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1. Introduction

This work deals with the following elliptic system of equations:

eAr(z) + I(x) — JXV: filr(x), x)u;(x) — mor(z) =0, z € Q
)

=1
ed;Aui () + fi(r(z), x)ui(x) — mu(z) =0,i=1,--- N, z€Q (1.1)
Oyui(z) = ... = dyun(x) = Oyr(z) = 0 for x € 09,

2

where € > 0 is a small parameter. Here (2 is a sufficiently smooth bounded domain
in R™, while 0, denotes the usual derivative along the outward normal vector to 9f2.
The above system of equations arises when looking at steady state solutions of the
following reaction-diffusion system with spatially varying environment modelling
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the competition of IV species for a single resource posed for time ¢t > 0 and x € ()

(0 —eA)r(t,z) =I(x) — éfz (r(t, ), z) u;(t, ) — mor(t, x),

i (1.2)
(at - 5d1A) Ui(t,l’) = ui(ta‘r) [fi(r(t,x),:r) - ml] s i= 17 T 7N7
supplemented together with the no flux boundary conditions:
Opui(t,z) = ... = dyun(t,x) = Oyr(t,z) =0 for t > 0, x € 9. (1.3)

Coming back to (1.1) or to (1.2)-(1.3), r represents the density of the single resource,
while uq, .., uy denote the density of the different competing species. In the above
system, I(z) > 0 corresponds to the supply of resource while mg > 0 denotes its
natural decay. Parameter m; > 0 denotes the natural death rate of the i*" —species,
while function f;(r,x) > 0 corresponds to the consumption rate of the resource at
each point = € Q of the i*” —species. Note that the interactions between species are of
competition type through the consumption of the resource, so that System (1.1) (or
(1.2)-(1.3)) exhibits a prey-predator like structure in some spatially heterogeneous
environment.

In an homogeneous environment, namely I(x) = I > 0 and f;(r,x) = f;(r),
the above system reduces to the well known homogeneous chemostat system. The
homogeneous chemostat system is widely used in theoretical biology to study pop-
ulation of micro-organisms such as plankton or bacteria as well as in bioscience to
model industrial cultures of micro-organisms. Such a system is known to exhibit the
so-called exclusion principle. Such a property holds true for a large class of growth
(or consumption) functions f;. Roughly speaking, this exclusion principle means
that only one species (the strongest) will survive and coexistence cannot occur.
There is a wide literature on this topic and we refer for instance to Hsu et al 3!,
Hsu 2%, Sari and Mazenc “° or to the monograph of Smith and Waltman *!(see also
the references cited therein).

However, in various contexts, theoretical studies have highlighted the importance
of spatial heterogeneities %1036 and of the diffusion rates %222 on the coexistence
of species (see also Ref. 1 and the references therein). In chemostat like models,

] 11,19,26 1 2437 regults indicate that an intermediate

both empirica and numerica
diffusion rate maximize the number of species which can coexist. However, from a
mathematical point of view, these questions are not yet fully elucidated.

The coexistence problem for a system similar to (1.1) with two species (N = 2)
and for any value of € has been investigated for the so-called unstirred chemostat
model. We refer for instance to Hsu and Waltman in Ref. 32, Wu #* and Nie and
Wu 2. In these works, the authors assume equi-diffusivity as well as equi-mortality
rates to reduce the problem to a scalar elliptic equation. Bifurcation techniques are
then used to construct coexistence branches of solutions. These results have been
extended by Dung, Smith and Waltman in Ref. 21 where the authors used per-
turbation methods to obtain results close to the equi-mortality and equi-diffusivity

case. Note that all the aforementioned works are devoted to the case of two species
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(N = 2). This has been extended to very general systems with an arbitrary num-
ber of competing species by Baxley and Robinson in Ref. 3 who focused on some
properties of the solutions close to the bifurcation points.

In the case of fast diffusion (¢ — +00), more results can be obtained. Indeed,
using aggregation methods, Castella and Madec have shown in Ref. 8 that system
(1.1) behaves similarly to a suitable associated spatially averaged chemostat system.
It turns out that, for large diffusion rates, there is generically no coexistence solution
for (1.1), and such a result holds true for an arbitrary number of competing species.

In this work, we shall focus on System (1.1) for an arbitrary number of competing
species in the framework of the small diffusion approximation, namely £ — 0. Note
that such a limiting case is well adapted in the modelling of the interactions of micro-
organisms in large environment such as lake or large plug-flow. Let us emphasize
that the existence of positive solutions is related to the instability of the semi-
trivial solutions (i.e. with at least one zero component). The asymptotic profile of
the solutions as ¢ — 0 will allow us to obtain such information and therefore to
compute a suitable topological degree ensuring the existence of at least one positive
solution. We would like to mention that the instability of semi-trivial equilibria can
also be used to study the permanence properties as well as global attractor for the
parabolic system (1.2)-(1.3). We refer to the monograph of Cantrell and Cosner .
Hence such tools coupled together with Hale-Lopes like fixed point argument (see
Ref. 25) can also be used instead of the topological degree arguments presented in
this work. This will be investigated in detail in a forthcoming work.

Note that the small diffusion asymptotic is widely used in the study of reaction-
diffusion system arising in population dynamics. Such studies are mainly focused
on cooperative and competitive interactions for which monotonicity arguments are
crucial to obtain convergence toward free boundary problems. We refer for instance
to Bothe and Hilhorst 5, Dancer et al ®, Hilhorst et al 27 (and the references cited
therein). We also refer to Hutson et al. in Ref. 34, 33 (see also the references cited
therein) who studied parabolic equation as well as elliptic system of competitive
type posed in heterogeneous environment with fast reaction and small diffusion.
Here again the approaches are based on monotonicity properties, that, as noticed
by the above mentioned authors, seem difficult to extend to prey-predator like
interactions and/or to more than two competing species. Let us finally mention the
work of Hilhorst et al in Ref. 28 dealing with the singular limit for a non-competitive
two components reaction-diffusion system arising in theoretical chemistry. In this
paper, the arguments are no longer based on monotonicity, which is not available
for such interactions, and the authors crucially use the specific form of the reaction
term.

As mentioned in a conjecture proposed by Huston et al. in Ref. 34, the asymp-
totic profile of the solutions of (1.1) as € — 0 seems to be related to the long time
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behaviour of the parametrised ODE system for x € €,

LD [(z)— 3 filr(ta) a)uilt, ) — mor(t, o)
da P R 0T

Quilb) — [ (r(t, ), ) — mi]ug(t, @), i =1,--- , N.

(1.4)

We provide a methodology to study the relationship between the asymptotic shape
of the solutions of (1.1) as € — 0 and the interior attractor of (1.4). Note that the
long time behaviour of (1.4) can be derived by using a suitable Lyapunov functional.
As formally explained below, the specific shape of this functional will allow us to
construct appropriated sub-harmonic maps that will be used in the study of (1.1).

Let us now sketch this idea by performing some formal computations that will
be rigorously justified throughout this work to study the singular limit profiles for
(1.1). Consider an elliptic system of the form

eDAU®(z) 4+ F (z,U¢(z)) =0, z € Q,
0,U%(z) =0 Yz € 9.

Here Q C R", F: Q x R? — RP is a smooth map, D = diag (d,..,d,) is a diagonal
matrix with positive coefficients while U = (u1, .., up) is a vector valued function.
In order to understand the behaviour of the solutions as € — 0, we assume that
the solutions are uniformly bounded with respect to ¢ small enough. Let zg € €
be given and consider the rescaled vector valued function Ve(y) = U® (zg + y+/2).
The uniform bound on U® together with elliptic regularity allows us to assume
that V¢(y) — V(y) locally uniformly with respect to y € R™ as ¢ — 0 and where
V = V(y) becomes a bounded solution of the following homogeneous elliptic system
of equation

DAV (y) + F (20, V(y)) = 0, y€R". (L5)

The asymptotic profile of U¢(x) is therefore related to the solutions of the above
elliptic equation. The study of the later elliptic equation will be performed by
constructing suitable sub-harmonic maps. To explain this idea, we assume that
there exist p sufficiently smooth, non-negative and convex maps V; : R — R such
that

P

> Vi) Fi (zo,un, .. up) <0, (1.6)

i=1
for each U = (uu, .., up) in some suitable domain of RP. Note that this assumption
is related to the existence of a separable Lyapunov functional for the ODE system
of equations:

dUu(t)
Cdt
Indeed, if ¢ — U(t) is a suitable trajectory, then the map ¢ — > &, Vi (u;(t))
is decreasing in time. Note that such an assumption holds true for a large class of

=F(20,U(1))- (1.7)
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systems arising in population dynamics and more generally in mathematical biology.
We refer to the survey paper of Hsu 3° and the references cited therein.

Coming back to (1.5), let V = (v1,..,vp) (y) be a given suitable solution of (1.5)
and consider the function W (y) := >""_, d;V; (v;(y)). Then one obtains that

AW(y) = Z diV{ (vi(y)) [Vui(y)]* ~ Z Vi(vi())Fi (0, V(y)) - (1.8)

Note that (1.6) together with the convexity of functions V; imply that function W
is a sub-harmonic map on R™. Sub-harmonicity as well as the shape of functions V;
will impose strong constraints on the solutions of (1.5), that is on the asymptotic
behaviour of U¢(zy).

The goal of this manuscript is to develop this methodology in order to study
of (1.1). This work is organized as follows: Section 2 is devoted to listing our main
assumptions and to stating our main results. Section 3 deals with preliminary results
that will be extensively used in the sequel of this work. It is more precisely concerned
with elliptic eigenvalue estimates and a priori estimates of the solutions. Section 4 is
concerned with the study of System (1.1) with N = 1. The construction of a positive
solution is presented. Such a construction as well as the asymptotic analysis are then
generalized in Section 5 where induction arguments are used to derive sufficient
conditions ensuring the existence of coexistence solutions of (1.1). Finally this work
is ended by an Appendix presenting technical results used throughout this work,
topological degree on cones, some elliptic lemma, and rescaling techniques at a
boundary point.

