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Abstract

In this paper, we consider a generalized diffusion problem arising in population dynamics. To
this end, we study a fourth order operational equation of elliptic type, with various boundary
conditions. We show existence, uniqueness and regularity of a classical solution on a cylindrical
domain under some necessary and sufficient conditions on the data. This elliptic problem is solved
in L?(a,b; X), p € (1,400), where (a,b) C R and X is a UMD Banach space. Our techniques use
essentially the functional calculus and the semigroup theory.
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1 Introduction

Many problems in biology may be described by partial differential equations. It means that the
model is constructed by averaging the density of a population and keeping only time and space
variables. This leads to study the population density, so-called population dynamics, governed by
reaction-diffusion equations. The model considered in general is the following:

Ou = aAu+ f(u), inRy xQ, (1.1)

where u(t, ) is the density of population at time ¢ and position z, 2 is an open set of RY, d > 2,
and f is a non-linear growth interaction. The diffusion operator term Aw is obtained from Fick’s
law. In 1981, D.S. Cohen and J.D. Murray [6] derived a more complete model with a biharmonic
term added to the harmonic one. This model has been obtained by studying the motility of cells,
for which they noticed that the classical diffusion model was not sufficient. This model is:

Ou = k1 Au — ko A%u + f(u) in Ry x Q, (1.2)

where ki1, ko € R\ {0}. The biharmonic term AZ?u represents the long range diffusion, whereas the
harmonic term Awu represents the short range diffusion. Another derivation of this model has been
obtained in 1984 by F.L. Ochoa [20] who studied the dynamics of (1.2) when f is a cubic function.
His work brings out the importance of the biharmonic term in the diffusion of the population.

The classical study of nonlinear problems like (1.1) or (1.2) needs first to consider the associated
linearized steady problem. This first step is essential to deduce maximal regularity results for the
linearized unsteady problem. From these maximal regularity results, we can obtain the existence
and uniqueness of the nonlinear problem by a fixed point theorem. In the case where €) is an open
set with C*-boundary, the result is well-known. For problem (1.1), we can find a detailed study
in [22], see section 4, p. 13 for instance. For problem (1.2), results of existence and regularity are
obtained in Hilbertian case in [19] and some other results were recently obtained in [5].

In this paper, we study problem (1.2) in the linear steady case on a bounded cylindrical open
set Q := (a,b) x w of R?, with w a bounded open set of R?~! with C2-boundary and f € LP(f),
p € (1,+00), i.e.

koA%u — kyAu= f on Q. (1.3)



We follow the work of [10] for second order problems that we adapt to fourth order problems.
For this, we set k := k;/ka and we consider the Laplace operator Ay on the Banach space L%(w),
q € (1,400), with a homogeneous Dirichlet boundary condition on w. Thus, equation (1.3) can be
formulated as the fourth order operational differential equation

u® (z) + (240 — kDu" (z) + (A2 — kAo)u(x) = f(z), z € (a,b),

where f € LP(a,b; LY(w)), p € (1,400), with u(z) := u(z,-) and f(x) := f(x,-). Then, we will
consider a generalization of this problem, that is

u® (z) + (24 — kD" (z) + (A2 — kA)u(z) = f(z), =€ (a,b), (1.4)

under various boundary conditions, with (A, D(A)) a BIP operator of angle § € (0,7) on a
UMD space X (see section 2 below for the definitions of BIP operator and UMD spaces) and
f € LP(a,b; X). More precisely, we study (1.4) under one of the following boundary conditions:

= ¥1, u(b) = P2
BC1
= ¥s3, u//(b) = ¥4, ( )

(a)
(a)
u'(a) = ¢, u'(b) = o,
{ (a) ) = (BC2)
(a)
(a)

u”’(a) + Au(a) = @3, v’ (b)+ Au(b 4,
u(a) = 1, uld) = 2,
{ u'(a = @3, ’U/(b) = ¥4, (BC3)
" (a) 10
u'(a) = @1, u(b) = o,
{ W) = g5 W) = g (BC4)

where @1, 2, @3, s € X. We obtain (see Theorem 2.2 and Theorem 2.5) the existence and unique-
ness of a classical solution u of (1.4)-(BC%), i = 1,2,3,4, if and only if ¢1, pa, @3, ¢4 are in some
real interpolation spaces.

Let By, - -+ , By—1 be linear operators in X, we recall that u is a classical solution (in LP(a, b; X))
of a differential equation

n—1
u™ (z) + ZBju(j)(x) = f(z), =€ (a,b), (1.5)
§=0

if u is a solution of (1.5) with the following regularity
ue WP (a,b; X) and 2+ Bju9(z) € LP(a,b;X), j=0,---,n—1.

Similarly, u is a classical solution of problem (1.5)-(BC), where (BC) are some boundary conditions
if u is a classical solution of (1.5) and satisfies (BC).

The paper is organised as follows. In section 2, first we detail our assumptions on space X
and operator A and we describe our results. First, we state the existence and the uniqueness
of the solution of (1.4)-(BC1) in Theorem 2.2. This allows us to establish in Proposition 2.3, a
general representation formula for classical solutions of (1.4). Then, we state a result about the
regularity of a difference of two analytic semigroups (Theorem 2.4) which is an interesting result in
itself and constitutes an important tool to prove the main result (Theorem 2.5). We then present
Theorem 2.5, completing Theorem 2.2, which gives existence and uniqueness of a classical solution
u of (1.4) under one of the boundary conditions (BC2), (BC3) or (BC4). As a consequence of
this theorem, we obtain the Corollary 2.7 which states existence and uniqueness of a solution u in
W4P(Q) of (1.3). In section 3, we prove Theorem 2.2 and Proposition 2.3. Section 4 is devoted to
the proof of Theorem 2.4. Finally, in the last section, we prove Theorem 2.5.

2 Assumptions and statement of results

In all the paper, (X, || - ||) is a complex Banach space. Recall (see, for instance, [14]) that a closed
linear operator T' € X is called sectorial of angle a € (0, 7) if

i) o(T) C Sa,
ii) Vo € (am), sup{||AA—=T) Y gx): A€C\Sa} < o0,
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where
So = {z2€C:2z+#0and |arg 2| < a}. (2.1)

It is known that any injective sectorial operator T' admits imaginary powers T%, s € R, but, in
general, T is not bounded (see [15], p. 342). Let 6 € [0, 7). We denote by BIP(X,#) (see [23]),
the class of sectorial injective operators T such that

i) D(T)=R(T) =X,

ii) VseR, T¥e/L(X),

i) 3C>0,VseR, |[T%gx) < Cellf.
All the results stated in this paper use the well-known Dore-Venni theorem (see [8] and its gener-
alization [23]), which needs to consider a UMD space X. Recall that a Banach space X is a UMD

space if and only if for some p € (1,+00) (and thus for all p) the Hilbert transform is bounded
from LP(R, X) into itself (see [1, 3, 4]).

