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Introduction

Aim of modeling (E. Walter and L. Pronzato, Identification of parametric models from
experimental data, 1997):

@ estimating quantities for which no sensor is available from indirect measurements

@ testing hypotheses (in pharmacokinetic)
@ Method for doing fault diagnosis (system of neural network)
@ Teaching (simulators of aircrafts,...), predicting short-term behaviour....

Given a system (mechanical, biological...), the modeling depends on the aim of the
modeler.

Any model depends on some parameters to be estimated!
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Introduction

Given a sysfem or a process, some quantities interact:

System

@ We act on the system by means of some quantities which are more or less under
control: input vector u

@ Some characteristic quantities of the system are observed: output vector y

@ The system (or the measurements taken from the system) endures the action of
some quantities that are not under control and/or more or less unknown:
perturbations or noises vector b.

@ Some quantities of the system can not be directly measured (denoted x).



Introduction

Assume that the process can be modeled by
G(x,u,p) =y
@ x state variables
@ p parameter vector
@ uinput vector
@ y output vector.

G defines a rule of calculus which, from quantities a priori known or measured form the
system permits o estimate quantities that interest us.

v choice of G = characterization of the system

v G = parametric model

Several models can be considered and are not all equivalent (linear or not linear model),
continuous or discrete, deterministic or stochastic....
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Introduction

Assume that the process can be modeled by
G(x,u,p) =y
@ x state variables
@ p parameter vector
@ uinput vector
@ y output vector.
Two problems can be considered:
v The forward problem: given p, u, find x and .

v The inverse problem or identification problem: given y and u, estimate p.
A property of lots of inverse problems: ill-posedness.

Definition
A problem is said well-posed in the sense of Hadamard if it satisfies the following
properties:

0 Existence: For all (suitable) data, there exists a solution of the problem (in an
appropriate sense)

9 Unicity : for all available data, the solution is unique

e Stability : the solution depends continuously of the data.

Example: The differentiation and integration

Godl of the lesson: Propose a method based on algebra tools to study inverse problems
on systems of nonlinear differential equations.



Identifiability Models

NN

%(,p) = F(x(+, p), u(), p),
r { V(t.0) = h(x(*, ), P). Q)

x(t, p) € R™: state variables af time 1,

y(t, p) € R™: output vector at fime t,

u(t) € R": input vector at time t,

f, h: real functions, analytic on M (an open set of R"),

p € Up: vector of parameters, Up C RP: an a priori known set of admissible
parameters.



Identifiability Models

re { )-((f ): ( (T,p),u(f),,o), m
y(t,p) = h(x(t, p), P).
v x(t,p) € R™: state variables at time f,
v y(t,p) € R™ output vector at time f,
v u(t) € R": input vector atf time 1,
v f, h: real functions, analytic on M (an open set of R™),
v p € Up: vector of parameters, Up C RP: an a priori known set of admissible
parameters.
Question

From measurements of the output(s) of the system, is it possible to estimate uniquely the
parameter vector p?
If the answer is YES, then the model is said identifiable.

Tools
v~ Similarity method (S. Vajda),
v Method of invariants (M. Petitot),

v Input-output method based on the Rosenfeld-Groebner algorithm (implemented
in Maple by F. Boulier, CRIStAL) and based on differential algebra approach
(Kolchin and al., 1973)




Identifiability Example in Neurosciences

NN NENENEN

Microscopic worm Caenorhabditis elegans (= 1mm de long) has .... neurons
The insects have approximatively ..... of neurons

Modern man has ........ of neurons in its best form

Every day we loose approximatively ..... neurons, which is the equivalent of ......
At 80 years old, the brainis only ..... percent of what it was around 20 years
Nerve information passes from neurons to neurons, up o ......
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Microscopic worm Caenorhabditis elegans (= 1mm de long) has 302 neurons
The insects have approximatively one million of neurons
Modern man has 86 billion of neurons in its best form
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millions by year (=~ 1 by sec)

At 80 years old, the brainis only ..... percent of what it was around 20 years
Nerve information passes from neurons to neurons, up fo ......
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Identifiability Example in Neurosciences

Microscopic worm Caenorhabditis elegans (= 1mm de long) has 302 neurons
The insects have approximatively one million of neurons
Modern man has 86 billion of neurons in its best form

Every day we loose approximatively 85.000 neurons, which is the equivalent of 31
millions by year (=~ 1 by sec)

v At 80 years old, the brain is only 70 percent of what it was around 20 years
v~ Nerve information passes from neurons to neurons, up to 120 m /s, ie 430 km / h.