2. Main results

In this section we will state our main results that will be discussed and proved in
this work.
We will assume that the following properties hold true:

Assumption 2.1. We assume that Q C R"™ is a regular and bounded domain.

We assume that the external supply function I € C%1 (ﬁ) s Lipschitz continuous
on Q, I > 0 and I is not identically zero*. Parameters d; > 0,..., dy > 0 and
mo >0, my > 0,.., my > 0 are fized given constants.

We furthermore assume specific assumptions on the consumption functions f;.
Assumption 2.2. We assume that for each i =1,--- | N function f; satisfies:

(i) for all x € Q, the function r v+ fi(r,x) is increasing from RY into itself
and satisfies f;(0,2) =0,
(ii) for all v € RY, the function x +— f;(r,x) belongs to C1 ().

aIf I = 0 then (0,---,0) is the only non-negative solution of (1.1).
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Let us notice that such an assumption holds true for a large class of consumption
functions including linear consumption functions as well as Michaelis-Mentens type
functional response (see for instance Sari and Mazenc 4°).

The aim of this work is to provide sufficient conditions ensuring the existence
of positive solutions of System (1.1). The construction procedure will follow an
induction process and will make use of the important quantities ( well defined using

Assumption 2.2) R;(z) defined, for each i = 1,.., N and x € Q, by

ri(z) if lim f;(r,x) > m;
Ri(z) = @Il £ 2) (2.1)
400 else,

where r; is uniquely defined (if lim f;(r,2) > m;) by the resolution of the equation
r—00

fi (ri(x),2) = m;.

These spatially dependent quantities will allow us to define a spatial ordering of the
components of System (1.1) in the small diffusion asymptotic e — 0. Similarly to
the ODE case, these quantities describe the strength of each competing species at a
given spatial location. To be more precise, at each point z € Q, the smaller R;(z),
the stronger competitor is the i*” species at . In what follows they will be used to
provide a spatial comparison between the different species.

We first investigate System (1.1) without any species and we will prove the
following asymptotic result:

Proposition 2.1 (trivial solution). Let Assumption 2.1 be satisfied. Let € > 0
be given. Then the elliptic equation

eAr(z) + I(z) — mor(x) =0 on £,

0,7 =0 on 09,
has a unique solution denoted by s > 0 € C?*(Q). It furthermore satisfies the

following asymptotic

lim s°(z) = S(z) := M, uniformly for x € Q. (2.2)
mo

e—0

We now consider System (1.1) with N = 1. Recalling (2.1), define
O ={z€Q, S(z) <Ri(x)}, ©1={z€Q, Ri(z) <S(x)}. (2.3)
Then the following result holds true:

Theorem 2.3 (Single species survival). Let Assumption 2.1 and 2.2 be satisfied.
Assume that ©1 # 0. Then there exists eg > 0 such that for each ¢ € (0,e0), System
(1.1) with N =1 admits at least one positive solution (r€,us) € (CZ(Q))2.

We will then derive the asymptotic behaviour € — 0 of such a survival solution.
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Theorem 2.4. Leteg > 0 and let {(r°,u$)}
of (1.1) with N = 1. Then one has

€(0,20) be a family of positive solutions

lim [|r¥ — BR[| = 0 and lim [[u§ — U;||o =
lim 1€ — R |loc = 0 and lim [[uf — Uf o =0,

wherein we have set
* . * m
R () = min (S(2), Ra(a)) . U () = " (S(a) ~ Ba o))
1
This result allows us to derive a criteria for non-existence of coexistence solution.

Our result reads as follows:

Corollary 2.1. Let N = 1 and assume that S(z) < Ry(x) for all x € Q. Then
for each € > 0 small enough, function (s%,0) (see Proposition 2.1) is the only non-
negative solution of (1.1).

At this step, it is natural to investigate the stability of the solutions provided by
Theorem 2.3. One can expect that this coexistence solution is stable when it exists.
We are only able to prove this result as well as the uniqueness when ©; = Q ( see
Proposition 4.1).

We will generalize the above results and prove the existence of a positive solution
for (1.1) if each species is the best competitors (expressed in term of R;(z)) at least
at some point x € 2. To be more precise, let us introduce the following partition of
Q:

Oy={re€Q, S(x) <Ri(x),i=1,---,N},
as well as the interface set defined by
I'={z€Q, Ri(z) =Rj(z) < S(x), for some i+ j}.

Our analysis provides information on the asymptotic profile of the solutions, as
€ — 0, outside the interface I". We will assume the following geometrical assumption
to ensure that each species is the strongest competitor at, at least, one location
outside the interface:

Assumption 2.5. For allk € {1,--- ,N}, O, #0 and O, ¢ T.

As formally described in the introduction, our asymptotic analysis relies on the
existence of a separable Lyapunov function for the corresponding parametrized ODE
system (see (1.4)). Such a property is ensured by assuming the following:
Assumption 2.6. Let j=1,--- ,N and x € ©; be given. For r # R;(x), define

Gz‘(T, CL’) _ fi('f’, (E) [fj(r7 1') — mj] )
fi(r, @) [fi(r,x) —mi]

We assume that for each i # j, then there exists a number o;(x) > 0 such that

Gi y < oy ’
ot G = 0l2)
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and if R;(x) < S(x), then

i < i Gi s .
) 5 s )

Similarly to Assumption 2.2, the above structural assumption also holds true for
a large class of functions f; including linear function or Michaelis-Mentens function
(also referred to as Holling I and Holling II functional responses). We refer to Ref. 40
for such a study (see also the references cited therein). We can now state our first
result.

Theorem 2.7 (Asymptotic exclusion principle outside of the interface).
Let Assumption 2.1, 2.2, 2.5 and 2.6 be satisfied. Consider a family (r€,us,--- ,uS)
with € € (0,e9) of positive solutions of (1.1). Then the following convergence holds
true:

lim (r®,ui, -+ ,ufy) = (R*, Uy, ,Uy),

e—=0

uniformly on each compact subset of Q \ T' and wherein we have set R*(x) =
min(S(z), Ri(z), - ,Rn(x)) and fori=1,--- | N,

@) = { ma(S(r) - R'(2) ifw €Oy, o

The above result shows that in the small diffusion asymptotic, outside the inter-
face, the coexistence solutions converge to a segregative solution. This means that
at a given spatial location, only the strongest species can survive. As a consequence,
exclusion principle holds at any given spatial location far from the interface. Let us
also mention that the asymptotic profile of the solutions at the interface remains
an open problem. Moreover coming back to the parametrized ODE (1.4) let us re-
call that it corresponds for each given x € Q to the usual chemostat system and
that it is formally obtained from (1.2)-(1.3) by setting ¢ = 0. One can notice that
the asymptotic profile R* described in Theorem 2.7 corresponds, for each value of
x € §, to the so-called break-even concentration of nutriment associated to (1.4),
that is well known in the homogeneous chemostat problem (we refer to the mono-
graph of Smith and Waltman 4! and the recent paper of Sari and Mazenc 4° for a
survey on this topic).

The above result furthermore provides a necessary condition for coexistence in
the case T' = ().

Corollary 2.2. Let Assumption 2.1, 2.2, 2.5 and 2.6 be satisfied. Assume further-
more that T = . If there exists i = 1,--- , N such that R;(z) > R*(z) for allz € Q,
then there exists €9 > 0 such that for each € € (0,eq), System (1.1) does not have
any coexistence solution.
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Remark 2.1. Note that in the case N = 2, if Ro(x) > min(R;(z), S(x)) for each
z € Q then I' = 0 and Corollary 2.2 applies. For N > 3 species, we expect that
the assumption I' = () can be weakened. However such a result would make use of
a precise profile of the solutions on the interface, that remains an open question for
the moment.

We end this section by stating the following theorem that ensures that coexis-
tence holds for small diffusion rates when each species is the strongest competitor
at, at least, one location z € () outside the interface.

Theorem 2.8 (Coexistence state). Let Assumption 2.1, 2.2, 2.5 and 2.6 be
satisfied. Then there exists g > 0 such that for each € € (0,eq), System (1.1) has

a positive solution (r€,us, -+ ,u%) € (C’Q(ﬁ))NH.

Remark 2.2. The proof of Theorem 2.8 for N = 2 is based on the asymptotic
profile as € — 0 of the solutions of the 1-species problems. Such profile is provided
by Theorem 2.4 and it does not depend on Assumption 2.5. As consequence for
N = 2, the above result does not require Assumption 2.5.

Remark 2.3. We finally would like to mention that all the results presented in
this section also hold true when the decay rates arising in System (1.1) are spatially
varying functions, namely m; = m;(x) for j =0, .., N. The proofs associated to this
situation are similar as soon as functions m; are sufficiently smooth and m;(x) > 0
for any = € Q.

3. Preliminary
3.1. Uniform bound

This aim of this section is to prove first a priori estimates (independent of €) of the
solutions of (1.1) and to complete the proof of Proposition 2.1. We start this section
by proving Proposition 2.1.

Proof of Proposition 2.1. Let us first notice that the existence and positivity of s° is
classical. Since I € C%! (Q0), due to elliptic regularity, one obtains that s € C?(Q).
Introducing the linear operator A : D(A) C C (Q) — C (Q) defined by

A=A, D(A):{@EC’(Q)QH%Q): dyp = 0 on 09, AgoGC(ﬁ)},
one know that

3

§° = .
mo

c mo (m() A)_l 1
€
Recalling that € has a sufficiently smooth boundary, so that A is a densely de-
fined operator satisfying the Hile-Yosida property (see for instance Ref. 4 and the
references cited therein), the result follows.