In all the sequel, k£ € R\ {0}, A denotes a linear operator in X and we assume:
(Hy) X is a UMD space,
(H2) 0¢€p(A4),
(Hs) —A e BIP(X,0) for some 0 < § <,
(Ha) [k, +00) C p(A).
For some of our results, we need a supplementary assumption:
(H5) o(A)C (—o00,0) and VO € (0,7), fél}; ||)\()\I—A)71H£(X) < +00,
0
which means that —A is a sectorial operator of any angle § € (0, 7). Let us give some remarks on
our assumptions.
Remark 2.1.
1. Assumption (Hy) is relevant only if k < 0, since for k > 0, (Hz) and (Hs) imply (Hy).

2. The case k = 0 has been stated (with particular boundary conditions) in [9]. The study is
different from ours and requires a particular representation formula for the solution.

3. To solve (1.4) in the scalar case (with —A > 0), it is necessary to introduce the roots
+v—A+ k, £v/—A of the characteristic equation

(24— k)r? + (A® — kA)r =0,
this is why, in our operational case, we consider the operators
L = —V/-A+kI and M = —/—-A. (2.2)

Due to (Hs) and (Hy4), —A and —A+ k I are sectorial operators, so the existence of L and M
is ensured (see for instance [14]).

4. Applying Proposition 3.1.9 in [14], we have D(L) = D(M). Thus, for k,l € Nand | < k
D(L*) = D(M*) = D(L'M*"y = D(M'L*).

5. Due to (Hs) and (Hy), —A + kI € BIP(X,0) (see [2], Theorem 2.3, p.69), from which we
deduce
~L,—M € BIP(X,0/2),
(see [14], Proposition 3.2.1, e), p.71). Since 0 < /2 < 7/2, L and M generate bounded
analytic semigroups (e®L),>¢ and (e*M),¢ (see [23], Theorem 2, p.437).

6. From (Hs) and (Hy), we deduce that 0 € p(M) N p(L) (see [14], Proposition 3.3.1, e), p.62).
Thus, assumptions (H;), (Hz) and (Hjs) lead us to apply the Dore-Venni theorem (see [8]) to
obtain 0 € p(L + M).



7. Definitions in (2.2) imply that
V4 € D(L?) = D(M?), (L* - M?) = k1. (2.3)
Moreover L — M = (L — M)(L + M)(L 4+ M)~", so
V€ D(L), (L— M) =k(L+ M) . (2.4)

To determine the conditions on 1, w2, 3,04 € X characterizing the existence of a unique
classical solution of (1.4)-(BC1), (1.4)-(BC2), (1.4)-(BC3) and (1.4)-(BC4), we need to introduce
interpolation spaces. To this end, we denote (Y, X)g 4, 0 < 0 < 1,1 < ¢ < 00, the real interpolation
spaces (see, for instance, [13, 16]) between a subspace ¥ C X and X. Moreover, we need to
introduce the space (D(A), X)g,q with 8 > 1; to this end, we will use the following notation:

(D(A), X)ptor,q == {1 € D(AF): A" € (D(A), X)g 4}, keN, 0 €(0,1).

First, we solve problem (1.4)-(BC1) whose boundary conditions are well adapted to the equation
and which can be easily treated by considering two second order problems. We obtain:

Theorem 2.2. Let f € LP(a,b; X) with a,b € R, a < b and p € (1,00). Assume that (Hy), (Hz),
(Hs) and (Hy4) hold. Then, there exists a unique classical solution of (1.4) — (BC1) if and only if

1,2 € (D(A)7X)1+ﬁ’p and 3,04 € (D(A),X)ﬁ,p.

This unique classical solution is denoted by Fg 5 with ® = (p1,92,93,04) and is explicitly
described by

Foj(x) = @ Mz 4 b-oM gy,

b b
1
—%e(w_a)MZM_l/ e IMyo(s) ds — ie(b_m)MZM_l/ eI Mg (s) ds

1 v 1 b
+§M*1/ eI My (s) ds—«—iM*l/ e My (s) ds

_e(b—x)Me(b—a)M (x—a)Me(b—a)M(p

Y1 —€ 2

b
+%e(w—a)MZe(b—a)MM—1/ =My (oY s

b
+%e(b7z)MZe(b*“)MM*1/ e~ IMyo(s) ds, € [a, D],

(2.5)
where
vo(z) = eTVEW (034 Apr) + €T EW (04 + Agpo)
b b
1
—%e(x_G)LWL_l/ e(s_a)Lf(s) ds — ie(b_m)LWL_l/ e(b_s)Lf(s) ds
Lo (7 L | L
+§L eI f(s) ds + §L e f(s) ds
“ i (2.6)

_eb—2)L,(b—a)L (o3 + Apy) — elz—a)L  (b—a)L (04 + Aps)

b
+%e(m—a)LW€(b—a)LL—1/ =L () ds

a

1 b
—i—ie(b_w)LWe(b_a)LL_l/ eI f(s) ds, x € a,b],
a
Z = (I — 2=0M) ™" gng W := (I — 20-a)L) ™",
The existence of Z and W are proved in virtue of (5.9) in subsection 5.1.
Under other boundary conditions, equation (1.4) is more complicated to study. We need two

results which are important by themselves. The first one is a representation formula for the classical
solution of equation (1.4).



Proposition 2.3. If u is a classical solution of (1.4), then there exist K; € X, 1 =1,2,3,4, such
that for any = € [a, b]

u(z) = @ IME, 4 b-M ) 4 @l 4 G-l 1 By o(2), (2.7)

where Fy 5 is defined in Theorem 2.2.

We state below the second result which concerns the regularity of the difference of two analytic
semigroups.

Theorem 2.4. Assume that (Hy), (Hz), (Hs) and (Hy) hold. For any ¢ € X and x € [a,b], we
set
uw(x) = (@(I*G)L,e(ff*a)M)i/) and Uw(x) — (6(b7I)L—e(b71)M) 0.

Then, we have
1. uy € W?P (a,b; X) N LP (a,b; D(M?)) and u, € L (a,b; D(M)) .
2. uy € WP (a,b; X) N LP (a,b; D(M*)) if and only if v € (D(M), X)
Furthermore, in this case, uj, € L? (a,b; D(M?)) .
3. Statements 1. and 2. hold true if we replace uy, by vy (it suffices to write vy () = uy (b+a —x)).
Note that if ¢ € (D(M), X)

I+45.p

3+1p then

el el My, ¢ WP (a,b; X) N LP (a,b; D(M*Y)),
(see Remark 4.2 below), from which we deduce that
uy € WP (a,b; X) N L (a,b; D(M?)) ,

but our result is more precise since (D(M), X)3,1 , C (D(M),X); 1 -
P’ P

We are now in position to state our main result which completes Theorem 2.2:

Theorem 2.5. Let f € LP(a,b; X) with a < b, a,b € R and p € (1,00). Assume that (Hy), (Hs),
(H3) and (Hy4) hold. Then

1. there exists a unique classical solution u of (1.4) — (BC2) if and only if
P1,P2 € (D(A)uX)H,%Jrﬁ’p and P3,P4 € (D(A)7X)ﬁ,p

If in addition, (Hs) holds, then
2. there exists a unique classical solution u of (1.4) — (BC3) if and only if

e1,02 € (D(A), X)p,_ﬁ,p and 3,4 € (D(A), X)1+%+%,p )
3. there exists a unique classical solution u of (1.4) — (BC4) if and only if

P12 € (D(A), X) 1y iy, and p3,04 € (D(A), X) 1

Qpip.

