;x(e) = el + O (52) ,
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wherein the sequence {e};} x> denotes the increasing rearrangement of the set
{ea.i, a € NV} as defined in (5.3). We also would like to mention here that the
construction of quasi-modes in the previous section for the operator M*® is also
valid for operator M;"". Hence, since we work around as single peak z¥, we deduce
that the lowest eigenvalue F;1(e) of this operator has an asymptotic series. More
precisely one has

Fi,l(é‘) ~ Zé‘lJrk)\Qkﬂ;. (62)
k=0

In this section we establish Agmon like decay estimates for the eigenvectors of the
operator M;"" defined above in (6.1). The main result of this section reads as follows.

Theorem 6.1 (Decay estimates). Let Assumptions 2.1, 2.2, 2.8 and 2.4 be
satisfied. Fiz Ry > 0 large enough so that [0,eRo]No (M) # 0 for all e > 0 small
enough. Recalling the definition of vy in Assumption 2.4 (i), then there exist 91 > 0
small enough and some constant C' > 0 such that for all 0 < e << 1 small enough
and each u® € L? (B(x9,7))), normalized (in L*) eigenfunction of M;" associated
to some eigenvalue E € [0,eRy], the following holds true:

e () )

= < C for all e > 0 small enough. (6.3)

L2(B(xf,r))

Proof. For notational simplicity, without loss of generality, we assume that 29 = 0
and we write M;" = M=".

Recalling the definition of the function K. in (5.5), we define for n > 0 the
non-negative function V;7 on B(0,7) by

Vi [ s

r
le

[cosh (- (llall =l +eyl)) — 1] Kelwp)dy.  (6.4)

Next we claim that:

Claim 6.2. There exist 7; > 0 and some constant C' > 0 such that, for any € € (0, 1),
one has

0< Vs (x) <Ce'™, Vo e B(0,r).

Proof. [Proof of Claim 6.2] In order to prove this estimate, let us first observe
that, for any # € B(0,r), any y € B (—,Z) and any € > 0, one has, due to the
triangular inequality,

n _
—— llz]| = [z + eyll| < ne"lyll.

Now note that, since cosht — 1 < |t|e|t‘7 for all t € R, it comes, for any « € B(0,r)
and y € B (—:C, g), that

n _ _
cosh (=L (llz]l = lla +eyll)) = 1 <n' =1yl exp (ne' >yl
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Recalling that K. (z,y) < [|©||2, m(y), this yields, for any = € B(0,r),

€ 1—0
VE(r) < Le v/

|z — || exp (ne' ||z — 2||) m(z — 2)dz,

B(0,2)
wherein we have set L = [|0]|2,n. Now due to the decay estimate in Assumption
2.4 (7) it follows that, for any = € B(0,r), one has
Vi(z) < MyLe'=0 /B(o ) |z — z[|exp (ne' |z — || = nollz — 2[|"°) dz. (6.5)

On the other hand, for any € B(0,r) and z € B (07 £)7 one has
etz — 2| = nollz — 2" < (' Tl — 2|10 — o) [l — 2]
< (P4 <) e — 2.
Now let us fix n; > 0 such that for all 0 <e <1

ri=0n (146)' 770 < %.

So we infer from the above estimates, namely (6.5) and (6.6), that for all e € (0,1)

_ Mo
Vi (2) < Mo [©]|% / o = 2l exp (=5l = 2] ) dz.
B(0,2)

‘e

This completes the proof of Claim 6.2. O

Equipped with Claim 6.2 we are able to deal with the last step of the proof of
Theorem 6.1.

Recalling the definition of the function V in (5.5) and since B(0,r) is bounded,
there exists some constant C7 > 0 such that for all £ small enough one has

C1e' ™70 > Cre 2 Ve(z) = Vo(z) = —Cre > —Cie' ™™, Vz € B(0,7),

with Vo(z) = 1 — ¥(x). Now since Vy(x) > 0 for any = € B(0,r) \ {0} and since
x? = 0 is a non-degenerate minimum of Vj, there exist some constants Co > 0 and
Cs > 0 such that Cs|z||? < Vo(z) < Csljz||? for all z € B(0,r). Hence we infer from
Claim 6.2 that

C’3H915||2 > Vo(zx) — V,f1 (z) > C’QHxHQ —Ce'7r, vz e B(0,r).
Thus, we deduce that for any ¢ > 0 small enough one has
Ve(z) = Vi (2) 2 Co|lz||* = [C1 + Cle 7,
Ve(z) = Vi (z) < Csllz||* + Cre' 7,
Now, let b € [0, Ro] be given and define the sets
X% = {x e B(0,r): Vi(zx) - Vg (z) —eb< 0} and X" =B(0,r)\ X"
Then, observe that

Vz € B(0,r).