]

We now derive a uniform bound independent of € > 0 of the solutions of (1.1).
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Lemma 3.1. Let Assumption 2.1 be satisfied. There exists a constant M > 0
(independent of € > 0 and of function f;) such that any non-negative solution
(re,ug, 5, usy) of (1.1) satisfies
N
7o + D lluf oo < M.

i=1
Furthermore recalling the definition of s¢ in Proposition 2.1, function r¢ satisfies
ré(z) < s°(z), Yz € Q.

Proof. Adding up the N + 1 equations of (1.1), yields

N N
eA (r + Z(dlul)> — (mor + Z miui> +1I(z)=0.

i=1 i=1
Setting P = r¢ + Ef\;l d;u$ and o = min {mo, Tg—f, cee ’g—g}, then one gets
N .
(a —eA)P(z) = (v — mo)r + Z <a - d1> diui(z) + I(z) < I(x), Vo € Q.
i=1 i

The elliptic comparison principle therefore yields
1

[Plloc < = ]loo-
@

This completes the proof of the uniform bound. The proof of the upper estimates
of r¢ directly follows from the elliptic maximum principle. [

3.2. Eigenvalue lemma

The aim of this section is to provide qualitative information on the principal eigen-
value of an elliptic operator as the diffusion rate tends to 0.

In order to state our results, for each d > 0 and each function ¢ € L>®()
let us introduce the quantity A(d,q) € R defined as the principal eigenvalue of the
elliptic operator dA+q(z) on 2 supplemented together with homogeneous Neumann
boundary condition on 0%, that is

(dA +q(x)) ¢(x) = A(d, q)¢(x) in 2,
0,¢ = 0 on 01,
#(z) >0 Vr € Q.

Recall that such a principle eigenvalue can also be characterized by the so-called
Rayleigh quotient (see for instance Ref. 42)

—d 24 24
A(d,q) = max fQ V¢dz +2fﬂ a@)¢”dz ,
$eH' (2)\{0} lloll5

(3.1)
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and it is continuous with respect to q.
The first lemma is well known (we refer for instance to Ref. 33, 34, 35 see also
Ref. 16 for general cooperative systems).

Lemma 3.2. Consider a family {q:}e>0 C C(ﬁ) and assume furthermore that
q- — q as € — 0 for the topology of C(Q). Then one has:

lim (e, go) = max(q).

In our applications, the strong convergence g. — ¢ in C'(©2) will not be satisfied
and we will need a weaker version of such a result to ensure A(e,g:.) > 0 for all
sufficiently small €. This previous result is adapted into the following lemma that
will be used in Section 5.

Lemma 3.3. Let x € Q and n > 0 be given such that K := B(z,n) C Q. Assume
that g — q in C(K) with function q such that q(x) > 0. Then there exists g9 > 0
such that

A(g,qe) > 0, Ve € (0,¢e9).

Proof. On the one hand, using the Rayleigh quotient representation of A(e, ¢.) (see
(3.1)), one has

max € fQ @ : fQ qe®
$eHL(Q)\{0} lloll5

Alg,qe) = (3.2)
Let 2 € Q be given and let us consider ¢ small enough such that B (;z:, 61/4) c Q.
Next fix a positive test function ¢ supported in B(0,1), such that [;, ¢* =1, and
set

o) =<0 (L),

Then ¢? satisfies for each € small enough:

(a) lloflla =1,
(b) € [ IVPZ[? = 0 as e — 0,

)
(c) supp (¢2) = B (w,e'/*).
Using (3.2) and ¢* as test function, one obtains:
Mewao) = = [ [VoriPdy + [ alo)(ozw)Pd.
It thus follows that
.. . x 2
liminf A(e,0:) > limy | 0.00)(62))Pdy.

On the other hand, one has

/Qqs(y)w?(y))zdy—q(x) = /Q(qa(y)—q(y))(¢§(y))2dy+/g(q(y)—Q(x))( (y))*dy.
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The choice of the test function, namely ¢¥, yields to

/Q (a(y) — ()67 () 2dy — 0

while the first term can be estimated as follows for each € small enough:

’/Q(qe(y) - q(y))((b?(y))Qdy‘ < max  (Jg=(y) —q(y)])

yesupp (¢pe)

< max (lg-(y) — a(v))),
yeB(x,n)

as soon as supp (¢:) C B(z,n). Then maxyesupp (4.)(1¢:(y¥) — q(y)|) — 0 which
implies that

liminf A(e, ¢) > q(z),
e—0

and the result follows. [ ]

4. Single species problem
The aim of this section is to deal with System (1.1) with N = 1. The system under
consideration thus reads as
eAr(z) + I(z) — f1(r(z),z)u(z) — mor(xz) =0, x € Q,
edi Au(z) + f1(r(z), z)u(x) — mu(z) =0, (4.1)
O,u = 9,7 = 0 on .

In this section we will focus on the proofs of Theorem 2.3, Theorem 2.4 as well as
Corollary 2.1.

4.1. Existence, proof of Theorem 2.3

To prove the existence of solution, we will use the degree theory in a positive cone
(we refer for instance to Ref. 20, 13, 14, see also Appendix A). Let us consider the
Banach space F defined by

E=C%Q) x C°(Q),
endowed with the usual product norm, as well as its positive cone C = P x P
wherein P is defined by
P={veC’Q):v(x)>0 VzeQ}. (4.2)

Now recall that Lemma 3.1 provides the existence of some constant M > 0 inde-
pendent on € such that each non-negative solution of (4.1) satisfies 0 < v < M and
0<r<M.

Define

K={(r,u) e C;r <2M,u < 2M},
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and let 8 > 0 be a positive constant such that

r,x
B >2M sup ull )
re(0,2M] r
zeQ

Let B : C'— C be the compact operator defined by

B_((m0+ﬁ6A)1 0 )
o 0 (m1 — €d1A)71 ’

and let us set, for each t € [0, 1], the operator A; defined by

I+ Br—tfi(r, )u)
tfi(r, . )u '

Lemma 3.1 as well as the above choice of 3 show that operator A; is well defined

Ay(r,u) = B(

and acts from K — C. Moreover, standard elliptic regularity ensures that A; is a
completely continuous operator and one can notice that (r,u) is a non-negative
solution of (4.1) with f; replaced by tf; if and only if (r,u) is a fixed point of A;
in K.

Note that the (unique) trivial solution (s%,0) is a non-negative fixed point of A; for
each ¢ € [0, 1] and, we furthermore have for each ¢ € [0,1]:

(r,0) € C and A;(r,0) = (r,0) & r=s".

We now aim to apply Proposition Appendix A.1 (see Appendix A) . To do so, let
us set

U={reP, r<2M},
and for each § > 0:
Py={ue P, |lu] <4},
Then the following lemma holds true:
Lemma 4.1. The following assertions hold true:

(i) vt € [0,1],degc(I — A, K) =1,
(ii) Assume that A (edy, f1(s°(.),.) —m1) > 0. Then, for all small enough & >
0, one has

degc(l — Al,u X Pg) =0.
Proof. In order to prove this lemma, let us introduce the following operators
Ay = (A}, A?), L} = D, A}(s%,0) and L? = D,A?(s°,0).

Then one has Ag(r,u) = (A§(r,u),0) with Aj(r,u) = (mo + B — eA)"L(I + Br).
Since (s°,0) is the only fixed point of Ag in K, one obtains for each § > 0,

dego(I — Ag, K) = dege (I — Ao, U x Ps). (4.3)
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Simple computations show that L = B(mo + 8 — eA)~! while D, A3(s%,0) =
L3 = 0, so that rgpe.(L3) < 1 (where rgpe. denotes the spectral radius). Let us
denote by o, the number of eigenvalues of L} greater than 1 counted with their
algebraic multiplicities. Then Proposition Appendix A.1-(ii) applies and provides
that

degc (I — Ag,U x Ps) = degp(I — Aj,U) = (—1)°. (4.4)

Note that the last equality arises since s° belongs to the interior of U.
Now note that if u is an eigenvalue of L} then there exists some function p # 0
such that

(mo — 8)p = (1. .

It follows that %(1 — p) is an eigenvalue of operator (mg —eA) and therefore 1 < 1.
As a consequence, o = 0 and (4.3)-(4.4) yield to

dego(I — Ag, K) = 1.

Due to Lemma 3.1, for each ¢ € [0, 1], operator A; has no fixed point on 9K
(the boundary being relative to C). It follows from homotopy invariance of the fixed
point degree that dege (I — A¢, K) =1 for all ¢t € [0,1]. This completes the proof of
(4).

In order to prove (i), let us notice that for all £ sufficiently small,

T —» 00

1
lim A <5d1, —f1(s5,.) — m1> = A(edy,—mq1) < —myq < 0.
o
Since A (edy, f1(s%,.) — mq) > 0, there exists oy > 1 such that
1
A (Edl, 7](‘1(85, ) — ml) =0.
00

Then this leads us to rgpec(L}) > 09 > 1 and for all ¢ € P\ {0}, L3¢ > 0. Thus

Proposition Appendix A.1- (i) applies and it follows that dege (I — A1, U X Ps) is well

defined for all small enough § and that this last quantity equals 0. This completes

the proof of (i7). ]
Next, the following lemma holds true:

Lemma 4.2. Let £ > 0 be given. Assume that A(edy, f1(s°(.),.) —mq1) > 0. Then
there exists a1 > 0 such that for each solution (r¢,u®) of (4.1):

ut >0 = u(z) > foralzeq.

Proof. To prove this lemma, let us argue by contradiction by assuming that
there exist a sequence of positive solutions {(rg,ux)}r>0 of (4.1) and a sequence
{zk}r>0 C Q, such that ug(zp) — 0 as k — 4o00. Then one may assume, possibly
up to a subsequence, that z;, — 2* € Q. By Lemma 3.1, standard elliptic regular-
ity and Sobolev embedding theorem, one may assume that (ry, ur) — (oo, Uso) it
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C1(Q) where (7o, o) is a non-negative solution of (4.1) such that u.(z*) = 0.
Then the maximum principle and Hopf lemma yields to (7eo, teo) = (s%,0). Now,
let us define for each k& > 0, the function U, =
k> 0:

Mﬁﬁ' Then it satisfies for each
edi AU, + f1(ri(x),2)Ur — mU, = 0 in Q,
0, U, = 0 on 01).
Since ||Uk|looc = 1 for each k& > 0, due to elliptic estimates, one may assume that,
possibly along a subsequence, U, — U, for the topology of C! (ﬁ) and where Uy
satisfies
ed1AUs + f1(s°(2),2)Use — m1Uyx =0, in Q,
0,Us = 0 on 012,
Uso > 0 and ||Uso|lcc = 1.