Remark 2.6.

1. The result for the boundary conditions (BC1) can be directly generalized to the following
boundary conditions:

u(a) = o1, u(b) = o,
{u”(a)+Au(a) — s, W(0)+ Au(d) = ¢ (BCS)

2. In the same way, we can obtain similar results for mixed boundary conditions.

From Theorem 2.5, we deduce regularity results for equation (1.3) under some particular bound-
ary conditions (other conditions can be considered). Let us explicit Theorem 2.2 for instance, when
we consider problem (1.3)-(BC1) with A := Aj.



Corollary 2.7. Consider a cylindrical domain 2 := (a,b) x w of R?, where d > 2, a,b€ R, a < b
and w is a bounded open set of RY™1 with C%-boundary. Let f € LP(Q) with p € (1,+00) and

d
p > 3 let ki,ko € R\ {0} such that ki > ko C,,, where C,, > 0 is the Poincaré constant in w.

Then, there exists a unique solution u € W4P(Q2) of

—k1Au(z,y) + ko Au(z,y) = flo,y), (2,y) €Q
u(z,y) = Ayu(z,y) = 0, (z,9) € (a,b) x w
wa,y) = ¢»ily), yew 28)
ub.y) = ¢2y), yEW
Ayu(a,y) = ¢s(y), yew
Ayu(by) = ¢aly), yew,

if and only if
01,02 € WP(W) N WP (w) and Apy, Apa, s, 04 € W57 (w) N WEP (w).
Proof. Set X := LP(w) and
D(Ag) = W2P(w)NW;P(w)
{ (Ao¥)(y) == Ay(y).

With these notations, problem (2.8) becomes (1.4) with the boundary conditions (BC1). From
[25] (Proposition 3, p. 207), X satisfies (H;) and from [11] (Theorem 9.15 and Lemma 9.17), Ay
satisfies (Hz). Moreover, (Hs) is satisfied from [24] (Theorem C, p. 166-167). Since C,, is the
Poincaré constant in w, we have (C,,+00) C p(Ap). Moreover, k := ky/ke > C,, thus (Hy) is
satisfied.

Finally, all the assumptions of Theorem 2.2 are satisfied. It follows that, there exists a unique
classical solution of (1.4)-(BC1) if and only if

P1,2 € (D(Ao)»X)H%,p and 3,4 € (D(Ao)»X)%,p‘ (2.9)

Now, it remains to show that if 1,2, 3, @4 satisfy (2.9), then the classical solution u satisfies
u € W4P(Q). At this end, we will make explicit the interpolation spaces that appear in (2.9). We
have

)

(D(Ao), X) 1, = (W20 (w) N WP (w), LF() )

1
2p°P

and from [13] (p. 683, proposizione 3 and p. 681, 1.10) and [26] (p. 317, Theorem 1), since 2—% >1
is never integer, we have

(W22 (), IPw)) |, = W27 (). (2.10)
1 d-1 d . d .
Setv:=2——-———=2——., Since p > > we have v > 0. From the Sobolev embedding theorem

p p p
(see [26], section 4.6.1, p. 327-328), we have:
W2 5P (w) — C().

Thus, the traces of the elements of the space described in (2.10) are well defined. From [12]
(Proposition 5.9, p. 334) and [26] (section 4.3.3, Theorem, p. 321), we deduce that

(D(AO),X)ﬁ,p = {w € W27%’p(w) 29 =0on &u} )

and

(D(Ag), X)14 1 {¢ € D(Ag) : Ayt € W2 5P(w) and A =0 on aw}

{1/1 € W2P(w) : Ay € WZ_%’p(w) and ¥ =AyY =0 on &u}.



Now, the classical solution u of

u®(z) + (240 — kD" (z) + (A2 — k Ag)u(x) = f(z), a.e. z € (a,b),

satisfies
u € WhP(a, b; LP(w))
x+—> Ao (z) € LP(a,b; LP(w))
x — A3u(x) € LP(a, b; LP (w)),
and
u(a,y) = ¢1(y), u(by) = ¢2(y), yeEw
Ayu(a,y) = @3(y), Ayulby) = paly), yew
u(z,¢) = Ayu(zr,¢) = 0, x € (a,b) and (¢ € dw.
Since

w e W2P(a,b; LP(w)) N LP(a, b; W22 (w) N W, P (w))
u(z,() =0, (€ ow
p1=pa=w3 =4 =0, on Jw,

we can apply on u(z, ), € (a,b), in virtue of the Sobolev extension theorem on R?~!, an extension
operator which maps continuously LP(w) into LP(R?~!) and W2 (w) into W2P(R?~!). Then, from
the Mihlin’s theorem (see [18]), we deduce that

u € WP((a,b) x w) = WHP(Q).
By reiterating the same arguments to the other regularities, we obtain that u € W4P(Q). O

Equation (1.3) can be studied with other boundary conditions taking into account the results
of Theorem 2.5. We can also obtain anisotropic results by considering f € LP(a,b; L9(w)) with
p,q € (1,400).

3 Proofs of preliminary results

First, we recall some classical trace results.
Remark 3.1.
1. Let T be a closed linear operator in X and k € N\ {0}. From [13] p. 677 and [16] p. 39, if

w € W™(a,b; X) N P (a, b; D(T")),

where n € N\ {0}, then for any j € N satisfying the Poulsen condition 0 < 1% +j <n and
¢ € {a,b}, we have

u9(c) € (D(TF), X) (3.1)

L+ Lp
Moreover, recall that, if we denote (X, D(T*))1_g, := (D(T*), X)g,p, where k € N\ {0} and

6 € (0,1) is such that kf ¢ N, from reiteration theorem (see [13, 16]), we have
(D(T*), X)op = (X, D(T*))1-0,p = (X, D(T))k—kop (3.2)
= (X, D) tk—1)+1-k0,p = (D(T), X) (k1) +£0,p-

which implies that
(D(T*), X)g,, € D(T*7H).

In particular, from (3.2), if k0 < 1, the previous inclusion is always satisfied.

