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Abstract

The purpose of this article (composed of two parts) is the study of the generalized
dispersal operator of a reaction-diffusion equation in LP-spaces set in the finite conical
domain S, , of angle w > 0 and radius p > 0 in R?,

This first part is devoted to the behavior of the solution near the top of the cone
which is completely described in the weighted Sobolev space V[/;L’_pl (Sw.po), 0 < po < p,

P

see Theorem 2.2.
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1 Introduction

This work required the use of many calculations and non-trivial checks linked, among other,
to the theory of sums of linear operators. This is why we were forced to split this work into
two more or less independent parts.

We consider the following bounded conical domain

Swp={(z,y) = (rcosf,rsinf) : 0 <r < pand 0 <6 <w},
and its three edges:

Iy = (0,[)) X {O}
I, = {(rcosw,rsinw) : 0<r < p}
I'y = {(pcosb,psinf) : 0<0<w},

where p > 0 is given and w € (0, 27].

Let k be a positive number, f* be a non-linear reaction function, ug be a given function
and n be the outwards normal unit vector to 9S,, ,.

We recall that the resolution of the generalized following reaction-diffusion problem

ou i
a(t,x,y) = —A%xyy)u(t, z,y) + kA yult, v, y) + f(u(t,z,y)) inRy xSy,
u(O,x,y) = uO(xmy)a (x,y) € Sw,p
1
u(t,o) = gu(t,a)—(), (t,0) e Ry xToUTy, o
n
62
ult,o) = 8712‘@,0) =0, (t,o) R x T,




needs, in a first step, to solve the following linear stationary problem

A’y —kAu=f €LP(S,,), pEc(l,+x)

ou

U:%:O Ol’lFOUFw (2)
9%u

U= o2 =0 on I').

This first study will allow us to determine, by an analogous calculus, the resolvent of the
corresponding operator by solving the spectral problem

A’y —kAu—-du=f € LP(S..p)

0

uziuzo ODFOUFW
on
0%u

U:W:O Ol’ll—\p7

and then to estimate the resolvent operator in view to obtain the generation of an analytic
semigroup as in Labbas, Maingot and Thorel [8]. In the last step, the fixed point method
can be applied to solve (1).

In this first part, we will focus ourselves on the study of problem (2). This work is a
natural continuation of the one studied in Labbas, Maingot, Manceau and Thorel [6].

The originality of this work lies in the fact that the open set S, , is conical whereas in the
cited works above, it was cylindrical and in the fact that the spatial operator is composed
by a linear combination of a laplacian and a bilaplacian operators.

Such problems, set in conical domains, model many concrete situations related to pollu-
tion for instance.

After some variables and functions changes, problem (2) will be written as a abstract
sum of unbounded linear operators in a Banach space, see (14). Therefore, we will use the
sum theory carried out in part II to solve (14), see Labbas, Maingot and Thorel [7].

This work is inspired by the one done by G. Geymonat and P. Grisvard in [4] and
P. Grisvard in [5], where the authors have considered, in a hilbertian framework, the following
boundary problem

A%u =0 in S,
u:%:() on I'yuUT,,
on

where S, is the infinite conical domain
Sw ={(z,y) = (rcosf,rsinf) :r>0and 0 < 6 < w}.

The author has proved that the solution of this problem is written as a "superposition" of
particular solutions with separate variables of the form x1 j(r)x2,;(0), for j € N. The basic
tools used are based on the compact operators belonging to the so-called Carleman class and
the Fredholm determinants.

Let us recall some known results concerning the biharmonic equation in a conical domain
or in a Lipschitz domain. In Pipher and Verchota [11], the authors gave many estimates con-
cerning the solution of the Dirichlet problem in LP for the biharmonic equation in Lipschitz
domain. In Costabel, Dauge and Nicaise [2], the authors have used Mellin transformation
in view to give an optimal characterization of the structure of weighted Sobolev spaces with
nonhomogeneous norms on finite cones. In Barton and Mayboroda [1], many results are



given for general higher-order elliptic equations in non smooth-domains. In Tami [12], the

author has studied the following problem

A%y =f in Sy1
u=Au=0 ondS,,

where f € L%(S,,1). He has proved the two following results

1. If w < m, the variational solution is written, in the neighbourhood of the corner, as

Uy = UL,w + U2, w + U3,w,
with w1, € HH%*E, U € H*t57¢ and U3 € H*, for a small € > 0.
2. If w = m, in the neighbourhood of the corner, the variational solution verifies

Uy € H*.