Elliptic maximum principle and Hopf lemma implies that Uy, > 0 and therefore
Aledy, f1(s°(.),.) —ma) =0,

a contradiction together with the assumption in Lemma 4.2. This completes the
proof of the result. ]
Let a; > 0 be given by Lemma 4.2. Define the subset O C K by

O ={(r,u) € K,u(z) >, VzeQ}
Then the following lemma holds true:

Lemma 4.3. Assume that A(edy, f1(s°(.),.) — m1) > 0 for some € > 0. Then
System (4.1) has at least one positive solution.

Proof. Let us first notice that since A(edy, f1(s°(.),.) —mq) > 0, Lemma 4.2 implies
that a positive function pair (r,u) is a solution of (4.1) if and only if (r,u) € O and
(r,u) is a fixed point of operator A;. Then Lemma 4.1 yields

1 =deg(I — A1,K) = degco(I — A1, K\ O) + dege (I — A1, O).

Next we infer from Lemma 4.2 and the definition of O that for any small enough
0>0

dego(I — A1, K\ O) =dege(I — A1,U x Ps) =0

where the last equality follows from Lemma 4.1. Thus, one gets dege (I — A1, O) =

1 # 0 that completes the proof of the lemma. ]
We are now able to complete the proof of Theorem 2.3.

Proof of Theorem 2.3. Let us first notice that we infer from Proposition 2.1 and

Lemma 3.2 that

lm Afe. fo(°(), ) — m1) = max ((S(a), @) — ma),
E—> €N
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wherein we have set S(z) = Lzo) Recalling (2.3) and (2.1), Assumption ©; # 0

m
re-writes as

max (f1(S(z),x) —my) >0,
e

and therefore there exists €9 > 0 such that
A(e, f1(s°()),.) —mq) >0, Ve e (0,e0).

Hence Lemma 4.3 applies and provides the existence of a positive solution (r,u) of
(4.1) for each € € (0,eq). Finally due to elliptic regularity, such a solution belongs
to C%(Q) x C?(Q) and this completes the proof of Theorem 2.3. |

4.2. Asymptotic behaviour, proof of Theorem 2.

In this section we investigate the behaviour of the above constructed coexistence
solution when £ — 0. Throughout this section, we assume that for any small enough
€ > 0 there exists a positive solution denoted by (r¢,u°) of System (4.1). Before
proving Theorem 2.4 we need to derive some preliminary lemmas.

Our first result reads as follows:

Lemma 4.4. Let x € Q be given. Assume that there exists a sequence {ektr>0
tending to zero (as k — oo) such that

lim w*(x) =0, (4.5)

k—o0

then, up to subsequence, one has

klim rF (z + y\/ex) = S(x) = —=,
—00
locally uniformly with respect to y € R™.

Proof. We assume that z € Q. The case x € 912 is more delicate and we refer to
Appendix C to consider such a case. Consider the sequence of rescaled functions

Ri(y) = r°*(x + yv/er), Ur(y) = u™(z +yver), k =0,
defined when z + y,/g), € Q2. Note that (4.5) re-writes as
lim Uy (0) = 0. (4.6)

k—o0

These functions satisfy on the above set:

AyRi(y) + 1 (z +yy/er) — fr (Re(y), « +yy/Er) Uk(y) — moRk(y) = 0,
di AUk (y) + f1 (Re(y), = + yy/Er) Ur(y) — m1Ui(y) = 0.

Let {My}r>0 be an increasing sequence tending to +oco as k — oo and such that

{z + yv/Er, |yl < M} C Q. Denote by B(M) = {y € R", |y|| < M}. Since Ry,

and Uy are uniformly bounded, LP—elliptic estimates apply and provide that the

sequences { Ry, } and {U}.} are uniformly bounded in W?2? (B (%)) for each p > 1.
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Due to Sobolev embeddings, the sequences { Ry} and {Ux} are uniformly bounded
in C1Y (B ( My )> for any v € (0,1). Using a standard diagonal process and a

ek
compactness argument, possibly along a subsequence, one may assume that Uy —
U* and Ry — R* as k — oo where the convergence is uniform on each compact
subset of R™. We furthermore obtain that functions R* and U* are bounded, both
belong to W22 (R™)NC(R™) and they satisfy the following system of equations for

loc

each y € R™:
{AR*(y) +I(z) — f1(R*(y),2)U* — moR*(y) =0,
diAU*(y) + f1(R*(y), z)U*(y) — m1U*(y) = 0.

Let us furthermore notice that (4.6) implies that U*(0) = 0 so that U*(y) = 0. Then
function R* = R*(y) becomes a bounded solution of the scalar elliptic equation

AR (y)+ I(z) — moR"(y) =0, Vy e R".

The classification derived by Caffarelli and Littman in Ref. 12 ensures that R*(y)
S(x) and the result follows.

Lemma 4.5. Recalling (2.3), let x € ©1 be given. Then one has

lim inf v®(x) > 0.
e—0

Proof. Let us assume that « € Q (see Appendix C for the case x € 9Q). In order to
prove the above result let us argue by contradiction by assuming that there exists
a sequence {ey }r>o tending to zero such that

lim u®(x) = 0.
k—o0

According to Lemma 4.4 one has
klim ¥ (z + y/ex) = S(z),
— 00

locally uniformly for y € R™. Next consider the sequence of maps {wy } x>0 with wy,
defined by wg(y) = W (@tyVER) and that satisfies the equation

u®k (x)
diAwg(y) + f1 (r* (x + yv/er), @ + yv/er) wi(y) — mawg(y) = 0,
wg(0) =1 and wy, > 0.

Due to Harnack inequality, the sequence {wy}x>0 is locally bounded and, up to a
subsequence, one may assume that

wy, — w* locally uniformly for y € RY.

Furthermore w* satisfies
dy Aw* (y) + [f1(S(x), ) — mi]w*(y) =0, y € R"
w(0) =1 and w > 0.
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Hence w > 0 and Lemma Appendix B.1 provides that
f1(S(x),z) —mq <0,
a contradiction together with z € ©;. ]

Lemma 4.6. Let z € O1 be given. Consider the following system posed for y € R"

{AR(y) —moR(y) — fi (R(y), ) U(y) + I (x) =0

(4.7)
diAU(y) + f1 (R(y), z) U(y) —miU(y) =0,

This system has a unique bounded positive solution (R,U)(y) = (Ri(x),Us(z))
(Here recall that Ry and U are defined in (2.1) and Theorem 2.4).

Proof. Let (R,U) be a bounded positive solution of (4.7). Then we claim that

inf R 0and inf U 0. 4.8
nf Ry)>0and inf Uy) > (45)

Before proving this claim, let us complete the proof of the lemma. To do so, consider
the function W = W (y) defined by

B R(y) my Ul(y) Us (z)
W(y) = /Rl(x) (1 — f1(07$)> do + dq /Ul*(z) (1 — 75 ) dg. (4.9)

Since o — fi(o,x) is increasing, W is non-negative. Besides, due to (4.8), W is
bounded on RY. Moreover it satisfies (for notational simplicity, we do not explicitly
write down the dependence with respect to the given point x € ©; in the sequel of

the proof)
mq Uf
W) =80 (1~ 7 ) + 200 (1= g5 )
mlf{ (R(y)) 2 dy 2
gy VN g Ev o)
_ mafi(R(y)) 2, 2
= hm)p VRO g VW)
+ W [S(f1(R(y)) — ma1) + m1R(y) — f1(R()Ra] (f1(R(y)) — ma).
(4.10)
On the other hand one has
[S(f1(R(y)) — m1) + miR(y) — f1(R(y))Ra] (F1(R(y)) — ma) )

= (S — R1)(f1(R(y)) — m1)* + mi(R(y) — R1)(f1(R(y)) — ma).

Note that the first term in (4.11) is non-negative since x € ©q, that is S > Rj.
Since m; = f1(R1) and f; is increasing (see Assumption 2.2), one obtains

m1(R(y) — R1)(f1(R(y)) — m1) = mi(R(y) — R1)(f1(R(y)) — fi(R1)) = 0.
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As a consequence of the above computations one obtains that function W satisfies

{AW(y) > 0 for each y € R

and W is non-negative and bounded on R”.

It follows that there exists a sequence {y},~, € R™ such that W (y,) — sup(W).
Up to a subsequence, one may assume that R(y 4 yx) and U(y + yx) converges
locally uniformly to ]?E(y) and ﬁ(y) satisfying (4.7). Then W (y + yi) converges
locally uniformly to /W(y) defined by

= R m YW Ui
W) = /Rl(:c) (1 - fl(@@) do /Ul*(m) (1 C¢ ) %

which satisfies /V[7(O) = sup(W) = sup (W\) and AW(y) > 0. It follows that W(y) =
sup(W) so that AW(y) = 0. On the other hand, AW(y) is given by (4.10) where
R and U are replaced by R and U respectively. This yields to

VR(y) = VU(y) =0, R(y) = Ru(v).

Plugging this into (4.7) yields ﬁ(y) = U{ (z). Furthermore one obtains that W(y) =
0 so that sup(W) = 0 and, since W is non-negative, W = 0. Finally (4.10) implies
that

VR(y) =VU(y) =0, R(y) = Ri(x).