2. Let u € W4P(a,b; X) N LP(a,b; D(A?)). Then, from (3.1), for any ¢ € {a,b}, we obtain

u(c) € (D(A%),X) 2

1p P’

u'(c) € (D(AQ),X)%+$7P and u”(c) € (D(AQ),X)%_ﬁ,p.
From (3.2), we deduce, for any ¢ € {a,b}

u(c) € (D(A),X)H_ﬁ}p, u'(c) € (D(A),X)l_s_%_%)p and u”(c) € (D(A), X)L ,. (3.3)
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3.1 Proof of Theorem 2.2
Let @1, 2, 03,04 € X be such that

P12 € (D(A), X))y 1 and 3,904 € (D(A)’X)%,p' (3.4)

5P
From (3.4), there exists (see [10], Theorem 5, p. 173) a unique classical solution

vg € WP (a,b; X) N LP (a,b; D(A)),

of
V(z)+ (A—-kDv(z) = f(z), a.e. x € (a,b)
v(a) = @3+ Apr (3.5)
v(b) = pat Apo.
Then, since @1, 2 € (D(A),X)H%,p C (D(A),X)%’p, there exists a unique classical solution
ug € WP (a,b; X) N LP (a,b; D (A)),
of
u'(z) + Au(z) = wo(x), a.e.z € (a,b)
u(a) = ¢1 (3.6)
u(d) = o

A simple computation shows that wug satisfies (1.4)-(BC1). It remains to show that ug has the
expected regularity. Let wo € W?2P (a,b; X) N LP (a,b; D(A)) be the unique classical solution of

w'(z) + Aw(z) = Avg(z), a.e.x € (a,b)
w(a) = Apy
w(b) = Aps.

Then A~1wy is a classical solution of (3.6

~

. So, by uniqueness of the solution, we obtain
up = A wy € LP (a,b;D(A2)) .
Moreover, from (3.6), we have
upy = vg — Aug = vg — wo € WP (a,b; X) N L (a,b; D(A)) .

Hence uy is a classical solution of (1.4)-(BC1). Uniqueness is straightforward since if u is a classical
solution of (1.4)-(BC1) then v := u” + Au is a classical solution of (3.5). By uniqueness, v = vg, so
u is a classical solution of (3.6) and again, by uniqueness, u = uy.

Conversely, if there exists a classical solution of (1.4)-(BC1), then (3.4) holds (see (3.3)).

The representation formula (2.5) of the classical solution Fg_ s of (1.4)-(BC1) is obtained in the
following manner. We notice that vy := Fyg , + AFg y is the classical solution of (3.5), and then vo
is given by (2.6) (see [10], p. 169-170). Then, since Fg s is the classical solution of (3.6), we use
again [10] to obtain (2.5).

3.2 Proof of Proposition 2.3 (Representation formula)

Let u be a classical solution of (1.4). By Theorem 2.2, we can consider the classical solution Fy ¢
of (1.4)-(BC1); i.e. which satisfies

Fo,p(a) = Fo,5(b) = Fy ;(a) = Fy ((b) = 0. (3.7)
We set upom = u — Fy 5. Then, upom is a classical solution of
uff,)m(x) + (24 — kDul . (2) + (A% — kA)upom(x) =0, a.e. x € (a,b).
It implies that
uft) (@) = (L2 + M2)ufl o, () — L2 M upom(z), a.e. z € (a,b). (3.8)

So it remains to show the existence of K; € X, for i = 1,2, 3,4 such that

Upom () = ele=aMpe y gb=)M pe | o(@—a)lpe. | e(b*I)LK4, a.e. x € (a,b). (3.9)



Since u and Fy ¢ are classical solutions of (1.4), upom is also a classical solution, so

Unom € WP (a,b; X) N LP (a,b; D(M*))  and  uj,,, € LP (a,b; D(M?)).

hom

Thus, for almost every = € (a, b), we can set

{ v(x) = kT L2upom(z) — k1), () € L? (a,b; D(M?)) (3.10)
w(z) = —k'Mupom(z) + k7 ), (x) € LP(a,b;D(L?)). '
From (2.3), we obtain

v(x) +w(z) = kL2 = M) upom () = Unom (), a.e. x € (a,b). (3.11)

Moreover, from (3.8), for almost every = € (a,b), we deduce that

L~2"(z) = k', (x) — k'L (@)
= kilul};om(x) — kL2 ((L2 + MQ)“Zom(I) - L2M2uhom(x))
= M?L2%v(z),

and in the same way
M 2w"(z) = =k, () + k*1M72u§L40)m(:r) = LM %w(x).
Thus, v and w are, respectively, solutions of

v (z) — M?v(z) =0 and w’(z) — LPw(x) =0, a.e. x € (a,b).

The previous functional equalities are set in LP(a, b; X) and make sense due to (3.8). By using the
results in [10], we obtain

v(z) = e@IME, 4 O—2)M [, and w(z) = e VK, 4+ eILE, gz e (a,b). (3.12)

Then, from (3.11) and (3.12), we deduce (3.9).

4 Proof of Theorem 2.4

The proof is essentially based on analytic semigroups results (see [17]) and interpolation spaces
(see, for instance, [7] p. 381-386 and [26], Theorem p. 96) and on a corollary of the well-known
Dore-Venni theorem in [8]. We recall below these results as lemmas for the reader convenience.

Lemma 4.1 ([7, 26]). Let v € X and T be a generator of an analytic semigroup in X. Then, for
any n € N\ {0}, the two next properties are equivalent:

1.z Tre®= 9Ty € LP(a,b; X),

2. e (D), X) 1,

Remark 4.2. Under the assumptions of Lemma 4.1, from (3.2) it follows that, for any n € N\ {0},
the two next properties are equivalent:

Lz @7 € WP(a,b; X) N LP (a,b; D(T™)),
2. ¢ € (D(T),X)

n—H—%,P'

Lemma 4.3 (see [8]). Let =T € BIP(X,0) with 6 € (0,7/2), and g € LP(a,b; X). Then, for
almost every x € (a,b), we have

T b
/ @) g(s)ds € D(T) and / e~ g(s) ds € D(T).

Moreover,

T b
T T/ e@=Tg(s)ds € LP(a,b; X) and T T/ e=7Tg(s)ds € LP(a,b; X).
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Remark 4.4. The assumption that X is a UMD space is not necessary in Lemma 4.1, but is
essential in Lemma 4.3.

Now, we state the proof of Theorem 2.4.
1. Let ¢» € X. Recall that

Vaz>a, uw(m) = (e(x—a)L _ e(a:—a)M) .

Since, for T := L or M, (e*T),>0 is an analytic semigroup, we have (see, for instance, [17],
Proposition 2.1.1, p. 35)

z eIy e ¢ ((a,b]; X) N C°([a, b]; X), (4.1)
and for any x > a,
"=y € D(L®) = D(M™)  and "My e D(M™), (4.2)
where
D(M*) = D(L®) := (| D(M*) = (| D(L*). (4.3)
k>0 k>0

From (4.1) and (4.2), we deduce
Vo>a, uy€C®((a,b;X)NC"([a,b];X) and u(x) € D(M™).
Then, we obtain

!