NN

A neuron is a nerve cell, that is an electrically excitable cell that receives, processes,
and transmits information through electrical and chemical signals.
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Membrane

A lipid membrane

A membrane is composed of a lipid bilayer which separates the intracellular milieu and
the extracellular milieu.

The main ions in a neuron are:
@ Sodium (Na™)
@ Potassium (K1)
@ Calcium (Ca?+)
@ Chlorure (CI—)



Identifiability Example in Neurosciences

lons are unequally distributed

y/ % on both sides of the membrane

There exist channels, specific for

Extracellular
each ion through which the ions cross

+ + + + +

the membrane.

Channels can be:
@ @ Intracellular v open or close
v/ active orinactive.

+ + + + +

@ However there is electroneutrality!
Extracellular



Identifiability Example in Neurosciences

o
N ° = o g ° Outside

Membrane
potential
60 mV

Some mechanisms permit to regulate ionic concentrations and to maintain them con-
stant. Two types of fransport:

v passive transport:

@ concenfration gradient: ions go from the most concentrated milieu to the
least concentrated milieu
extracellular — intracellular: CI—, Nat , Ca?+
intracellular — extracellular: K+

@ electrical gradient: the membrane is electrically charged: negatively inside,
positively outside
extracellular — intracellular: K+, Na+ and Ca?*+
infracellular — extracellular: CI—

v active transport (NA/K pomp) requiring energy.



Identifiability Example in Neurosciences

Qutsicle:

Membrane

polential
Bl my
Insidde
Potential differences:
v the potential difference of the membrane:
Vm = \// - Ve
~~ ~—
intracellular potential  extracellular potential
v the potential difference due to the passage of an ion:
Vim — Eion
~~
equilibrium potential of an ion
The current due to the passage of an ion in a channel:
Vm — Eion = r X l; & lion = G Vm — Eion)-
m on on on ( m IOﬂ)

N~
mv resistance of channel  ionjic current (pA) conductance (siemens S)



Identifiability Example in Neurosciences

Modeling of a simple ion channel with one activation (m):
I=G(V—-E)where G=gm

where
@ V(mV): voltage
@ g (nS): maximal conductance
@ E£(mV): reversal potential
@ mis the probability of a channel to be open



Identifiability Example in Neurosciences

Modeling of a simple ion channel with one activation (m):
I=G(V—-E)where G=gm

where
@ V(mV): voltage
@ g (nS): maximal conductance
@ E£(mV): reversal potential
@ mis the probability of a channel to be open

The equation describing the activation of the gates to the answer of the potential of

membrane is
an  me(V)-—m

at (V)
where
@ m(V): the equilibrium value of m
@ (V) fimes at which the equilibrium is attained.



What can we measure?

The voltage-clamp protocol
@ characterizes the activation or inactivation properties of the ionic canall
@ necessitates to treat the membrane of the neuron (tetrodoxine)
@ consists in holding the voltage (= V) piecewise constant = during each interval,
Moo, T CAN be considered as constant and we have

am _m-m
ar T

I (1)

For example, the potassium: I (1) = Gk ()(V — Ex) = Gk (1) = V—En)

Assumptions:
V'V =constant input
v I=output (=y)
v m = state variable (= x)



Identifiability Example in Neurosciences

Example 1
The equation of one ion channel with one activation variable:

an  Me—m — m(O _t
g M2y~ ) @{ m(t) = ma + (m(0) - ma)e
I}y =gm(V-E) y() =gmu

whereu:=V —E=cstand y := |.