Xi’b c {m c §(07T) . ||(L'||2 S 81_7004}7 Wlth C4 — CZCI .
2
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Next define the functions Ry : B(0,7) — [0, 00) by
R, (z):= \/51*701{”1H2§51_70C4}(:E) + (Ve(z) = Vi () — eb) 1Xib($),
R_(z) := \/al—m (lel2<ei—r0cay (@) = (Ve(x) = Ve (2) — eb) 1yen ().

With this notation, in order to complete the proof of Theorem 6.1, we claim that:

Claim 6.3. Consider the function ®¢ defined by
D¢ (z) = exp <mx||> . (6.7)

gvo

By setting R := Ry + R_ > 0, the following holds true for any € > 0 small enough,
any b € [0, Ro] and any u € L? (B(0,7)):

2

|\R‘I’EU\\%2(3( +8 ||R—‘I’€u||2L2(B(o,r)) - (6.8)

1
<4 Hqﬁ (M*" — eb)u
o) R L2(B(0,r))

Before proving this claim, we first complete the proof of Theorem 6.1. To that
aim observe that
R3(z) — R* (z) = Ve(2) — Vi (x) — €b.

Now note that there exists some constant C5 > 0 (independent of b € [0, Ry] and
¢) such that

R:=R,+R_>Csc =" and R_ < Cse" 7", (6.9)
As a consequence one gets for any u € L%(B(0,7)):

2 — 2
||R(I)Eu||L2(B(O,r)) > 05261 o ||(I)8UHL2(B(O,T))’
1 2
HR@ (M=" —eb)u

2 | < 052 (170) ||9° (M= — eb) uHiQ(B(O,r)) .
L2(B(0,r

2 - 2
”R*(I)EUHLQ(B(O,T) < C§51 0 ||“HL2(B(0,T))'
Coupling the above estimates with the estimate provided by Claim 6.3 ensures that

there exists some constant Cg > 0 such that for all u € L?(B(0,7)), all € > 0 small
enough and b € [0, Ryl:

2 _o(1— - 2 2
1P%ullZ2 (B(0,r) < Co [5 20700 19° (M7 = eb) ull 12 0.0y + 1ullz2(as,) | -

Choosing u = u® € L?(B(0,7)) \ {0} and b = b. such that M*"u® = eb.u® and
inserting into the above estimate completes the proof of Theorem 6.1.
Finally, it remains to prove Claim 6.3.

Proof. [Proof of Claim 6.3]. Notice that by the definition of K. in (5.5), we have
for all nonnegative functions 1,1, € L2(RY),

/ 1(z + ey)a(2) Ko (2, y)dyda = / D (@)a(a + ey) Ko (z, y)dyda.
RN xRN

RN xRN
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Then, by applying successively Lemmas 2.1 and 2.3 in 22, (6.8) follows and this
ends the proof of Claim 6.3. O

7. Proof of Theorem 2.2, Theorem 2.3

This section is devoted to the proof of the asymptotic expansion stated in Theorem
2.2 and of the concentration result stated in Theorem 2.3.

As in the previous sections, for notational simplicity, throughout this section we
write m, ¥, © and ¥, for i = 1,.., M, instead of m, ¥, © and ) fori=1,...M
defined by (2.7) and (2.8).

Let s := minj», ||z —27||* denote the minimum distance over all two different
points 2, I =1,..., M. Then for any s € (0,s0) and j = 1,.., M, the ball of radius
s centred at z9, denoted by B(z9,s), satisfies 2 ¢ B (z,s) for k # j. Let us
consider the set N' C {1,.., M} defined by

N = {] € {]., ,M} : )\O,j = max )\O,p}
p=1,...M

=Ly

= {j e{l,., M}, tr (AJ%) = p:I{{i.?Mtr (Aé)} .

Let us observe that if card N = 1, then Remark 5.1 already provides a proof of
Theorem 2.2. Here we will prove Theorem 2.2 in the more general situation where
N is not reduced to a single peak and we also prove Theorem 2.3.

Recalling the definition of the set M in (2.15), observe that M C A. In the
sequel we set K := card N and assume that V' = {1, .., K}.

Now recall that Ei(e) > FEs(e) > .. > Ei(e) > .. denotes the sequence of
eigenvalues of the operator M€ as defined in (5.1). Next, due to Proposition 5.1
there exists some constant x > 0 such that for all 0 < € << 1 one has

dist ({E1(e), .., Ex(e)};0 (M®)\ {E1(e),.., Ex(e)}) > ke.