This article is organized as follows. In Section 2, we state our problem in polar coordinates
and our main result in Theorem 2.2. In Section 3 we reformulate our problem as a sum of

linear unbounded operators. Then, Section 4 is devoted to the proof of Theorem 2.2.

2 Statement of the main result
We introduce the following polar variables function

v(r,0) = u(rcosf,rsinf) = u(zx,y).

It is known that the laplacian and the bilaplacian, in polar coordinates, are respectively

written as

Pt 1o,
T oz T ror r2pe2 T D

Au— L (‘9>2+‘92
T |Uar) T o
and

2 19 182)
2, _ (9 o Lo
Afu = <8r2+7“8r+7“2802> v
O 2 o 1o 2 2 P 10w a0 1o
ort ~ r20r2002 2004  rord  r30rof2  r20r2 140602  r30r
= Agv.

Remark 2.1. We can generalize this work to the dimension n :

0% n—l@ 1

Au=20 400
Y 87‘2+ r 8r+r2

A'v,
where A’ is the Laplace-Beltrami operator on the sphere.

We set
f(z,y) = f(rcos@,rsinf) = g(r,0).

Let v € R. In the case of the unbounded conical domain

So ={(z,y) = (rcosf,rsinf) :r>0and 0 < 0 < w},

(3)



we will use the following weighted Sobolev spaces of Kondrat’ev type
LE(Sy,) = {v measurable on S, : / lv(r, 8)[PrPY drdf < +oo} ,
Sw
and

it
WIP(S,,) = {v € L5(S.),V (i,5) e N?: 0 < i+ j < m, WwaTagj © LP(S“’)} o

see, for instance, Definition 2.1 in Costabel, Dauge and Nicaise [2].
In the sequel, the definitions above, for the bounded conical domain S, ,, coincide with

LE(Su,p) = {v measurable on S, , : / lo(r, 0)[PrP? drdf < —i—oo} )

w,p
and

. . o 0"y
WIP(S,,p) = {U € L2(8,,),V (1,§) EN*: 0 <i+j <m, TS Lp(sw,p)} ,  (6)

since clearly (6) implies (5) in the bounded conical domain S, ,.
Note that f € LP(S,, ,) means that g € L4 (S, ,). In fact, we have
p

s

g(r,0) = f(rcosf,rsinf), 0<r<p, 0<6f<w.

|f(z, y)|Pdady = /S lg(r, 0)|Prdrdd,

P w,p

where

Then, in polar coordinates, problem (2) is written in the following form

Aov —kAv =g in Sy,

ov ov
v(r,0) =v(r,w) = —=(r,0) = —=(r,w) =0 7
(1:0) = l00) = 3500 = gl 7
’U(p, 9) - Or2 (p76) =0,

where A; and Ag are given by (3) and (4).

In this article, we will focus ourselves on the resolution of problem (7) to obtain the
behavior of the solution v to problem (7) in LP-weighted spaces, in the neighborhood of the
top of the cone. To this v corresponds a solution ug to problem (2) by applying the inverse
changes of variables and functions.

To solve problem (7), we will use results given in Labbas, Maingot and Thorel [7] and to
this end, we need to consider

7 = min 1in(z;)| > 0.

where (2;);>1 are the solutions of the following transcendent equation
(sinh(z) + 2) (sinh(z) — 2) =0, with Re(z) > 0.
Actually, according to Fadle [3], we have

T ~ 4.21239.



We assume that 5
wl|3— ) < T. 8
(3-2 (®)

2
Recall that 3 — = is exactly the Sobolev exponent of the space W?3? in two variables.

Let us remark that we have two cases:
1. f0<w< g ~ 0.45m, then (8) is satisfied for all p € (1, 400).

2w

W — T

2. If g < w < 7~ 1.347, then (8) is satisfied for 1 < p < 3

Our main result is the following:

Theorem 2.2. Let g € LY (S, ,) with p satisfying assumption (8). Then, there exists py > 0

P
such that problem (7) has a unique solution v satisfying

4,
Ve W3_p% (Sw.p0)-

Remark 2.3. Note that, we can also verify that we have in addition: for ¢ = 0,1,2 and
J=0,1,2,3,4 such that 0 <7+ j <4

oty
p
87"7’803 € L (S"-HPO)‘

In fact, we have

3 4 4
Ov Jw Lg_l(SMpo) and ﬂ

- Lp Sw
ar3’ ordon -1 grt € Laoy (Sw):

see Section 4.2.2; but, these two weighted spaces are not embedded into the space LP(S,, ,,)-

3 Reformulations of problem (7)

3.1 Some preliminary calculus

v
Let us introduce the auxiliary function —. Then
r

I\ (v 0 0 v
(o) () = (5) (o) ()
v Ov 0%v
ror o

_ v_2a< v>+ Lov O
o or (e " ror Or?