Va>a, uy(z)

(Le(:cfa)L _ Me(mfa)M> ¥
= M (@)L — @MY 4 (L~ M) elea)ly,

and from (2.4), we deduce

Va>a, wuy(r)=Muy(x)+k(L+ M)t el@=a)ly,
Thus, uy € C* ((a,b]; X) N CY ([a,b]; X) is a solution of the Cauchy problem

W(z) = Mu(z)+k(L+M) " e@ DLy qe ze (a,b]
{ u(a) = 0.
Hence, (see [21], Corollary 2.2 p. 106), u is given by the variation of constant formula:
Ve (ab), uy(x) = /91 e@=IM (L 4+ M)t eIy ds

N (4.4)
= k(L+M)"' M {M/ e@= M g(s=a)ly, g | |

Since
s — "Iy e O ([a,b); X) C LP (a,b; X)),

from Lemma 4.3, we have
Gop 1 T —> M/ elT=IMe(s=a)Ly, ds € I[P (a,b; X) .
Then, since M2(L + M)~'M~! € £(X), we deduce that
x— M?uy(z) = kM*(L+ M)"'M ' gy(x) € L? (a,b; X) .
We also have uy, € WP (a,b; X) because uy, € C* ((a,b]; X) N C° ([a,b]; X) and

W) (-) = Muy() + k (L+ M) et~y € P (a,b; X).

10



Furthermore,
@ — Muly(x) = MPuy(z) + k M(L+ M) e Dty € IP (a,b; X) .
so uy, € LP (a,b; D(M)). For a.e. z € (a,b], since ey € D(M?), from (2.3) we obtain
UZJ(.T) — (L2e(;c—a)L _ M2e(:c—a)M) w
= M? (e(z—a)L _ e(w—a)M) w + (L2 _ MQ) e(w—a)Lw (45)
= M2uy(z) + kel DIy,

Thus “Z; € L? (a,b; X), hence uy, € W2P (a,b; X).

2. First step. Assume that ¢ € (D(M),X)
equality (4.4), for a.e. x € (a,b), yields

We set ¢ = My € (D(M),X).

. Thus
5P ’

14+2L,p

Muy(z)

x
kM(L+M)_1M2M_1 |:M/ e(I—S)Me(S—(I)LSDdS:|

kM(L+ M) '*ML™? [M/ e@=IM e(s—a)L, ds} .
Since ¢ = M1 € (D(M), X)1 ,, from Lemma 4.1, we have

s— Le® Yy e LP (a,b; X).

Then, from Lemma 4.3, we deduce
T —> M/ e@=IMe(s=a)L, s e LP (a,b; X).

Hence, from (4.6) and the fact that M (L + M) *ML~! € £(X), we obtain
x— M*tuy(z) = M3u, € LP (a,b; X) . (4.7)

It follows
uy € L (a,b; D(M*))  and u, € LP (a,b; D(M?)). (4.8)

Moreover, from (4.5) and (2.4), for > a, we have

ui/’)’ (x)

M?u(z) + k Le(*=" Ly

= M2 (Lee—0T — Mela—aM) g 4 | Le(e—a)ly

= M3 (0L — =aM) g 4 ML — M)e@=DLep 4 k Le(@—)Ly)

= M3uy(x) +kM*(L+ M) ey 4 | Le(®=a)Lyq)

= M3uy(z)+k(M*(L+ M)t + L) el@=0Ly

= M?u,(z) +k(M*(L+ M)t + L) M~ telz=a)Ly,
Since (M2(L+ M)~' 4+ L) M~ € L(X), from (4.8) and (4.1), we deduce

uy € LP (a,0; X). (4.9)
Furthermore, for x > a, we have
uP(2) = M*ul(x)+k (ML + M) + L) M~ Le@= 9Ty

= M3ugy(x) +kM?*(L+ M) el 4k (M*(L+ M)~ + L) M~ Le*=*E¢p
= Muy(z)+k(M*(L+M)"'L~ + M*(L+ M) 'M~'+ LM~1) Le(*=9) kg,

From Lemma 4.1, since ¢ = My € (D(M), X)1 , = (D(L), X)1 ,, we obtain
P’ P’

z— Le®~ Dy e [P(a,b; X).
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Then, since M2(L + M) L=t + M?(L+ M)"*M~'+ LM~ € £(X) and from (4.8), we deduce
4
u1(b) € LP(a,b; X). (4.10)
From statement 1. (see above), (4.8), (4.9) and (4.10), we deduce the result.

Second step. Assume that w, € W4 (a,b; X) N LP (a,b; D(M*)). From (3.1), with k = n = 4 and
Jj =2, we have uy(a) € (D(M4)7X)ﬁ+%,p, then from (3.2), we deduce uy(a) € (D(M), X)
From (4.5), for > a, we have

1+4.p°

M2 (2) = uy(z) + k M2l ey,
Passing to the limit when z tends to a, we obtain uj,(a) = kv and thus
¢ = k_luiz/}(a) S (D(M)7X)1+%’p.
Finally, since uy(z) = M~ tu,(x), from (4.5), we obtain
Va>a, Muj(z)=Muy(z)+ kML 'Le*=0Lep,

Applying Lemma 4.1 with ¢ := M1y € (D(M),X)%yp, the fact that ML~ € £(X) and (4.8), the
previous equality yields u, € LP(a, b; D(M?)).

5 Proof of Theorem 2.5

Note that from Remark 3.1, in Theorem 2.5, we only have to prove the reverse implications. For
each kind of boundary conditions, the proof of Theorem 2.5 is divided in two steps. First, from the
representation formula obtained in section 2.3, we show uniqueness of a classical solution. Then,
we state the existence of this solution. At this end, we establish the following technical result.

Lemma 5.1. Let V € L(X) such that I +V is invertible in L(X). Then, there exists W € L(X)
such that

I+V) 't =1-W,
and W(X) C V(X). Moreover, if T is a linear operator in X such that V(X) C D(T) and for any
Y e D(T), TVy =VTy, then

Vi€ D(T), WTyp =TWi.
Proof. We set
W = V(I +V) "' eL(X).
Then, obviously (I +V)~! =1 —W and W(X) C V(X) C D(T). Moreover, for ¢ € D(T)

I+ VYWTo =VT =TV =T + V)W = (I + V)TW,
thus WTy = TW. O

5.1 Proof of statement 1. (Boundary conditions (BC2))
Assume (H;) ~ (Hy) and

P1, P2 € (D(A)7X>l+%+ﬁ,p and P3, P4 € (D(A)7X)ﬁ7p (51)

First we prove the uniqueness of the solution of (1.4)-(BC2) by determining the constants K,
i =1,2,3,4, of the representation formula (2.7). Then, we show that the formula obtained consti-
tutes a classical solution.

First step: Uniqueness.
If u is a classical solution of (1.4)-(BC2), then from Proposition 2.3, u satisfies (2.7). In order
to obtain a simplified model, we set

Ky - Ky K3 — Ky

N K+ K
2 ) 2 - 2 ) -

Ks+ Ky
o3 5 ==

and oy : 5

o (5.2)
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Then for a.e. x € (a,b), u is given by

u(z) = (e(x—a)M _ e(b—x)M) a1 + (e(ac—a)L _ e(b—x)L) s + (e(x—a)M +e(b—x)M) s

I (e(xfa)L 4 e(bfz)L> s+ Fos(@).