Plugging this into (4.7) completes the proof of the result.
It remains to prove Claim (4.8). Let us focus on proving

inf :
nf, U(y) >0

To do so, let us argue by contradiction by assuming that there exists a sequence
{yk} k>0 C R™ such that

lim U(yx) = 0.
k—o00

Next, consider the sequence of maps Uk (y) = U(yx +y) and Ri(y) = R(yx +v).
Due to elliptic estimates one may assume that (Uy, Ri) converges to (Uso, Rso)
locally uniformly with U, (0) = 0. The strong comparison principle implies that

Uss = 0 and therefore Ry, = S(z). Consider now the map wg(y) = g’zé‘zg It

satisfies

diAwg(y) + f1(Re(y), v)wi(y) — miwk(y) = 0.

Due to Harnack inequality the sequence {wy}r>o is locally bounded and due to
elliptic estimates, one may assume that it converges to some function ws, locally
uniformly while w,, satisfies

diAwso (y) + (f1(S(2), ) —m1) weo(y) = 0, y € R,

Weo(0) =1, woo(y) > 0.
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This implies that we(y) > 0 and that f1(S(z),z) —m; < 0, a contradiction with
the choice of z € ©1. The proof of the property for the R—component, namely

inf R >0
Jnf, (y)

can be proved similarly by using that I(z) > 0 since z € ©;. This completes the
proof of the lemma. [
Our next result reads as:

Lemma 4.7. Let x € Oy be given. Then the elliptic system (4.7) posed for y € R™
has a unique bounded non-negative solution (R,U) and one has

(R, U) (y) = (5(x),0).
Proof. Let us first notice that due to the elliptic comparison principle one has
R(y) < S(z), Vy € R"™. (4.12)
Consider the map W = W (y) defined by
W(y) = diU(y).
Then W is bounded and satisfies
AW(y) = U(y) [m1 — fi(R(y),=)] = 0, ¥y € R",

so that AW (y) > 0 for all y € R™. It follows that W is a constant function so that
VW (y) = diVU(y) = 0. In order to conclude the proof of this result, let us show
that U(y) = U = 0. Assume by contradiction that U > 0. Then plugging this into
the first equation of (4.7) yields R(y) < S(x), for each y € R™. This last inequality
together with the second equation in (4.7) yields U = 0, a contradiction. Therefore
one has U =0 and R = S(z), that completes the proof of the lemma. ]
We are now able to prove Theorem 2.4.

Proof of Theorem 2.4. Let us denote by R*(z) = min(Ry(z),S(x)) and U (x) =
Mo (S(z) — Ry(z))T. We aim to prove

mi1

lim ||r® — R*||oo + ||u® — U{]|oo = 0.
e—=0

To do so, we will argue by contradiction by assuming that there exist « > 0, a
sequence {zy }r>0 C  (that we may assume to be convergent toward some z* € Q)
and a sequence {e }r>o tending to zero as k — oo such that

1755 (21,) — R* ()| + [0 (zx) — U (z2)| > @, Yk > 0. (4.13)

Here again we assume that z* € Q. (The case where z* € 99 can be handled
similarly using technical arguments inspired by Ref. 38 and outlined in Appendix
C). Since z* € €, one may assume zj, € ) for all k£ > 0.
Let us first prove that
m (r* (zg), u™ (z1)) = (R (27), Uy (z7)). (4.14)

k— o0
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To prove this claim, define the sequence of rescaled maps

Ry(y) = r(zr +yver),  Uily) = o™ (2x + yv/er).

As in the above proofs, one may assume that (Rg,Ur) — (Reo,Uso) locally uni-

formly in R™ where (R0, Uso)(y) is a bounded solution of (4.7) with x replaced by

2*. Then Lemmas 4.6 and 4.7 yield (Roo,Ux)(y) = (R*(2*), U (2*)) and (4.14)

follows. In addition one has for each k£ > 0:

[r* (k) — R (an)| + [u™ (2x) — UY (a)| < 7 (wn) = BY(27)] 4 [u™* (zx) — Uy (27))]
+ R (z) = B (27)| + |U () — U (27)]-

Since R* and U; are continuous on 2, we infer from (4.14) that

Jim ((r (k) = R ()| + Ju™* (o) = Uf (a)]) = 0,

a contradiction together with (4.13). This ends the proof of Theorem 2.4. N
We now complete the proof of Corollary 2.1.

Proof of Corollary 2.1. We argue by contradiction and we assume that there exists
a sequence {ex}r>0 tending to zero as k — oo and such that System (4.1) has a
positive solution for each e and k& > 0. Such a solution is denoted by (rek,uc*).
Integrating the u—equation over Q implies that for all €, [(,(f1(r®) —m)u® = 0.
Since S(z) < Ri(x) for each x € Q, it follows from Theorem 2.4 that ¥ converges
uniformly to S. Therefore 7+ () < Ry (z) for large enough k so that [, (f1(r*) —
my)us, < 0 for large enough k, a contradiction. ]

We finally complete this section by proving the stability as well as the uniqueness
of positive solution when ©g = () and for € > 0 small enough. The precise statement
of our result reads as:

Proposition 4.1. Assume that ©; = Q. Then there exists g > 0 such that for
each € € (0,g¢), System (4.1) has a unique positive solution which is furthermore
asymptotically stable (with respect to the parabolic system (1.2)-(1.3) with N =1).

Proof. The proof of this result is based on several steps. Let €1 > 0 be given and let
(re,us) be a positive solution of (4.1) for € € (0,e1). Next consider the eigenvalue
problem

EA'(/J - m0¢ - as(x)(b - bs($)¢ = )\¢7
hi=AG — M1 + a.(2)9 + b () = A, (4.15)
aud) == abe =0on 89,

wherein we have set

as(l') = fi (rs(x),x), be(x) = arfl(rs(x)’w)us(x),

and together with the normalisation condition

[¥0172q) + I16l1720) = 1.
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We claim that there exists some constant C' > 0 such that for each € € (0,e7), if
A € C is an eigenvalue of (4.15) then

Im A] < C and Re A < C. (4.16)

To prove this result, recall that from Lemma 3.1 there exists some constant M > 0
such that

0<ac(x) <M, 0<b(x) <M, Ve (0,e1), Vo € Q. (4.17)

As a consequence multiplying the first equation of (4.15) by 1, the second equation
by ¢, integrating each of these expressions over 2 and adding up the two resulting
equations leads us to

A= e / (V4 + d|Vo[?) da + / [(ae(x) — m)| P — (mo + b (@) bf2] de
Q Q

+ /ﬂ [be (2)48 — ac(x)$9)] da.
(4.18)

Therefore
I )] < [ [b2(0) + 0x(a) i (459
Q

Due to the normalization condition of the eigenvectors as well as (4.17), the first
part of (4.16) follows. To prove the second part, let us notice that

Re () < /Q ae(@)|B + [be(z) + ac(@)] [Re ($0) |d.

The result follows using the similar arguments as above, namely normalization and
(4.17).

We are now able to prove the stability part of the result. To be more precise we
show that there exists g € (0,¢1) such that for each € € (0,¢):

A solution of (4.15) = Re (A) < 0. (4.19)

To prove this claim, we will argue by contradiction by assuming that there exist a
sequence {e }r>o tending to zero as k — oo and {A}x>0 a sequence of eigenvalue
of (4.15) with € = g, for each k£ > 0 and such that

Re (Ax) >0, Vk > 0. (4.20)

Let us denote by (1, ¢r) an eigenvector of (4.15) with £ = g; associated to .
Assume the following normalization

rzneag(maX(lm(x)\, [Ye(@)])) <1,

Jay, € Q, max(|gx(zr)], [vr(ax)]) = 1.
Next set for each & > 0:
Ri(y) = re, (@r + yvEr), Un(y) = ue, (xk + yv/Er)
Vi(y) = vr(@e + yver), Pu(y) = drlr +yver).
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Up to a subsequence, one may assume that z, — o € Q as k — oco. We will only
deal with the case where xg € €, the case where g € 92 can be handled similarly
using Appendix C. Furthermore due to (4.16) one may assume that

Ak = Aoo With Re Ao > 0.
Since ©1 = Q, the proof of Lemma 4.6 as well as Theorem 2.4 implies that
[Ri(y), Up(y)] = [R1(z0), Ui (z0)] locally uniformly for y € R™.
Next note that ¥, and ®;, satisfies
{A‘Pk(y) — ax(y)Px(y) — [br(y) + mo] Vi(y) = M Vi (y),
d1 APy (y) + [ar(y) — ma] Cu(y) + br(y) Vi (y) = MePi(y).
with

ar(y) = fi(Re(y), 2k + yver), bie(y) = 0rfi(Ri(y), vk + yv/er) Uk (y).

Due to elliptic estimates, one may assume, up to a subsequence, that (Uy, @)
converges locally uniformly to some function pair (U, @) that satisfies for all
y € R™

{A%(y) — 8, f1(R1(20), 20) U (20) oo () — moWeo () — m1Poc (y) = Moo Voo (1),
di AP (y) + Op f1(R1(20), 20)UT (20) Voo (¥) = Ao Poo (¥)-

together with max(|¥ |, |Poo|) < 1 and max(|¥ s (0)], |Poc(0)|) = 1. Therefore, one
obtains that

Ao € {0 (Ag), £ €R"} (4.21)

wherein we have set

A — <|f2 —mo — O f1(R1(20), o) Ui (xo) —1m )
¢ Or f1(R1(zo), z0)Uf (x0) —dq[¢)? )"

Indeed if one considers the elliptic operator L : C%+ (R”,Rz) — C¢ (R”,R2) for
some « € (0,1) defined by

(10 —0p f1(R1(x0), x0) U (x0) — mo —my
L= (o d1> At ( o0 fu(R(ao) 2o)Us (x0) O > :

then the equation (Aol — L)ueo = 0 has a bounded non-trivial solution. Using
the results of Ref. 43 (Aol — L) is a non-Fredholm elliptic operator. Hence A
belongs to the Fredholm spectrum of L and since L has constant coefficients, this
spectrum is computed using Fourier transform and (4.21) follows (we also refer to
the monograph of Volpert 43 for such computations).