@




Identifiability Example in Neurosciences

Example 1

The equation of one ion channel with one activation variable:

am Moo — M _t
T === my=m() @{ M) = Mo + (M(0) — M) e~ %
I}y =gm(V-E) y() =gmu

whereu:=V —E=cstand y := |.
For + = 100ms, u = 20mV, (m(0), Mss, g) = (1,0.5,5) and (m(0), M, g) = (2,1,2.5):

During the voltage step protocol,
the model can produce exactly the
same output for different
parameter/initial condition values!

Simulated output |

w0 om0 wo w0 a0
time (ms)

@




Identifiability Definition of identifiability

Formalization

Controlled models (u # 0) WITHOUT initial condiition; (X, ¥) = unique set of solutions
@ The model is globally identifiable if there exists an input u such that, for all p € Up.
one gefts
y(t.p) # 0, )
= p=p. (©))]

@ The model is locally identifiable if it is globally identifiable in an open
neighborhood v(p) C Up of p.




Formalization

Controlled models (u # 0) WITHOUT initial condiition; (X, ¥) = unique set of solutions
@ The model is globally identifiable if there exists an input u such that, for all p € Up.
one gefts
y(t,p) # 0,
= p=p. ©))
y(t,p)Ny(t,p)#0, ¥Vt >0, pelp

@ The model is locally identifiable if it is globally identifiable in an open
neighborhood v(p) C Up of p.

Controlled model (u # 0) WITH initial conditions; (x, y) unique solution

@ The model is globally identifiable if there exists an input u such that, for alll
P, P € Up, there exists f; > 0 such that if for all f € [0, f;], the equallities
y(f,p) = y(t,p) implies that p = p.

@ The model is locadlly identifiable if it is globally in an open neighborhood v(p) C Uy
of p.




Identifiability Definition of identifiability

Example 1: WITHOUT initial condition
The equation of one ion channel with one activation variable:

I(f) = gm(V — E) @)

where d
m  Me —m
s R 5
at T ©®
Moo the equiilibrium value of m,
7: times at which the equilibrium is attained,
E known constant reversal potential.

Proposition

If Vis a constant input and /is an output of the model then the model is not identifiable,
in particular with respect to  and M.

Proof.




Identifiability Definition of identifiability

Example 1: WITH initial condition

I(H)y=9g(V—-E)m
dmfm"o_m,m(O):mg. ©®

o s

Proposition

If Vis a constant input and /is an output of the model then the model is identifiable, in
particular 7 and Mg




Identifiability Definition of identifiability

Example 1: WITH initial condition

am Mo —m 6)

,m(0) = mp.

{ I(t) = g(V — E)ym
CA:

Proposition

If Vis a constant input and /is an output of the model then the model is identifiable, in
particular 7 and Mg

Proof.

Results obtained in the case without initial conditions stay valid: + et gme, are
identifiable.
The solution of the second equation is

m(t) = mpe™ /" + mee(1 — e 1/7)

In taken y(t) = g um(t) and in substituting m by its expression, one gets:
y(t) m

=9 e /7 11— e /7 Since the product g ms is identifiable, y(f; canbe

Moo U Moo Moo gU

estimated and the model is identifiable with respect to M.

O

v




Identifiability Definition of identifiability

Example 1: WITH initial condition

I(H)y=9g(V—-E)m
dmimoo—m7m(o):m0. ©®

o s

Proposition

If Vis a constant input and /is an output of the model then the model is identifiable, in
particular 7 and Mg

Remarks

@ |dentifiability result based on specific relations called Input-Output (I0) polynomials

@ Differential algebra permit to obtain them owing to the Rosenfeld-Groebner
algorithm.