(5.3)

Since Fy s satisfies (3.7), the boundary conditions (BC2) applied to M ~2u(z) for a.e. z € (a,b),

imply the following relations

<I+e(b7a)M) ‘]\4710[1 +

+ (=@M My 4 (1Y) LM ey = M7 (o1 - By 4a). o
(=M 4 r) Moy 4 (e7OE 1) LMy

b (N ) sy« (D) Iy = (e r ), )

(1= =LY (L2 = M) M—20p + (T+e=0) (2 - M) M0y = M7%p5, (5

(e<b—a>L _ z) (L% = M?) M~y + (e(b_“)L + I) (L= M*) M~%ay = M 2p. (5.7)

Note that we have considered M ~2u(x) for a.e. € (a,b), because we do not know if a; € D(M),
i =1,2,3,4. Using (2.3) and summing (5.4) with (5.5) and (5.6) with (5.7), we obtain the abstract

system

This leads to the system

where

o1+ 2 — Fy ((a) — Fy (D)
2

P = and @y :

= M7 (p1— F} 4(a))
= M2 (901+<P2 *Fé,f(a) *Fé,f(b))
= M%p;

= M7 (p3+ ¢4).

M (I — e“’*“)M) M 25 + L (1 — e<b*“>L) M2a, = M %3
M (I + e<b—a>M) M~20; + L (I + e<b—a>L) M0y = M7%@
k (I o e(bfa)L) as = ©3 g P4
k (I+ e(b—a)L) oy = ©3 + ¢4
2 b

1 — 2 — Iy 4(a) + Fy 4(b)
2

: (5.8)

If T is the generator of a bounded analytic semigroup with 0 € p(T'), then, from [21], p. 70, for

any n € N, we have:

36>0,dM>1 :

en(b—a)TH

13
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Therefore, there exists ng € N\ {0} such that ||e”0(b’“)T||L(X) <1 So0e€p (I + (e(b*“)T)no)

which implies that 0 € p <I + e(b*“)T) Then, for T := L or M, we deduce
-1
(I n e“’*“)M) (M’lgbl — LM (I n e(b*“ﬂ) aQ)
ay = k! ( I e(bw)L)*l 3~ Pa
2
-1
(I o e(b—a)M) (M—1¢2 o LM—l (I o e(b—a)L) CK4>

= k! (He(bfa)L)‘l <903;<P4> ,

aq

(5.10)

as

It follows that w is uniquely determined by (5.3), (5.8) and (5.10).

Second step: Existence.
Consider this uniquely determined u and set

Kl = K1+ K3 = a1 t+as+ag+ay and Ky = Ko+ Ky = ag+ a4 — a1 — as,

thus, for any x € (a, b),
w(z) = eEOME LM, | (e(z—a)L _ e(m—a)M) s
(5.11)
+ (e(bfw)L _ e(bfa:)]\/l) K+ Foy(a).

Then, from Remark 4.2 and Theorem 2.4, it suffices to show that K, Ky € (D(M), X)3z41, and
K3, Ky € (D(M),X);;1,. From Lemma 5.1, for T":= L or M, we have

-1
(1 + e2<b*a>T) — I+ Ry, whereRy(X)C D(M®) and R.T =TR,.

Hence, from (5.10), there exists R; € D(M®), i = 1,2, 3,4, such that

1 _ _
o= 5 M~ (2¢1 — k™' L(ps — 1)) + R1
ay = k*@ + R,
1 - _
as = 5 M~ (2¢2 — k™ "L(ps + ¢4)) + R
ay = k71¢3;¢4 +R4
From (5.2) and (5.8), we obtain
Ki = M7 (p1—Fj(a)) —k'"LM o3+ Ry
Ky = —M7'(p2—F) ;b)) =k 'LM ‘s + Ry
Ky = k'gs+Rs
Ky = k7 's+ Ry,

where R; € D(M®),i=1,2,3,4. From (3.2), we have
(D(A)vx)l—i-%-&-%,p = (D(M2>7X)1+%+ﬁ,p = (D(M)vX)Q-i-%,gﬂ (512)

and

(D(A),X) ;. , = (X, D(M)) (5.13)

14+1-2.p

= (D(M). X)y, s,
Since Fy (a) € (D(A), X)y1414 1 ,, from (2.4), (5.1), (5.12) and (5.13), we have

Ky = M7 (p1—F)s(a)+ k(I = LM )5+ Ry + Rs
= M 7' (o1 —F () —(L+M)"'M o5+ R +Rs € (D(M), X)341 5,
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and, in the same way, Ko € (D(M), X)341 ,- Moreover,
Ks=k"'p3 + Ry € (D(M), X)11, and Ki=k 'os+Ri€ (D(M),X)1 1,

which gives the result.

5.2 Proof of statement 2. (Boundary conditions (BC3))

In all the sequel, we assume (Hy) ~ (Hj). For statements 1. and 2., the representation formula

is easily obtained by taking into account the boundary conditions. But for statement 3. (and also

statement 4.), to build the representation, we need the invertibility of some determinant operators.
More precisely, we have to prove that U and V given by

U = J—eb—a)(L+M) _ kYL + M)2 (e(b—a)M _ e(b—a)L)
(5.14)

3

Vo= I eOmOTHM) 4 p=l( 4 )2 (e(bfa)M _ 6(b7a)L)

are invertible with bounded inverse. This will be a consequence of a functional calculus result.
To state this result, we need some notations and technical lemmas. For § € (0,7), we denote by
H(Sp) the space of holomorphic functions on Sy (defined by (2.1)) with values in C. Moreover, we
consider the following subspace of H(Sp):

Exo(Se) = {f € H(Sy) : f =0(|2]"*) (]2| = +o0) for some s >0} .

In other words, £, (Sp) is the space of polynomial decreasing holomorphic functions at co. Let T
be an invertible sectorial operator of angle 0y € (0,7). If f € £ (Sy), with 6 € (0, 7), then we
can define, by functional calculus, f(T) € L(X) (see [14], p. 45).

Set, for z € C

fe(z) = 1— e—c(WVz+Vztk) _ k_l(ﬁ-‘r /7 + ]{3)2 (e—c\/E _ e—c\/z—&-k) ’

and
ge(z) = 1= e VIV LI ( o g VTR (e - eV

where ¢ := b —a > 0. Note that, we can write formally U = fi(—A) and V = gx(—A).
Lemma 5.2. For any k > 0, fi and g do not vanish in RT \ {0}.

1 -7
Proof. First, we consider for 7 > 0, o(7) := 17 1 + e_ , then ¢ is a strictly increasing function on
—e 7
R*\ {0} since
h(r) —
Sy =2 SO =T

Let > 0. Since fx(z) < gg(z), it suffices to show that fi(z) > 0. Set s := cy/z and ¢ := cV/x + k,
then 0 < s <t and

fk(x) = 1—e (510 _ g (e—s _ e—t)
Tt i s {(t —5) (1 B ei(SH)) —(t+s) (678 - eft)}
1

= s [t(1—e®)(14+e ") —s(l—e")(1+e?)]