(D) (i 2
N r "or \r "\vor "oz )

A — 1@_’_& +i&_1 (8)2(U)+U+2 8(U) +1a2<v>
v= ror  Or? r29602 r T@r r r Tar r rof? \r)’

SO



Moreover, we have

9 \?2 N2 v
o= (rg) _(Tar) [TH

- () [(5) (54 5]
B Tar r@r r  Or
_ (6) v v O
- Uor v or "or2
_ (‘9) v Ov 50
- Uar T or T s

v v v 5O 5840
= o e P em T g

and

0?2 U 2 2 v
(G (B O
52 2o\ 1 (82 2
= 2(392 1 ( r2>+r<ae2“> v

_ 2@_2672,04_482 _283’0 _|_27a 84U _‘_lﬁ_g
— Tor or?  r06? 0620r 0020r2  roft

Therefore, we obtain that

A%y = I1; + Il,.

We set
v
w= —.
Then, in S, ,, problem (7) becomes
1 aNZ[/ 9\2 82 8 \2 92 ?
r "or) Y "or )Y 062 | — 9 (9)
ow ow
vl 0 = ) = 5500 = G ) =
(0.0)= 220,00 = 22,0 = 0
w p7 - 802 p’ 892 pv - .

Corollary 3.1. Let g € L% (S, ,) with p satisfying assumption (8). Then, there exists py > 0
p
such that problem (9) has a unique solution w satisfying

w e W:fl (S‘U»PO)‘
P

This result is a direct consequence of Theorem 2.2.

Remark 3.2. Note that, we can also verify that we have in addition: for ¢ = 0,1,2 and
J=0,1,2,3,4such that 0 < i+ j <4
O tiw
ort00s

LP(S.p0)-



In fact, we have

8311) 84’11) 8411)
978 980 € La1(Sup) and o € Ly 4 (Su0),

see Section 4.2.2; but, these two weighted spaces are not embedded into the space LP(S,, ,,)-

3.2 Vector formulation of problem (9)

Now, let us consider the vector variable ¥(r, ) :

w

U = O\ 2 ,
(Tar) w

and the following matrix

A= 2 2 2
— i+1 —9 87_1
002 062

‘We have
a 2
8 2 B 8)2
Q&)w Gm v
ey ) () ()
"or ar) " 562 v 562 "or) v
0
= 9\2 2 52 9\2 2 2
B 0 B 0
II; + 11y A\ r3A2y )7
We set

( 0 0) ( 0 0
Ay = 52 and By = < 3) )
R 2(r5,) 0

We will precise the domain of all these operators in section 3.4. It is clear that the action of
these operators are independent. Then

0 0 w 0 0 w
(.Ao + Bo) U= 52 O\ 2 + 0 o 0 9\ 2 ,
oz 711 (a) v (a) <a> b

7



hence

0 0
(Ag+ By) ¥ = 52 9\ 2 + 5 o
am“’*“’*(’“m) v (a)“’
0

= 2

2r— +87 + —i—(ra)zw
"or T a2 Y or

() (L)

The generalized diffusion equation becomes

;[(Tf?a?“)ij_ﬂl —l:(A(H-BO)‘I’:(S)-

Finally, we obtain the following complete equation

d\? 0
l(rar> - Aw} — kr? AgV¥ — kr?By¥ = ( g ) : (10)

Note that linear operators A and Ag act with respect to variable 6 whereas operator By acts

with respect to variable r—.

or

3.3 New formulation in a finite cone

We apply the following variables and functions change
r=pe”t, ¢t 0) =w(pe™,0) and g(pe',0) = G(t,90),

then, it is easy to verify that

(3ot wm (3)'e-
"or )T T " or) YT

We set ®(t,0) = U(pe~t,0); then

0
r—+

or " Or? w:@'