For j =1,..., K, we also denote by 5 € L? (RN) the normalized eigenvector of
the operator M¢ associated to the eigenvalue Ej(e).
Now fix s € (0, s9) small enough such that

E(m?,s) cQ,VjeN.

And, for each j € N let us consider Fy j(¢) € R and u§ € L? (B(x?, 5)) the principal
eigenvalue and the normalized (in L?) principal eigenvector of the operator M. JE % as
defined in (6.1). For notational simplicity we write F}(e) instead of Fi ;(e).

Then our next result reads as follows:

Theorem 7.1. For each € > 0 small enough, there exists a bijection b° from
{E1(e),.., Ex(e)} into {Fi(e), .., Fx ()} such that we can find o > 0 with

FA)=1-A+0 (e ).
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Before proving Theorem 7.1, let us observe that as a consequence of this result,
K [ed
Ei(e)=1- mirlle(z-:) + 0 (e=70).
j:
Recalling the asymptotic expansion of F};(¢) obtained in (6.2), this ensures that

Fj(e) = Fr(e) + O (¢™), Vi, k € M,

and

E1(€) ~1 -+ Z€1+k>\2k,j7 V_] S M
k=0

Finally recalling that A\°, the principal eigenvalue of L#, coincides with Ey(g) (see
Section 4). This completes the proof of Theorem 2.2 by recalling that the above
computations are performed with ¥ = ¥/||¥||.

We shall now focus on proving Theorem 7.1. This proof will follow from several
steps.

For each j € N, let us denote by x; the characteristic function of the ball
B (x?, s) Next our first lemma reads as follows
Lemma 7.1. There exists n > 0 such that, for all j € N and € > 0 small enough
one has:

(1= M°) (xiu$) = Fj(e) (xju5) + 75, a.e.x € RV,

where the remainder r; satisfies
n
Iill ey = O (exp (- 25)) - (7.1)

Proof. Note first that one has

(1= M) (xu5) (x) = XG(x)M:° [u] (z) + i (2), a.e.z € RV,

wherein the remainder r; takes the form
(@) = @) [ I
B z;,8

Now recalling that
M;’S [ug»] = Fj(e)us

J 77

we get
(1= M%) (xju5) = Fj(e) (xju5) + -
Now let us focus on proving (7.1). To that aim observe that one has, for all x € RY:

llz—ylI70 +n1 ly—2f|

nylly—=2|
@)l < Mol [ e Ne ( u;<y>)dy.
B

(5.5)
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Here 7; is the constant provided by Theorem 6.1. Hence Holder inequality yields,

for all z € RV:

20 2
nll.—=9

e <0 u§ .
Lz(B(Z?,S))

o=yl Y0 +nq ly—2 |

@)l < MOl @) [ e A
B(z?,s)

Due to Theorem 6.1, there exists some constant C' > 0 such that for all € > 0 small

enough one has

— 4|70 _ 20
2\\1 Y170 4mq ly—=7l

P <o [ e T y, v e RY,
B(w?,s)

In the sequel of this proof C' > 0 denotes a constant, independent of e, that may

change from line to line. Now fix ¢ > s. Then one has for all z € RY such that

||z — :59|| >0

o—af e = g1 )0 g iy a0
|r-(x)|2<C/ 5*2Ne*2H 9170 (1 il 91) ™ +ny1lly Jde
T yatiss
wawgu"fﬂ(17§)70
<C o R e E— [
”ZI*-’E?HSS
0 5\ Y0
< Ce2N exp (_2|x a0 (1 %) ) |
- gvo

Next, one gets for all z € RV such that s < ||z — 29

_ Y0
um—m‘,?u%(l—um—mou Liy—291) "0+ lly—22|
2 J J J J

2 —2N_—
Irj(x)]” < C g e =70 dy
ly—=91I<35
CoN _2um—m‘;um(1—\\m—m§’H*1Hy—mg-’||)”°+m||y—xg?u
+C € e =70 dy
5<lly—aflI<s
_oN —9_ 70 _oN —ms®
<C e Ne 22”0570dy+0/ e N0 dy
ly—=91I<35 5<lly—aflI<s
B 21=70 g70 ms
< Ce N |exp [ ———— —i—exp(——) .
g7o gvo

Coupling the above estimates completes the proof of (7.1) and thus the proof of
Lemma 7.1. O

Using the above lemma we are now in position to prove Theorem 7.1. For that
purpose let us fix 0 < o < 7. Here 7 is the constant provided by Lemma 7.1 above.
Next applying Proposition 5.1 to the operators M;*® with j € N and M., one
obtains that there exist k > 0 and k1 > 0 with 2k; < k such that, for all ¢ << 1
small enough, one has for all § € [0, x1]:

oc(1—=M)Nfe,(k—0)e] ={1— Eg(e), k=1,.,K},
o (M;") N[0, (k—0)e] = {Fj(e)}, Vi e N.
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Now setting I. = [%5, (li — %) 5], the above statement re-writes as

w0 G0 {1+ [, 11 =0

Next following Chapter 6 in 3¢, we set a. = e~ and we consider, for any fixed
€ > 0 small enough, disjoint intervals Iy, .., In. C I, such that