Now a direct computation of the eigenvalues of A shows that R(As) < 0, a
contradiction together with the assumption. It follows that R(A;) < 0 for small
enough ¢ which ends the proof of (4.19).



November 15, 2012 11:19 WSPC/INSTRUCTION FILE ducrot-madec

24 A. Ducrot and S. Madec

It remains to prove the uniqueness of the solution for each ¢ € (0, &¢). This result
will follows from a topological degree argument. Recall that since each eigenvalue A
satisfies A # 0 then (r¢,u.) is isolated in O, so that indc(Aq, (r,u)) is well defined
and equals (—1)° where o denotes the number of (real) eigenvalue A greater than
0. Moreover, a usual compactness argument shows that there exists a finite number
m > 1 of solutions denoted by (7;,u;)1<i<m and one has

dege(I — Ay, 0) = indc(Ay, (15, u;)).

i=1
Finally, since each positive solution is asymptotically stable (see (4.19)) then
indc (A1, (ri,u;)) = 1. Now from the proof of Lemma 4.3 one obtains that

dego(I — A1,0)=1=m.
This completes the proof of the result. ]

5. System (1.1) with N > 2 species

The aim of this section is to investigate System (1.1) for an arbitrary number of
species N > 2. Let us first give some definitions and notations that will be used in
the sequel.

In order to deal with System (1.1) for an arbitrary number of species, it is
convenient to introduce the following definition:

Definition 5.1. Let J C {1,.., N} be given. Let ¢ > 0 be given. A non-negative
solution (r,uq,..,un) is said to be a J—coexistence solution of (1.1) if

ui(x) =0 Vo € Q, i€ {1,.,N}\J

Such a J—coexistence solution is said to be a strict J—coexistence solution if
we furthermore impose that

uj(z) >0, Vj e J
Now let J C {1,.., N} be given. Let us introduce the following sets:

0f ={zx e Q, S(z) < Ry(x), Vk € J}, (5.1)
for each k € J,
0] = {z € Q, Ri(x) < S(x), Ry(z) < Ri(x), Vi € J\ {k}}, (5.2)
and for each i,j € {1,..,N},
Iij={z€Q Ri(x)=R;(x)} and T’ = | J Ty, (5.3)
(i.5)eTxJ

We will now split this section into two parts, we first derive the asymptotic profile
(¢ — 0) of strict J—coexistence solutions of (1.1) for any subset J C {1,..,N}.
We then prove using an induction argument that, under some suitable conditions,
System (1.1) has a positive solution as soon as ¢ is small enough.
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5.1. Asymptotic profile e — 0

In this section we study the asymptotic profile € — 0 of non-negative solutions of
(1.1). This investigation will rely on several lemmas. Our first result reads as:

Lemma 5.1. Let J C {1,--- ,N} be given such that J # (. Leti € J and z € O]
be given. Then the elliptic system posed for y € R™:

AR(y) +I(z) —moR(y) — > fi(R(y),)U;(y) = 0,
jed (5.4)
d;AU;(y) —m;Ui(y) + fi(R(y), 2)U;(y) = 0, j € J,
has a unique non-negative bounded solution (R,Uj;,j € J)(y) such that U;(y) > 0
and one has

R(y) = Ri(x), Ui(y) = Uj (z), Uj(y) =0, Vj € J\ {i}.
where in we have set U} (z) = 14 (S(x) — Ri(z)).

m

Proof. Since x € ©/ it follows as in the proof of Lemma 4.6 that
inf R(y)>0and inf U;(y) > 0.
inf R(y)>0and inf Ui(y)

For each j € J\ {i}, let a; := oj(x) be defined as in Assumption 2.6. Consider the
function W : R™ — R defined by

W(y) :/R(y) (1— fi(’;‘jx)) do-+d; /Ui(y) <1_ Ui*f(x)) e+ S djoy (@)U, (y).

R;i(z) Uf () jeI\{i}

Note that since o — f;(o,x) is increasing, W is non-negative. In the sequel, for
notational simplicity, we do not explicitly write down the dependence with respect
to the given point z € ©;. Now note that W is bounded on R" and satisfies for

each y € R™:
o mlfz/(R(y)) 2 d; : 2 }
AW (y) = WWR@” + Ui(y)? IVU;(y)| +JZ€;]JJ(ZJ)’
wherein we have set
() — 0 e e , —m) 4 _f .
Ji(y) i f (R () (fi(R(y)) —mq) [S (fi(R(y)) — mi) + miR(y) — fi(R(y))Ri] ,
and for j #£ 1
Ti() = = (£ (R(y) (F(B) — me) + asfi(R()) (ms — f5(RG))].
W Frgy I ek o

As in Lemma 4.6, one has J;(y) > 0. Now, elliptic maximum principle implies
that R(y) < S(z) and it follows from Assumption 2.5 and from the choice of «;
that J;(y) > 0 for any j # 4. Hence it follows that the bounded non-negative
function W satisfies AW > 0 on R™. Let {yr}r>0 € R™ be a sequence such that
W(yr) — sup(W). Up to a subsequence, one may suppose that R(y + yi) and
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Uj(y+yr), j € J converges locally uniformly to E(y), 6’; solution of (5.4). It follows

that W (y + yx) converges locally uniformly to W (y) satisfying W(O) =sup (W) =
sup (W) and Aﬁ/\(y) > 0. Arguing similarly as in the proof of Lemma 4.6 leads

us to V]T?(y) = V/U:(y) =0, R= R;(x) and (/]; = 0 for j # . Plugging this into

(5.7) yields to /U:(y) = U} (z) and then W(y) = 0 so that W = 0. As a consequence

of AW (y) = 0, one obtains that VR(y) = VU;(y) = 0 while J;(y) = 0 for each

j € J. This leads us to R = R;(z) and U; = 0 for j # 4. Plugging this into (5.7),

we conclude that U;(y) = U/ (x), that completes the proof of the result. ]
Our next result is the following lemma:

Lemma 5.2. Let J C {1,--- ,N} and x € ©F be given. Then the elliptic system
(5.4) posed for y € R™ has a unique non-negative bounded solution (R,U;,j €

J)(y) = (S(I)v()? ,0)

Proof. The proof of the above lemma follows the same lines as the arguments of
the proof of Lemma 5.1. Indeed, due to the elliptic comparison principle, one has
R(y) < S(z). Then one can check that the map W : R” — R defined by

W(y) =Y d;U;(y),
jeJ
is bounded on R™ and is a sub-harmonic function. The result follows by using the
same computations as in Lemma 4.7. [ |

Lemma 5.3. Let z € Q\ T be given and let {ex}r>0 be a sequence of positive
numbers tending to zero. Then, up to a subsequence, one gets either

lim 7% (z + y\/ex) = S(x),

kﬁ;ooug’“(x—&-yﬁ) =0,vje{l,---,N} (5:5)
koo k ) ) )

or there exists i € {1,--- , N} such that R;(x) < S(x) and
lim 7% (x + y\/ex) = Ri(z),

k——+oo

. €k — m _ .
kgr—ﬁr-loo u;*(z +yyexr) = 2 (S(x) — Ri(x)), (5.6)
kgrfoo ujk (x+y\/fer) =0, Vj € {17 e 7N} \ {’}7

where all the above convergences are locally uniform with respect to y € R™.

Proof. Define for each k > 0, the functions Ry(y) = r°*(x + y,/ex) and U, x(y) =
uj’“ (z + y+/€x)- Then, due to elliptic estimates, possibly up to a subsequence, one

may assume that (R, Uik, -+ ,Un k) converges locally uniformly to some bounded
non-negative functions (R, U, - -+ ,Un)(y), solution of the elliptic system posed for
yeR”

{AR(y) +1(2) = moR(y) = X3y f5(R(y) 2)Uj(y) =0, 5

)
d;AU;(y) = m;Uj(y) + f5(R(y), 2)U;(y) = 0, j = 1,--- , N
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Next, set J = {j € {1,--- ,N},U; > 0}. Recalling Definition (5.1)-(5.3), one has

a\rcao\r’= |J e
jeJu{0}

Firstly, when z € ©f, due to Lemma 5.2 one obtains that U; = 0 for any j € J so
that J = 0. Hence R(y) = S(x) and Alternative (5.5) holds true.

Next assume that € ©7 for some i € J. Since U; > 0, Lemma 5.1 applies and
provides that U;(y) = 0 for any j € J\ {i} so that J = {i}. As a consequence of
Lemma 5.1, Alternative (5.6) holds true. This completes the proof of the lemma. m

Lemma 5.4. Let i € {1,--- ,N} and © € ©; \ T be given. Assume that for any
small enough € > 0, there exists a non-negative solution (r<,u3,--- ,u5) such that
u; > 0. Then one has

P

hrgn_g(r)lf ug (z) > 0.
Proof. To prove this lemma, let us argue by contradiction by assuming that there
exists a sequence {ey}r>o tending to zero such that ui*(z) = 0. According to
Lemma 5.3, up to a subsequence, one has r* (z + y/x) — R(x) locally uniformly
with either R(z) = S(z) or R(z) = R;(x) for some j # i. Now since z € ©,, in any
cases, one has

fi (fi(m)w) —m; > 0. (5.8)
Now consider the sequence of maps Wy (y) = ﬂfﬁ%&)@ Due to elliptic Harnack

inequality, the sequence {W}}r>¢ is locally bounded and up to a subsequence one
may assume that Wy — W locally uniformly in R™ where W satisfies

GAW (y) + fi (R(x),2) W(y) = mW (y) = 0,
W >0 and W(0) = 1.

Then one obtains that W > 0 and Lemma Appendix B.1 yields
fi (E(I)w) —m; <0,

a contradiction together with (5.8). This completes the proof of the lemma. ]
We are now able to complete this section by proving the following theorem which
contains Theorem 2.7 by taking J = {1,.., N}.