282] 09

¢
P = 02¢
£z
Therefore, equation (10) is now set on the strip ¥ = (0, +00) x (0,w) in the following form

2
KT;") v — A\p] — kr? AgU — kr?By V]

2P
_ la - A@] — kpPe M Ag® + kpPe 2By (8] = ( - ) ’

ot2 p’e
( 2 )
By = 0 .
_9Y
ot 0

where



The boundary conditions, in problem (9), on w become

0 0
8(r,0) = 6(r, ) = 5(7,0) = 50.(r,0) =0,
As usual, we will use the vector valued notation:
o(t,0) o(t,.) (1)
O(t)(0) := D(t,0) = 92 =1 9 0) = 92 ().
oown )\ 22 2

Hence, we deduce the following abstract vector valued equation

[‘I’"“)—A‘I’@)]—kp%2’*Amb<t>+kp2e”[B@](t):( e )

Pl G(1)
where
0 0 o} 0
[B1®] (t) = o 82 | ()= o
—2a 0 =z —25 (t)

Note that A and Ay act on ®(t) with respect to 0, while By acts on ® with respect to t.
Now, we have to solve on (0, +00) the following problem

D" (t) — AD(t) — kp?e 2 Ag®(t) + kp?e 2 [B1®] (t) = ( 0 )

ple 3tG(t) (11)

B(0) = 0.

Remark 3.3. Note that the boundary condition at ¢ = +o00, will be included in the vector
valued space containing the solution ®.

3.4 Sums of linear operators

In this section, we are going to write problem (11) as a sum of linear operators, firstly in the
following Banach space
X = WZP(0,w) x LP(0,w),

see (13) below and secondly, in LP(0, +00; X), see (14) below.
Here X is equipped, for instance, with the following norm

H( il )HX = [91llwzr o) + #2000

where
W?(0,0) = {0 € W2P(0,0) : 9(0) = p(w) = ¢ (0) = ¢ (w) = 0}

Then, we define the linear operator A by

D(A) = [WP(0,0) NWFP(0,0)] x WEP(0,w) € X

" , V2 "
A 1) = 92 92 , ( 1>eD(A).
<¢2 _<092+1> ¢1_2<392_1>w2 1/}2

9



In the same way, we define operator Ay by

D(Ao) = WZP(0,w) x LP(0,w) = X

0
1 _ 2 P
Ao < o ) a <aag2+1> Y+ |7 < o ) € D(Ao).

It is clear that D(A) C D(Ap). Note that operator Ay is continuous from X into itself since

AU = 2 B R DA
O\ ¢ X <802+1>¢1+¢2 X_ 002 L

[1llwze 0wy + %20l Lo0w) = H( i; )
X

LP(0,w)

N

Equation (11) is set in the Banach space X.
Recall that the second member in problem (2) satisfies

ferLr(S,,), forpe(l,+o0).

Set
t e SG)() = e 3G(t,.) = H(t,.) = H(t)(.).

Therefore, we have

[ WPy = [ g0l rrds = [ |G(t.0) e atdo
Sw,p Sw,p b

p
_ p2/ e(3§)tH(t,9)’ dtdo

= p /+OO K/ |H(t) |pd9>1/prdt

= IOy

377

It follows that the second member H is in the weighted Sobolev space as recalled in (6)
{H b (R € LP(E)} — I2(0, 4003 IP(0, ),

where

2
v=3—--¢€(1,3),
p (1,3)

which is exactly the Sobolev exponent of the space W3P(X) in dimension 2.
Then, since it would not be easy to work in weighted Sobolev spaces, we will use the
following new vector valued function :

V() = () = ( i) ) - ( i ) . (12

o= Cakly ).

10

Since we have



we deduce that

and
"(t) = eV (t) — 2we VIV (1) + eV (1) = eV (0, — vI)P V (1).

Moreover, we obtain
B 0 0 e YtV (t)
[Bl(p] (t) - ( _2875 0 ) < G_Vt‘/g(t)

- 0 0 Vi(t)
- —2(8,—vI) 0 Va(t)
= " [B V] (1),

where

Hence, problem (11) becomes
e V(0 — VD)2V () — e VLAV (1) — kpPe e 2 AgV/ (1)
_1..2,—vt, —2t _ 0
kpte e [(Bo, V)] (1) = ( SR )
V(0) =0,

then

{(8,: —vI)PV(t) = AV (1) = kp*e ™ AV (t) — kp*e ™ (B2, V)] (1) = ( ﬂ?’e”?H (t) > (13)
V(0) = 0.