{1 - FEi(e),...,1 — Eg(e), Fi(e), .., Fx(e)} C Up= I,
dist (I, Is) > 2a., Vk # k' and Sup [Ix] = O (ac).
k=1

Consider now for k =1, .., N, the sets of index
Jy={je{l,.,K}: Fje) e Iy} and L, = {j € {1,.., K} : 1 — Ey(¢e) € I},},
as well as the vectors subspaces of L?(R”") defined by
& = @ span XJ ] and Fi = span {1/15, VS Lk}.
J€Jk

Together with the above notation, the proof of Theorem 7.1 directly follows from
the following claim:

Claim 7.2. The following holds true:
card J, = card Ly, Vk =1,.., N..

Proof. [Proof of Claim 7.2] Let us observe that

N. N.
Z card J, = Z card Ly = K
k=1 k=1
Hence in order to prove the above claim, it is sufficient to prove that
card Jy < card Ly, Vk =1, .., N..

To that aim, consider Ilg, and Iz, the spectral (orthogonal) projectors on & and
Fi. respectively. Next in order to prove the above collection of inequalities, it is
sufficient to prove that there exists ¢’ > 0 such that, for all k¥ = 1,.., N; and all
€ > 0 small enough, one has

0_/
e, ~ 11, T1e, | = 0 (0 (-2 )).

These estimates follow from the results derived in 7 (see Proposition 2.5 of this
paper). Indeed, if k € {1,..,N.} is given such that card.J; > 1 then because of

Lemma 7.1 one obtains

- 1 n - n—o
||H5k - H]:k]:[glc” =0 <agexp (_E’YU>> =0 <exp <_ 70 >> ’
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and the result follows since n — o > 0. O
We now turn to the proof of Theorem 2.3.

Proof. [Proof of Theorem 2.3] Here recall that we have assumed that M = {i} C
N . Next observe that there exist some power mg > 1 and some constant x > 0 such
that for all € > 0 small enough:

dist (1 — E1(e),0 (1 — M)\ {1 — E1(e)}) > we™o.

Using the notation introduced above, this implies that there exists k. € {1,.., N.}
such that

1— FEy(e), Fi(e) € I, and card Jy,, = card Ly, = 1.

Due to the proof of Claim 7.2, one gets, for k£ = k. and some ¢ > 0, that for € small
enough:

g
e, — g Tg, || = O (exp (-=5))
This re-writes as follows:
wiuf = (uf, ) vf = 0 (exp (- 27 ) ) in L2(RY).

Here the symbol (.,.) is used to denote the usual inner product in L?(R"). Taking
the L2 —norm implies that

0Gus vl =140 (exp (- 27)).

g7

so that
s o :
i = x5us + O (exp <7ﬁ>) in L2(RY).
Now recall that
E1(5)¢§ = M. Wﬂ :

Hence it follows from Young inequality for the convolution product that for some

constant k > 0:
9Tl L1 vy = re N2,

Thus, setting ¢° = ||¢§||Z}<RN) 1§, one gets

and

Te e|l— s, € — g .
Ei(e)0° = |15 o) Me [Xiui]—i—O(s N exp (‘ﬁ)) in L1(RY).
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However, using the same argument and computations as in the proof of Lemma 7.1,
one obtains that there exists ¢’ > 0 such that

/
M. i) = i+ 0 (exp (<)) i 4R,
€
As a consequence, we get for some ¢” > 0 that
~ B 0_// .
Ei(e)y® = ||¢§||L11(RN) xiu; + O (exp (—5%)> in L*(RY).

Now let us fix € (0,70). Recalling Theorem 6.1 (for u$) one gets, using Holder
inequality, that there exists some constant C' > 0 such that, for all ¢ > 0 small
enough, it holds:

E(s)/ 1/~)de<C’[/ ep( 2n ”y|>dy];+0(e p( JN))
xp [ —2m — xp [ —— .
' RN\ B(z?,ev) o ev<y<s ! gno Yo

As a consequence, we get

Ei(e) /RN\B( . Pede = O (exp (—me""")).

Since F1(e) — 1 as € — 0, this proves the expected concentration property for the
function ¢¢. Finally, Theorem 2.3 follows from the link between the principal eigen-
vector of L and M*€ discussed in Remark 4.1 together with the above concentration
property. O
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