Theorem 5.1 (Asymptotic profile ¢ — 0). Let Assumptions 2.1, 2.2, 2.5 and
2.6 be satisfied. Let J C {1,--- , N} be given and consider a family (r¢,us, - ,u5)
with € € (0,e0) of strict J-coexistence solutions. Then the following convergence
holds true:

lim (1,05, -+ uiy) = (R, 077, UR),

e—0
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where the convergence is uniform on each compact subset of Q\ T and wherein we
have set R*”(z) = min (S(z), min;ec; R;(x)) and
X mi (S(x) — Ri(z)), ifr€0f, .
U ,J — mo ( ) i J
4 (.CL‘) {Ozf:cgé@;], ZfZE s
and U™ (z) =0 ifie{1,--- ,N}\ J

Proof. The proof of this result is similar to the one of Theorem 2.4 using the Lemmas
5.4, 5.1 and 5.2. The details are left to the reader. [

Let us also notice that the proof of Corollary 2.2 is similar to the one of Corollary
2.1 and thus omitted. Indeed since I' = (), then the convergence r° — R* holds
uniformly on the whole domain €.

5.2. Proof of Theorem 2.8

In this section we investigate the existence of a positive solution of (1.1) in the
general case of N > 2 species. The arguments will closely follow the ones developed
for the one species problem using an induction argument on the number of species.
Our precise result reads as:

Theorem 5.2. Let Assumptions 2.1, 2.2, 2.5 and 2.6 be satisfied. Then there exists
€0 > 0 such that for any J C {1,--- ,N} and any ¢ € (0,¢9), System (1.1) has a
strict J-coezistence solution belonging to (C? (ﬁ))NH,

The proof of this result will follow an induction argument on the cardinal of the
subset J. Let us first notice that Proposition 2.1 as well as Theorem 2.3 proves the
result in the case J = () and J = {1} respectively. Up to reordering the species,
Theorem 5.2 holds true for each J C {1,---, N} with a cardinal in {0, 1}.

Let 2 < N’ < N be given. Our induction assumption reads as for each J C
{1,.., N} with card J < N’ — 1 there exists £; > 0 such that for any ¢ € (0,¢;)
System (1.1) has a strict J-coexistence solution in (C? (ﬁ))NH.

Let J' C {1,.., N} with card J' = N’ be given and we claim that

Claim 5.3. Up to reduce the value & if necessary, for each ¢ € (0,e1), then System
(1.1) with ¢ has a strict J’'-coexistence solution.
To prove this claim, up to reordering the species, one may assume that
J ={1,--- ,N'}.

The proof of the above mentioned claim will follows several lemmas. Our first
lemma is the following:

Lemma 5.5. Let Assumptions 2.1, 2.2, 2.5 and 2.6 be satisfied. Up to reduce 1 >
0, for each i € J', for each J C {1,--- ,N}\ {i} and for each strict J-coexistence
solution (r¢,uf,..,u%) of (1.1) with e € (0,e1), one has for any € > 0 small enough:

A(diE, fi(’l’a(.), ) — mz) > 0.
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Proof. Due to Assumption 2.5, one can choose a nonempty compact subset K C
0, \T. Due to the Definition of T'/ (see (5.3)), one gets K C ©; \I'/. Then we infer
from Theorem 5.1 that

. e _ . . ) 0

Ehi%r = min <S’, min RJ> for the topology of C*(K). (5.9)

Hence r¢(x) > R;(z) for any x € K and any small enough € > 0, so that for each
€ > 0 small enough:

fi(rf(z),z) —m; >0 for all z € K.

Finally Lemma 3.3 applies and completes the proof of the lemma. ]
Due to the induction assumption, for each J C {1,.., N} with card J < N’ — 1

e, J ,,&J

and each € € (0,e1) let us denote by (r JU mi’,") a strict J—coexistence

solution of (1.1) with €. Now Lemma 5.5 applies and provides that for each ¢ €
(0,e1), for each i € J and each J C {1,.., N} \ {¢} with card J < N’ —1:
A(die, fi(r=7 (), ) —my) > 0.

Coupling this result together with the same arguments as the ones of the proof of
4.2, one obtains the following a priori estimates for any .J’'-coexistence solution of
(1.1) and e small enough.

Lemma 5.6. Let ¢ € (0,e1) be given. Then for each j € J' there exists o;j > 0
such that for any J'-coexistence solution (re,u,--- ,uy) of (1.1) with € satisfies
for each j € J':

u; > 0= u; > aj.
This lemma allows us to define the following subsets for any J C J’
O7 ={(ryus, -+ ,un'), u; >a; Vi € J, u; < a; ¥j € J \ J}

Let € € (0,271) be given. Using Lemma 5.6 note that any strict J-coexistence solution
of (1.1) belongs to O7. In particular a strict J’-coexistence solution belongs to
O7'. Hence, it is sufficient to show that System (1.1) has a solution in ©”". This
result will be obtained by using topological degree arguments. Let us first re-write
Problem (1.1) (recalling that € € (0,e1) is fixed) as a fixed point problem. Define
E = (Co(ﬁ))N,H, the positive cones P = {U € C°(Q),U > 0} and C = PN'*1,
Recall that, by Lemma 3.1, each non-negative solution (r,uy,--- ,upy) of (1.1) is
uniformly bounded by some constant M > 0 independent of € and f;. Set

K={(r,u1, - ,un) € C, r <2M, u; <2M Vi € J'},
and consider S > 0 defined by
N
ﬁ:2Msup< sup ZM> )

ceq \re(02M] ;5 T
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Let us finally define the compact operator B : C — C by

(mo + 58— EdoA)_l
(m1 — EdlA)_l

(mN/ - EdN/A)il
as well as for each t € [0, 1], the operator A; by
I+ pBr— tzigj/ fZ(T)uZ

tfl (’I")’ul
At(r7U1,"‘,UN/):B .
tfn (r)uns
Note that (r,u1,- -+ ,un) is a J'-coexistence solution of (1.1) with f; replaced by ¢ f;

if and only if it is a fixed point of A; in K. Let us also recall that due to standard
elliptic estimates A; is a completely continuous operator from K to C. Our first
lemma is the following:

Lemma 5.7. The following holds true.
(i) Vt € [0,1], dege(I — A, K) = 1.
(ii)) Leti€ J and J C J'\ {i} be given. Then degc(I — Ay, 07) = 0.

Proof. Since (s%,0,---,0) is the only fixed point of Ay in K, one can easily derive
from Proposition Appendix A.1-(ii) that degc(I — Ao, K) = 1. Since A; does not
have any fixed point on 9K, homotopy invariance of the topological degree completes
the proof of (7).

In order to prove (i), we only consider the case where i = N and J = {1,--- ,N'—
1}. The other cases can be handled similarly. We aim to apply Proposition Appendix
A.1-(i). Let us define

By =C°Q), By = EY' !, Gy =P,
Cy =P andfor 6 >0, Py ={uc P, ||Jufo < d}.
Let us denote by w = (r,uy, -+ ,un/—1), and A = (A, A%) with
A (w,un:) = (myr — edy A) (e (r)uns).
Define the two following subsets of C7 by
U= {(r, uy, - un—1) € Ch, (rug, - un) € OF for some uNr} ,
T={weld, A(w,0) =w}.
Using the definition of O7, the subset U is relatively® open and bounded in C;.
Then Lemma 5.6 implies that Al(w,0) # w for any w € OU. Indeed if there exists

PIn the case J = {1,---, N’ — 1}, U is open in Ci.
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w € OU such that A'(w,0) = w then (w,0) is a J—coexistence solution of (1.1)
such that u; > «; for all i = 1,.., N'. Lemma 5.6 applies and provides that u; > a;
for all i = 1,.., N’, that is w € U. A contraction together with w € dU.

Note that due to the induction hypothesis and Lemma 5.6 7 # (. Using the
same notations as in Proposition Appendix A.1-(i), one has for any w € T:

L2(w) = (my: — edy: &) (far (1)),

Since for any w € T, (w,0) is a strict J—coexistence solution, Lemma 5.5 ensures
that A(ed;, fi(r¢(-),-) —m;) > 0. Then one gets

For any w € T, rspec(L*(w)) > 1,

and, for any ¢ € Cy \ {0}, L?(w)¢ # ¢ and L?*(w)¢ > 0. Proposition Appendix
A.1-(i) applies and yields degc(I — Ay,U x Ps) = 0 for any small enough § > 0.
Next from Lemma 5.6, one has degc (I — Ay, O7) = dege (I — Ay, U x Ps) = 0 which
ends the proof of the lemma. ]
We are now able to complete the proof of Claim 5.3.

Proof of Claim 5.3. Let us first notice that Lemma 5.6 ensures that for any subset
J C J', operator A; does not have any fixed point on dO”. Using once again Lemma
5.6 one gets

dege(I — A1, K) = Y dego(I — Ay, 07) + dego(I — A1, 07). (5.10)
JcJ
We infer from Lemma 5.7 that deg(I — A;,K) = 1 and deg (I — Ay, 07) = 0 for
any J C J'. As a consequence we obtain that

dege(I — A1, 07) = 1.

Hence A, has at least one fixed point in O " that completes the proof of Claim 5.3.
]

Appendix A. Degree in a positive cone

We set up the fixed point index machinery used in this paper. In Ref. 13, the
author describes various results to compute the topological degree of a completely
continuous operator A : C' — C defined in a cone C of a banach space F. This
degree is denoted by degc (I — A,U) where U is an open subset of C. Basically, if
U lies in the interior of C' then one get

dege (I — AU) = degp (I — AU)

where degg (I — A,U) denotes the usual Leray-Schauder degree. In particular, if
w* € int(C) is a solution of the equation A(w) = w such that I — D, A(w*) is
invertible on E, then for any sufficiently small neighbourhood U of w* in FE, one
gets

dege(I — A, U) = indexg(A, w*) = (—1)°
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where o is the sum of the (real) eigenvalues of D,, A(w*) smaller than 1 (counted
with there algebraic multiplicities). If w* does not belong to the interior of C, then
dego(I — A,U) can be computed if I — D,, A(w*) is invertible on E (see Theorem
1 in Ref. 13). Unfortunately, in our application, such an invertibility condition may
fail and the aforementioned result cannot be used. However, in Ref. 14, the author
states a result allowing to relax this condition. This result is proved by Dancer and
Du (see Theorem 2.1 in Ref. 17).