We have
ts pPe’ H(t) € LP(X) = LP(0, 4+o00; LP(0,w)),

and
0 p AP P —7Ip .
t ( PPt H () ) eL <O,+OO,WO (0,w) x L (0,w)> = LP(0, +o0; X).
Finally, let us introduce the following abstract linear operators:

{ D(L1,) = {VeW?P(0,+00;X): V(0) = V(+00) =0}
L1, (V)] () = (8 —vI)?V(t) =V"(t) = 20V'(t) + V2V (1),

2
with v =3 — - € (1,3),
p

D(Ls) = {V € LP(0,+00; X) : for a.e. t € (0,+00), V(t) € D(A)}
{ [L2(V)] (1) = —AV(1),

D(Py) = {V € LP(0,400; X) : for a.e. t € (0, +00), V(t) € D(Ap)}
{ [PLV)I(t) = —e AV (1),

11



and
{ D(Pa,) = WP(0,+00; X)

[Pop(V)](t) = —e72 (B2, V) (1)
Then, problem (13) can be written as the following abstract equation
(L1 + L)V +kp* (PL+Po) V = Fo, (14)

set in LP(0,4o00; X), with p € (1, +00), where, for almost every ¢ € (0, 4+00)

fV(t) = ( pgem?H(t) ) :

4 Proof of Theorem 2.2

4.1 Resolution of equation (14)

Equation (14) will be completely studied in the second part of this work by using the sum
theory of linear operators, where the main result described by Theorem 1.1 in Labbas,
Maingot and Thorel [7] states that there exists pg > 0 such that for all p € (0, pg], there
exists a unique solution V' € D(L;, + L3) to equation (14) that is

V e W?P(0,400; X) N LP(0, +00; D(A)).
Thus, we know that there exists a continuous extension from W?2?(0, +-00; X) into W2P(R; X)
and also from LP(0,+o0; D(A)) into LP(R; D(A)); it suffices, for instance to use the well-

known Babich techniques.
Set V', the extension of V; it is then written as

v:(%>.

Vi e W2 (R; W(%p(o,w)) nLP (]R; WP(0,w) N WEP(0, w)) ,

So

and
Vs € W2P (R; LP(0,w)) N LP (R; W(%p(o,w)) .

From this two properties, we obtain
Vi, Vo € WP (R x (0,w)),

and
Vi € W2p (R; ngp(o,w)) nLP (R; W‘“’(O,w)) ;

by using the following lemma.

Lemma 4.1. Let I =]a,b[, a < b be an open bounded subset of R. Then
W2P(R; LP(I)) N LP(R; WP(I)) € W*P(R x I).

12



Proof. Let x € W™P(a,b). Then x € C"™ *([a,b]). Consider the Taylor polynomial
Z x—b x®(b), for x> b.

We define the following bump function ¢ € C*°([b, +00)) such that

(x) = 1 forb<z<b+1
LS 0 forx>b+2.

Then z — T,,—1(z)p(x) belongs to WP (b, +00). Now, we define an extension function on
(a,+00) by

oy ) x(=) fora<ax<b
X(x) = { Tr—1(z)p(z) for z >b.

Clearly, x belongs to W™P(a,+00). Moreover, all the derivatives on the left and on the
right, up to order m — 1, coincide. In the same way, we build an extension to the left of point
a. Consequently, there exists an extension operator P which maps continuously

LP(I) into LP(R) and W2P(I) into WZ2P(R).
Therefore, for
X € WP(R; LP(I)) N LP(R; WP(I)),

we have

Py € W*P(R; LP(R)) N LP(R; W2P(R)).
This last space coincides with
W2P(R?),
by Mihlin’s theorem (see Mihlin [9]).
Consequently, x, the restriction of Py to R x I, belongs to W2P(R x I). O

We take this opportunity to indicate a similar result in the case of a bounded open set
of R™ with n > 1.

Lemma 4.2. Let U be an open bounded subset of R", n > 1, with a Lipschitz boundary.
Then
W?2P(R; LP(U)) N LP(R; W2P(U)) € W?P(R x U).

Proof. We know that there exists an extension operator P which maps continuously
LP(U) into LP(R™) and W?*P(U) into W2P(R");
then for
X € W2P(R; LP(U)) N LP(R; WP(U)),

we have

Py € W*P(R; LP(R™)) N LP(R; W2P(R™)).