Identifiability General method

General case:

P X(t,p) = f(x,u,p), x ER", UcRI, pc RP 7
y(t,p) = h(x,p) € R™.
@ Rewrite ) :
p(x,u,p) =0
ax,y,u,p)=0 @)
(X, ¥, ¥, p) #0

pi=0,i=1,...,p.
e Use the Rosenfeld-Groebner algorithm with the elimination order [p] < [y, u] < [x] :
C(p)=1{P1,---,Pp; Pr(y, U; D), ..., Pm(Y, U, P), Qi (X, ¥, U, P), ..., &n(X, ¥, U, P)}.

This set is called the characteristic presentation (general case).
Q Identifiability study done from the input-output polynomials

Pi(y,u,p) = my(y, u) +Z p)mMi(y,u) = 0. )

Remark

Under some technical assumptions, (9) are contained in the characteristic presentation
obtained with p as a constant vector and [y, u] < [x] as the elimination order.

Afterwards, 1 observation = i = 1.



Identifiability General method

q

P(y,u,p) = mo(y, u) + > w(P)mi(y, u) =
k=1

Proposition

If (M (y, U))1<k<q are linearly independent then the model is globally identifiable af p if
forall p € Up
Vk=1,...,9, w(P) = w(pP) = p=p. (10)4

Proof.




Identifiability General method

q

Py, U, p) = mo(y,u) + > w(P)mi(y, u) = 0.
k=1

Proposition

If (M (y, U))1<k<q are linearly independent then the model is globally identifiable af p if
forall p € Up
Vk=1,...,9, w(P) = w(pP) = p=p. (10))

Remark
v Ifo(P) = (w(P))k=1,...,q. (10) consists in verifying that ¢ is injective.

v The functions (my(y, u))=1,...,q are linearly independent if the functional
determinant is not identically equal to zero. It is sufficient to find a time point at
which the Wronskian is non-zero.

v We recall that the Wronskian of the sequence of functions (¢1, . . ., ¢s) is defined by:
é e @s
Wronskian = Det(¢, . .., ¢s) = o b ] an

-y -
¢(]s ) gs )




Identifiability General method

The identifiability when initial conditions are considered:

_ [ x(t,p) = f(x(t,p),P), x(0,p) = X
"= { y(t,p) = h(x(t,p), P). ° (12)

f and h are supposed to be rational and analytical.

q
P(y, U, P) = Moy 1) + 3 7(P) Mi(y.u) =0
k=1

Proposition

Let I the highest order derivative in the polynomial P. If (my(y, u))1<k<q are linearly
indépendant then the model is globally identifiable at p if for all p € Up

vk=1,...,9 %(P) = w(P) _ 5
{ 1<s<i-1,y00%p) =y90r,p) PP a9

Moreover, if the coefficient of y() in P is not equal to 0 at = 0 then the reciprocal is true.
W




Identifiability General method

Example 2: the FitzZHugh-Nagumo model

R. FitzZHugh (1961) and Nagumo (1962) proposed a simplification in two dimensions of the
Hodgkin-Huxley (HH; Hodgkin Huxley, 1952) model:

@ HH or conductance-based model: mathematical model describing how action
potentials in neurons are initiated and propagated

@ HH modelis constructed in using an analogy with a circuit.




Identifiability General method

Example 2: the FitzHugh-Nagumo model

R. FitzZHugh (1961) and Nagumo (1962) proposed a simplification in two dimensions of the
Hodgkin-Huxley (HH; Hodgkin Huxley, 1952) model:

@ HH or conductance-based model: mathematical model describing how action
potentials in neurons are initiated and propagated

@ HH modelis constructed in using an analogy with a circuit.

v" Membrane = capacitor of capacity C and ionic channels = variable resistors

v Kirchhof’s law: at any node (junction) in an electrical circuit, the sum of currents
flowing into that node is equal to the sum of currents flowing out of that node

Milieu extra-cellulaire

A1

\Y Ina I3 2H+ c av
% % —C— =lg+| I =1
af K+ INg T+ 1L

9 9
Ey _EK _EL

a

Milieu intra-cellulaire




Identifiability General method

—CV = m*hgna(V — Eng) + n*Gk(V — E¢) + Gi(V — E) — |
. Noo — N
n =
—
ModelHHY mTm (14)
- T==7
h _ hoo — h
Th