(1—e"%)(1—e™Y)

- L (- ) >0,

which leads to the result. O

Lemma 5.3. Let P be a sectorial invertible operator in X of angle 0, for all 6 € (0,7). Let
f € H(Sy), for some 6 € (0,7), be such that

(1) 1—f € &x(S),
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(it) f#0 onRT\ {0}.
Then, f(P) € L(X), is invertible with bounded inverse.

1
Proof. Since we have — =1+ h, where h := f, it suffices to show that h € £, (Sy,), for some

0o € (0,7), to obtain the result. Indeed, since o(P) C Sp,, from [14], pp. 28 and 45, in this case

we can set: 1
?(P) = I+ h(P) € L(X),

and the invertibility of f(P) is obtained by writing

(P)f(P) = (1 x f) (P)=1(P) =1,

1
f f

and similarly, f(P)%(P) =1

From (i), there exists R > 0 such that, for all z € Sp with |z| > R, we have |1 — f(z)| < 1/2.
Then f(z) is never equal to 0 if z € Sy and |z| > R, so

heH(Sm (C\m)). (5.15)

Let 6, € (0,0). In the compact set Sy, N B(0, R), the holomorphic function f has only a finite
number of zeros, which from (é¢), are not in (0, R]. So there exists 6y € (0,6;) such that f # 0 in

Sg, NB(0,R). Thus h € H (590 N B(O,R)) and from (5.15), we deduce h € H (Sg,).

Since 1 — f € Ex(Sy,), there exists Ry > 0 such that, if z € Sp, and |z| > Ry, then
[1— f| < Clz|7* where a > 0, C' > 0.

Moreover, since for all z € Sp, with |z| > max(R, Ry) we have |1 — f(z)| < 1/2, we deduce that
|f(2)] > 1/2. So, for all z € Sy, with |z| > max(R, Ry) we obtain |h(z)| < 2C|z|~“. It follows that
h e 500(590). O

Proposition 5.4. U and V, defined by (5.14), are invertible with bounded inverse.

Proof. We first consider the case k > 0. Due to (Hs), P := —A satisfies the assumptions of
Lemma 5.3. Moreover, it is clear that for a given 6 € (0,7), fr € H(Sp) and 1 — fi, € Exo(50)-
Furthermore, from Lemma 5.2, fj does not vanish on RT \ {0}. So applying Lemma 5.3, we get
that U = fi(—A) is invertible. The invertibility of V' = gi(—A) is obtained in the same way.
Now, assume that & < 0. The linear operator —A+k I is a sectorial operator from Remark 2.1 5.
and as in the first case, setting [ :== —k > 0, we deduce that U = fj(—A+kI)and V = g(—A+k )
are invertible with bounded inverse. O

Now, we prove Theorem 2.5 for the boundary conditions (BC3). The proof is divided in two
steps. First we prove the uniqueness of the solution of (1.4)-(BC3) by determining the constants
K;, i =1,2,3,4, of the representation formula (2.7). Then, we show that the formula obtained is
a classical solution.

First step: Uniqueness.
Assume that

P1,p2 € (D(A)7X)1+%,p and 3,904 € (D(A)aX)H%JFﬁ,p- (5.16)

If w is a classical solution of (1.4)-(BC3) then, as in section 5.1, u satisfies (5.3). Since Fy ¢ satisfies
(3.7), we apply the boundary conditions (BC3) to M ~1u(-) and obtain, by similar arguments as in
section 5.1, the two following systems

([_ e(bfa)M> M71a1 4 (I— e(bfa)L) M71a2 — Mfl (@1 ; @2)
(5.17)

M (I n e(b*‘I)M) M~ta; + L (J n e“’*a)L) M~ tay = M7 '@,
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and

(14 M) Moy + (TP ) My = M7 (‘%’1;@2)
(5.18)
M ([_e(b—a)M) M 'as+ L (I— e(b—a)L) Moy = M '@,
where
+ - F, a) — F/ b _ _ F/ a) + F, b
31 = 03 + P4 o,2f( ) — Fy £ (0) and Gy = P3 — P4 0,2f( )+ Fp 4 ( ). (5.19)

Then, the unique determination of the constants ay, i = 1,2,3,4, is equivalent to show that the
matrices Ay and Ay of the systems (5.17) and (5.18) have an invertible determinant. From (2.4),
we have

_ e(bfa)M)Mfl (I _ e(bfa)L)Mfl

_ (1
det(A;) = ’M([+e(b—a)zvf)M—1 L(I + -0 L) -1

= (1= YL 4 P OE) = M1 4 M (] - k) ) pp2
_ (L — M — (L — M)et=@CH+M) _ ([ 4 pp)(eb-aM _ e(b—a)L)) M2
= kM *(L+M)"'U,

and in the same way

(I+ e(b—a)M)M—l (I+€(b_a)L)M_1
M(I — e(b—a)M)M—l L(I - e(b—a)L)M—l
= kM 72(L+ M)V,

det(Ag)

where U and V' are given by (5.14). Since U and V are invertible with bounded inverse (see
Proposition 5.4), from (5.17) and (5.18), we deduce

a = i(L + MU [L(I + e (o1 — o) — 2(I - e<b—a>L)¢1}
ay = —%(L + MU [M(I +eb=OM) (o) py) — 2(I — e<b-a>M)¢1} 50
as; = i(L +MV! [L(I e YR G e<b*a>L)¢2} '
a = —i(L + MV [MT = M) (1 4 53) = 2T + €O, ]
Note that, since Fy € W*P(a,b; X) N LP(a,b; D(M?)), from Remark 3.1 we have
Fygla) € (D(M?),X)1 110, and Fjp(b) € (D(M?), X)1 1141 (5.21)

This combined with (5.16) implies that Fy ;(a), Fp ((b), @i € D(M?), i = 1,2,3,4. Thus all the
previous equalities are well defined. This shows that the classical solution of (1.4)-(BC3) is char-
acterized by (5.3), (5.19) and (5.20).

Second step: Existence.
It suffices to prove that u, determined in the first step, is a classical solution of (1.4)-(BC3).
From Lemma 5.1, we have

U'=I+Ry and V '=I+Ry.
Set T := L or M. Then, from (4.2), since Te®” = e*TT on D(T), for any z > 0, Lemma 5.1 implies

RU(X),R\/(X)CD(MOO), RyT =TRy and RyT =TRy.
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This combined with (4.2) implies that there exist R; € D(M*°), i = 1,2, 3,4, such that

@ = (Lt M) [Lips =) — 251] + By
0z = = (L M) Mlg1 —g2) — 251] + By
as = %(L+M)[L(<P1+<P2)—2@2]+R3
Qg = —i(L—kM)[M(gal+<,02)—2¢2]+R4.