This last space coincide with
WER(RN),

by Mihlin’s theorem (see Mihlin [9]).
Consequently, x, the restriction of Py to R x U, belongs to W2P(R x U). O

Therefore, we deduce that V; and V5 have the same regularities on (0, p) x (0,w), with
p € (0, pol.

13



4.2 Regularities of v(r,0) and w(r,0) = v(r,0)/r

In the sequel, all the regularities of w are deduced easily from those of v.
Recall that, from (12), we have

V(t) =e""®(t) and &(t) =e VV(1).

Moreover, since r = pe~t, we obtain

v(pe™t, 0
Vit 0) = L2 0
(pe™)
2
where v =3 — — € (1,3) and
p
O\? (v 0?v ov v(pet,0)
Vo(t,0) = (r— — . 0) = (pe ) =—=(pet,0) — —(pet,0) + ——.
2(6.0) = (15 ) () 7.0 = (o) G306 0) = S ) + Mo
4.2.1 Regularity of V;
Here, we explicit the fact that
Vi € WP ((0,+00) x (0,w)) . (15)
We have »
400w +oo  fw v(pe_t 9)
p . 9
| [wcoraa= [ ] | 40t < o
Setting r = pe~!, we obtain
+o0o pw —t w
L] LU gy // 00 4y gy
pe—t v I/-‘rl-‘r*
= / / =Py (r,0)|P df dr.
0o Jo
Then, we have
v E L?;O (Sw,p) and w = E L70+1(SW7P)7 (16)

1
where 79 = —4 + —. Moreover
p

Wy 1 0 —t gy (1)t
ot (tve) - p”+18t (v(pe 79)6 )

— 1 v+1)t —t a 7t
= e (e 0) = et (e 0)

hence
1 v ~t gy — (v+1)

e or ) G
Thus, in virtue of (15) and (16), it follows that

_ Vi (t,0)
t _ 2\
v(pe ", 0) T

1 Ov

(t,0) — Wg(

pe~",0) € LP((0,+00) x (0,w)),

14



and

+oo  fw p
[ ool wae = [ [ 25 Geof wa
P p
_ / / . E(r, 0)‘ d6 dr.
0 Jo
So, we obtain
v ow
I € L (Sw,p) and o € L%H(Sw,p), (17)
where 1 = -3 + } Furthermore, we have
p
0*Vi _ v+19 —t (v+1)t voaov o Pt a0,
atQ (t 0) = Wa (U(p@ ,9)6 ) — E@ g(pe ,9) + ?e e W(pe ,0)
v+1 5 N wov, v o,0v,
e ((V+1>e( lu(pe",0) — pe' - (pe '%9>> — e 0)
1w,
+p1/71€( ) 52 (pe™*,0)
(v+1)2 _ 2v+1 0v ' 1 v,
= 79 - 2 79 + 1 9.9 707
(pe_t)y+1 ( ) (p@ft) 87"(/) ) (pe_t)y 187'2 (Pe )
hence
1 %, _ 0*Vy 2v+10v, _ (v+1)2 _
(pe—t)'~ 18r2( e o2 (,60) + (pe~t)” E(pe £0) - (pe—t)”H (pe™*,0)

Thus, in virtue of (15), (16) and (17), it follows that
1 0*v

(t,0) — Wﬁ(ﬂe%yg) € LP((0, +00) x (0,w)),
and
400 pw 1 o%v . p P rw p
A /0 7<pe—t)l’_l ﬁ(pe ,9) d@ dt = /0 /0 71/714»; W(T’ 9) d9 d’r
p
/ / —2ptl 8 U (r,0)| do dr.

So, we obtain

9% 0*w
72 € LE,(Su,p) and 52 € LE 1 (Swp),
1
where 70 = —2 4 —.
p
On the other hand oV . 5
1 —t v,y
—_— )= —F—— 0).
89 (p€ 9 ) (pe_t)y+1 30 (p€ 9 )

Thus, it follows that
+00 6V1 ov

70

_t¢9’ dé dt

—+00 w 1
/0 /0 (pe—t)Pr+h)
- [ Ll

(r,0)
15

p
pe”t, 9)‘ de dt

P
df dr.