Hence, following Ref. 14, for i = 1,2, let F; be a Banach space® and let C; be a
cone in F;. Set £ = F1 X Fy and C = C; x Cs.
Let A" : C' — C; be two completely continuous operators and consider A = (A!, A2).
Denote I; the identity map on E; as well as I = (I1, Iz) the identity operator on E.
For each (w,v) € By X Ea, set L'(w,v) = Dy, Al (w,v) and L?*(w,v) = D, A%(w,v)
and for each ¢ > 0, consider Cy. = {v € Cq,||v|| < e}. Together with these
notations, the following proposition holds true (this is a stronger form of the result
stated in Proposition 2 in Ref. 14, see Ref. 17 for a proof).

Proposition Appendix A.l. Assume that U C Cy is a relatively open and
bounded set such that Yw € U, w # A'(w,0) (the boundary being relative to
C1). Assume that AY(U x {0}) CU and let T = {w € U,w = A'(w,0)}. Assume
furthermore that v — A%(w,v) is linear and let us denote L*(w). = L*(w,.). Then
the following holds true:

(i) Assume that for all w € T, repec(L*(w)) > 1 and L*(w)¢ # ¢ for any ¢ €
Cy \ {0}. Assume in addition that for each w € U, and ¢ € Co, L*(w)¢ > 0.
Then dego(I — A, U x Ca ) is well defined for all sufficiently small positive €
and one has

dege(I — AU x Ca ) = 0.
(ii) Assume that for each w € T, rspec(L*(w)) < 1. Then degc(I — AU x Co ) is

well defined for all small enough positive € and

dego(I — AU x Gy 0) = dege, (I — Ajy oy, U)-

Appendix B. A Lemma for an elliptic system on R™

This aim of this section is to prove the following lemma:

Lemma Appendix B.1. Let v € C? (R") and A € R be given such that v(z) > 0
for each x € R™ and

Av(z) + v(z) =0, =z €R™

¢In our applications, Fy = C’O(ﬁ)7 C'3 is the natural positive cone in E2, F1 = Fg X --- , Fg and
— —

N —1 copies
ClZCQX“‘XCQ.
———

N —1 copies
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Then X < 0.

Note that such a result should be well known but we were not able to find any
references for such a result. For the sake of completeness, we prefer to provide a
proof of this result.

Proof. Let us first notice that due to elliptic gradient estimates as well as elliptic
Harnack inequality, the function VJZS) is uniformly bounded on R™. Indeed let
R > 0 be given. Then there exists some constant M = M (R) such that for each

y e R",

[Vu(z)| <M sup o(z), V€ B(y,R).
z€B(y,2R)

One the other hand, due to Harnack inequality, there exists some constant N =
N(R) such that

sup v(@) < No(y),
z€B(y,2R)
and the result follows.
Consider the real number A € R defined by

A= lim sup Lv(y).
lyll—o0, eeSm—1 v(y)

Then there exist two sequences {yx}r>0 C R"™ and {ex}r>0 C S™ ! such that
lyx|| — oo and

- er-Vo(yr)

=A.
k—oo  v(Yk)

Up to a subsequence and without loss of generality (up to rotation), one may assume
Oz, v(y+ysx)

that ep — e; = (1,0,..,0)7. Next consider the sequence of map wy,(y) = )

that satisfies

Vo(z + yi)

Awg(z) + 2 ot o)

Nuwg(z) =0, ze€R™

The sequence {wy, }r>o is uniformly bounded on R™ and due to elliptic estimates,
one may assume that wy — wso, locally uniformly. Moreover it satisfies

Aweo () + @ () Vweo (z) = 0,

Woo(0) = A, woo(x) <A, Vo eR",
for some some globally bounded function 7(;10) Then the strong maximum principle

implies that wa (y) = A.
On the other hand, if one considers the sequence of maps Zj(z) =

vwetz) e
. ] v(yg)
it satisfies

AZk(l') + )\Zk((E) =0, Zk(O) =1,
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so that it is locally bounded due to Harnack inequality and, up to a subsequence,
it converges locally uniformly to some positive function Z., such that

AZoo(2) + Aoo(z) =0, Z(0) = 1. (B.1)
Therefore Zoo(x) > 0. Furthermore one has we, = 6}% = A. This implies that

Zoo(z) = €M1,
and plugging this last equality into (B.1), leads us to
A2+ )=0,

and the result follows. [ ]

Appendix C. Rescalling when = € 92

The proof of many results in this text use a rescaling argument around a point
x € Q by considering sequence of rescaled functions of the form U = u®(z + y+/2).

When z € ), this rescaling argument holds for y € B (a:, d(x’i\/gm) so that elliptic

regularity allows us to get that (up to extraction) U¢ — V locally uniformly in
R™. When x € 0f) this methods cannot be directly applied. Here, we closely follow
Ref. 34 and we also refer to Ref. 38 for more details. If = € 02, the idea is basically
to "straighten the boundary at " and to rescale it. Once the boundary is straighten,
LP? elliptic estimates up to the boundary are used to pass to the limit £¢ — 0 and
then to obtain an elliptic system posed on the half space {y € R™, y,, > 0}. Finally,
thanks to the Neumann boundary condition, a reflection argument with respect to
the hyperplane y,, = 0 allow to extend such an elliptic system on the whole space
yielding to the same kind of system than the one obtained when = € Q. Here, we
describe this method only in the case of section 4. Hence, consider the system

eAre —more — fi(re)ue + 1 =0o0n Q,
dieAus — myue + f1(r:)ue = 0 on £, (C.1)
0yr: = yu:. =0, on ON.

The above arguments can be slightly modified in each case appearing in this text.
Let o € 09Q. Without lose of generality one may assume that xo = 0 € R".
Due to the regularity of the boundary, one may assume that there exists a C?
function h(z’) where *’ = (x1, -+ ,zn_1) defined for |z'| < 1 such that h(0) = 0,
0:,h(0) =0, 1 <i < N —1 and for small neighbourhood V of the origin, Q NV =
{(@,zn) €V, zy, > h(2)}, 00NV ={(2/,zn) €V, xny = h(z')}.

For z = (7, z,) € R" let us define H(z) = (H1(2),--- ,Hn(2)) by

HJ(Z) =z — Znazjh(z/),j =1,---,N—-1

Since the function H has an inverse function G defined nearby the origin, for |z| < 1
we introduce the new local coordinates z = G(z) := (G;(x))1<i<n- The reason for
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this is that near zo one has G(0Q) = {|z| < 1, z, = 0}, i.e. the boundary is flat in
the new local coordinates. Now, define

di(z) = Yioy 32 (H(2) 2 (H(2)), 1<ij <,
bj(z) = AGj(H(Z))’léan,
as well as the operator
=1 = Z @is(2) 82'182] Z azj
1<i,j<n Jj=1

Let (r¢,u:) be a (sequence of ) non-negative solutions of (C.1) and define 7.(2) =
re(H(2)), ue(2) = us(H(z)) that satisfy

65?5(2) —more(2) = f1(7e(2), H(2))ue(2) + I(H(2)) = 0,
e Zi(2) — i (2) + o (72 (2), H(2))iie(2) = 0, (C:2)
z € B;,

together with
0., 7. = 0,,u. =0, on {z, =0} N By, (C.3)

where § > 0 is small enough while B; = {z € R", |2| < §} and Bf = Bs NR".
Now we consider the rescaled sequence of maps

Re(y) =7T(yve), Ue(y) = te(yVe),

and for y € R™, denote by

=)= Y a5 +be€ W,

1<ij<n ayiay}

wherein we have set af;(y) = a;;(y+/¢) and b5(y) = Zj (yv/€). The rescaled functions
R, and U, satisfy
= Re(y) = moRe(y) — [1(Re(y), Hyv/E))U=(y) + I(H(yve)) =0, y € BT,
d1Z°Ue(y) — miUe(y) + fi(Re(y), H(yv/E)Ue(y) =0, y € B*?%
Oy, Re = 0,,,U. =0, on{y, =0} N B%.
(C4)
Choose a sequence M, tending to +o0o as € — 0 such that BZME C BY, 2 . Since af

ij

and b$ are uniformly bounded with respect to e in C* (E), one can apply elliptic

LP estimates up to the boundary (see Ref. 23 p238) to (C.4) in By, as well as
Sobolev embedding theorem, to obtain that R. and U, are uniformly bounded in

oL (BJT/IE) for every v € (0,1). Moreover a$

; — 0;j as € — 0. Therefore, up to
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a subsequence, R. and U, can be assumed to converge uniformly on any compact
subset of R to some functions R, U € Wi’p (R%) N C*(R%) solution of

C

AR(y) —moR(y) — f1(R(y),0)U(y) + I(0) =0, y € R}
di AU (y) —miU(y) + f1(R(y),0)Uy) =0, y € R (C.5)
Oy, R=0,,U =0, on {y, =0}.

Finally, using reflection with respect to the hyperplane y,, = 0, one can extend R
and U to the whole space R™ so that (R, U) satisfies (4.7). Note that R and U are
non-negative and bounded in R™.

The case involving more species follows exactly the same lines. In some case ap-
pearing in the text, as for instance in the proof of Proposition 4.1, one needs to
consider a sequence x. — xg € Of) rather than a given and fixed zg € 9Q. A
slight modification of the above arguments provides the result (see Ref. 34 for more
details).
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