2k
Then, from (5.2) and (5.19), we obtain

. N
Ky = 2(L+M)[Ler— s+ Fyp(a)] + B

: N
Ky = +(L+M)[Lgs+ o1 — F 4 (b)] + Rs

1 (5.22)
K; = _%(L+M)[M¢1—<P3+F6,f(a)]+R2

X B
Ki = —3(L+M)[Mpz+ s~ Fyp(b)] + R,

with R; € D(M®), i =1,2,3,4. We set
K, = K, + K, and Ky = K, + Ky,
thus, from (5.11), for any z € (a,b),
u(@) = @ OM 4 (=M, | (e(x—a)L _ e(w—a)M) Ks + (e(b—x)L — e(b—x)M> Ky + Fy f(z).

From (3.2), we have

(D(A), X) = (D(M), X)34.1 - (5.23)

1+55.p

Hence, since o1, p2 € (D(A), X) , from (2.3), we have

I455.p
K=K +K;= %(L +M)(L—M)p1 +Ri+R3=¢1 + R +Rs € (D(M), X)3,1
and, in the same way,
Ky =Ky + Ky = o+ Ro+ Ra € (D(M), X)3,1 .
Then, from Lemma 4.1 and Remark 4.2, we obtain that
upg s eTTOME 4 OmnIM g

satisfies
un € WHP(a,b; X) N LP (a,b; D(A?)) and  ufy; € LP (a,b; D(A)). (5.24)

Thus, from (5.21), (5.16) and (5.23), M1, @3, I f(a) € (D(M),X)H%’p. From (5.22), we deduce
Ks € (D(M)7X)1+%,p'
So, from Theorem 2.4, we obtain that vg, : z — (e(x_“)L — e(’”—a)M) K3 satisfies
vi, € WP(a,b; X) N LP (a,b; D(A?)) and Vi, € LP (a,b; D(A)). (5.25)
By the same arguments, vg, : ¢ — (e(c”_“)L - e(””_“)M) K, satisfies
v, € WHP(a,b; X) N LP (a,b; D(A?)) and vk, € LP (a,b; D(A)). (5.26)

Since Fy, s is a classical solution of (1.4), from (5.24), (5.25) and (5.26), we deduce that u is a
classical solution of (1.4)-(BC3).
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5.3 Proof of statement 3. (Boundary conditions (BC4))

We proceed as in the proof of the previous statement. We only point out the differences between
the two proofs.

First step: Uniqueness.
Assume that

o192 € (D(A), X) 41,0, and 5,00 € (D(A), X),

550"

(5.27)

If u is a classical solution of (1.4)-(BC4), then u is given by (5.3). Since Fy ; satisfies (3.7), the
boundary conditions (BC4) applied to M ~'u'(a), M~/ (b), M ~2u" (a), M ~2u”(b) and the same
computations as in the proof of subsection 5.1 lead to the two second order systems

<I + e(b_a)M) o+ LM (I + e(b_a)L) ay = M713
([ — e(b—a)M) oy + L2M 2 <I _ e(b—a)L) ay = ay-2P3 =P (5.28)
2 b
and
(I _ e(b—a)M) as + LM*I (I o e(bfa)L) ay = M71¢2
(5.29)
(I+6(bfa)M) s + L2M 2 <I+ 6(lyﬂz)L) o = M- 23 + ¥4
2 )
where
+ - F/ a) — F/ b _ _ F/ a) + F/ b
pom EETRIOR L amet BOCRG

Let A1 and Ay be their corresponding matrices. From (2.4), we have

I+ eb=aM  [A[=1 (] + e(b-o)T)
det(A1) = ‘ [— =@M [2pf=2(] b0
— LQM—Q(I _ e(b—a)L)(I + e(b—a)M) _ LM—I(I + e(b—a)L)(I _ e(b—a)M)
= KLM*V(L+ M) !
and
J— e(b—a)M LM—l(I _ e(b—a)L)
det(Ag) =
I+ e(bfa)JVI LQM—2(I + e(b—a)L)

_ L2M72(I o 6(b7a)]\/1)(] + e(bfa)L) o LM*I(I o e(bfa)L)(I + e(bfa)M)
= kLM *(L+M)"'U,

where U and V are given by (5.14). Since U and V are invertible in £(X) (see Proposition 5.4),
from (5.28) and (5.29), we deduce

o = ;k (L+ MV [2(1 = OO LM Gy = (T + e )M (5 — )|

- _% (L+ M)V [2 =M 15, (I+e(b_“)M)L_1(<P3—<P4)} (5.31)
a; = Qk: L4 21+ ") LM Gp = (1= O (05 + )| |
ay = _ﬂ (L + MU [2 (I + - )ML‘lséz—(I—e(b‘“)M)L‘l(werm)}~

Then, from (5.2) and (5.31) we obtain the uniqueness of the solution of (1.4)-(BC4).

Second step: Existence.
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_ Let u, determined in the first step, then u is also given by (5.11). Then, it suffices to show that

Ky, Ky € (D(M),X)3,1, and K3, K4 € (D(M), X);,1 ,. By the same arguments as in the proof
p’ P’

of subsection 5.2, there exist R; € D(M®°), i = 1,2, 3,4, such that

a; = % (L+M)[2LM 31 — M~ (p3 — pa4)] + 1
ay = —i (L+M)[2ML "3y — L™ (3 — @4)] + Ro
as = o (L+ M) LM 60— M~ (s + o)) + R
ay = —i (L+M)[2ML '35 — L™ (3 + ¢4)] + Ru.

Then, from (5.2) and (5.30), we obtain

1 )
Ky = L(L+M) [LM ™ (o1 — Fy (a)) — M~ 3] + Ry

1 i
Ky = 2 (L+M)[LM ™ (=ps+ Fy (b)) = M~ pa] + R

: (5.32)
Ky = —2(L+M)[ML (1 = Fj p(a)) = L™ ps] + R

X _
Ky = = (L+M)[ML™ (~pa+ Fj () = L™"a] + R,

with R; € D(M®),i = 1,2,3,4. Then, combining (5.12) and (5.13), since ¢, Fy ¢(a) € (D(A), X)
and 3 € (D(A),X)zg’p, from (2.3), we have

I+4+55.p

- 1 - -
K, =K +Ks= E(L + M) [(LM~" = ML ") (p1 — Fy s(a)) + (L7 = M~ ")ps] + Ry + Ry

_1
Tk
= (L+ MM L™ (1 — F} y(@) = M7 L7 0y + By + Ry € (D(M), X)g, 1.,

(L+ M) [(L* = M*)M 'L (¢1 — F} s(a)) — (L — M)M L™ 3] + Ry + Ro

and, in the same way,
Ko =Ky + Ky = (L+M)M'L7 (Fy ¢(b) = ¢2) = M 'L s + Ry + Ry € (D(M), X)341 -
Moreover, since (L + M)p1, (L + M)Fj (a), p3 € (D(M), X)op 1, from (5.32), we deduce

K3 € (D(M), X)141

p?

and, in the same way, Ky € (D(M), X);,1 ,, which leads to the result.
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