So, we obtain

v ow

% S L (Sw,p) and % S LZO+1(SW7P)'
In the same way, we deduce that

0%v 0%v

ﬁ € Lgo (Sw,p) and 9r o0 S 1721 (Sw,p)a
hence o2 o

w w

W S L£0+1(Sw7,0) and m S L21+1(Swv/’)‘

Now, we explicit the fact that

»v vy 9'tvy
otde?’ ot200’ dt206?

e LP (0, +00) x (0,w)).

‘We have
R %) (v+1)% dv ' w41 0%, _, 1 O3v 4
8t280 (t7 0) - (peit)lﬁi»l %(pe ’ ) ( ) 37“(9(9 ( ’ 0) + (peit)ufl 67,.280 (106 ) 9)’
hence
1 O3v XA 0 (v+1)2 ov 2v+1 0%

—t _ v l)mov, g ot
ey T ara0 0 = gap ) T eriae PO T ey o PO

Thus, we obtain

v Pw
m S LQQ (Sw,p> and m S Lzz-‘rl(s‘*”p)’
and in the same way, we also have
v o*v
m € Lgl (Sw,p) and W S L§2 (Sw,p),
hence
Pw » 0*w

W S L,\{1+1(Sw7p) and W € L£2+1 (SUJJ))’
Now, we explicit the fact that

Vi € P ((0, +00); WHP(0,w)) ,

I~

that is, for all e = 1,2, 3,4

o'V, P

201 (1?)

dt < +oo.
LP(0,w)

s
e

o' 0w
501 € L? (S.,) and Er S

Then, we have

A

p

O o dt

pe_t)l/-‘rl w(

81} 7’9)

8’V1

(t,0) d9dt

pe”",0)

P
df dr,

which gives

(Sw,p), fori=1,2,34.
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4.2.2 Regularity of V5
In the same way, we explicit the fact that
Va € WP ((0,+00) x (0,w)),

where

IN\? (v _ 0%, v, _, v(pe™,0)
Va(t.0) = (v ) (%) (oe™.0) = pe~ S50 0) = S(pet,0) + T,

r

It is clear, from Subsection 4.2.1, that

v Ov w
"o gy © LnlBon)
Moreover, we have
oVa N2, ov, _, v(pe™t,0)
e (t:0) == (pe) 550 0) = 5 hpe™,0) + =0
hence o 9 (pet.0) oV:
20w t _ov, -t vipe s 2
(pe ) 87“3('06 ) )_ 87“(p€ 39)+ p€t ot (t,@)
Then
+oo fw | Gy L P 7 p pw p3p—1 3pi1 v P
/0 /0 E(pe ,0) do dt = /0/0 — E(r,ﬁ) de dr
p |rw p
< p3p—2/ / p3p L @(7,0) df dr < +oo0.
o Jo aor
It follows that
+oo  rw 20
/ / (pe*t) 7( e ', 0) d@dt // r2p—1 7"9) d@dr<+oo,
0 0

which means that o 55
v w
ﬁ € L (Sw,p)a and w € L€3+1(Sw,p),

1
where y3 =2 — —.

In the same way, we have

d*v ot
oroe3 < gl(sw’p) and 91390 < ng(sva)a
hence - .
w w
9ra6° L2141 (8wp) - and 9300 < LT, 1(Se,p)-

Furthermore, we have

0*V A3, N2, 0%,
(9t22(t’9) = (pe t) ﬁ(ﬂe t79)+2(l)6 t) ﬁ(ﬂe ',0) + pe tw(ﬂe £,0)
00 i gy V)
ar e 0 - ==

17



Since

N30, N20%, 0%,
(Pe t) ﬁ(ﬂe o) = -2 (pe t) %(Pe ',0) — pe ta 5 (pe £,0)
ov, _, v(pe=t,0) 0%V
+8T(pe 79) + pe_t + 8t2 (tv 0)7
+o0o  fw 62 p p rw T3p—1 . 82’1) p
—t t — —3p+1 e
/0 /0 5,2 (P ,0)| do dt /0 /0 — 53 (r,0)| do dr
P [w v P
- / / Pt S 0)| o dr
< pP 2/ / —3ptl r—(r 0) d9 dr < +o0,
we deduce that
+o00 p
/ / ( et,6) "0 di = // 3p18“r,9) df dr < +oo.
Therefore
otv Otw
w GL (S ) and 8 6L74+1(S ),

1
where 74 =3 — —.
p

1
It is clear now that the appropriated weight function, cited in (6), is r — 77 := 3,
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