V' n: probability that a potassium

v V: potential of the membrane channel is opened

v I injected current v m: probability that a sodium channel
v C: capacitor is opened

v Ex. Eng are E;: reversal potentials. v h: probability that a sodium channel is

activated
Simulations show that the HH model can be approximated by the FitzZHugh-Nagumo
model:

% =a(xp — f(x;) +1) f cubic function
% =b(g(x7) — x2) g linear function

x;: potential.



Identifiability General method

FitzHugh-Nagumo model (¢ # 0):

dX] _ X-|3
gr = -5 +x) a5
o

1
at = —E(x1 —a+ bxy)

Proposition

Given y := x; the output of the model, the model is identifiable with respect to a, b, c.

Proof.
Using the DifferentialAlgebra package of Maple with the elimination order [y] < [x1, Xo].
the Rosenfeld-Groebnerr algorithm gives the characteristic presentation:

i=[-y+x, —cy’+3cx+3cy—3y,
becy? +3c?y?2y —3bcy—-3c?y—3ac+3by+3cy+3cyl

. b . -2+ b .
Hence, P(y) = /= a1+ 3 v’ +cyy? +(~b+ 1)y + by
v det(1,y3,yy2, y,y)is not identically null.
v If p=(a,b,c),the function ¢(p) = (—a, %, c,—b+1, #) is injective.
In conclusion, the model is identifiable. O




Identifiability Exercise

Exercise

Consider an ion channel model with one activation (m) and one inactivation variable

(h) in the case of a voltage clamp protocol.

/ = gmh(Vy — E) = gmh(u — E),
am - me-m

a ™

ah  hoon

a7

y =1, u=Vy=cst

a6

By a change of variables: x; = m, xo = h, Py = ™m. P2 = Mo, P3 = l, P4 =hoeo. P5 = Q.

ky = u — E, the model can be rewritten:

ax

77‘1 = p1(pP2 — X1),
X2 _ _

o = P3(Ps — X2),

y = kipsxi1Xo.

Study the identifiability of model (17).

Th

an




Parameter estimation methods

2 types of algorithms:
@ global algorithm: genetic algorithm
@ local algorithms: Gauss-Newton and Levenberg-Marquardt algorithms.



Parameter estimation methods Output error and cost function

@ y=(y(h),...,y(t))" = vector coming from experimental results.

In neurosciences, measurable characteristic: mean between the height of spikes and the
length of spikes, resting potential of the membrane, potential after a hyperpolarisation,
firing rate, bursting rate....

resting
mode

spiking
mode



Parameter estimation methods Output error and cost function

@ y=(y(h),...,y(t))" = vector coming from experimental results.

@ Given amodel, ym(t, p): (Ym(h),. .., ¥m(tn))T = output vector calculated from the
model and the parameter vector p

Goal

Given y, calculate p such that ym(t, p) "approximate" experimental data y.
Define the output error:

e(t,p) = ym(t, p) — y(1).




Parameter estimation methods Output error and cost function

@ y=(y(h),...,y(t))" = vector coming from experimental results.

@ Given amodel, ym(t, p): (Ym(h),. .., ¥m(tn))T = output vector calculated from the
model and the parameter vector p

Goal

Given y, calculate p such that ym(t, p) "approximate" experimental data y.
Define the output error:

e(t,p) = ym(t,p) — y(1).

Problem

Perturbations of the system = e(t, p) can never been equal to 0.
The model outputs can never fit the system outputs with these perturbations.




Parameter estimation methods Output error and cost function

Solution

Define the differentiable cost function

1

. 1 N
iP) =5 Il e(t.p) 5= 5 lhym(t,p) = y(f) 5, 0l p € Ugy a8

and solve the problem

find p such that j(p) = nrgnj(p).

Choose an optimization algorithm to minimize j(p). In general, the error must be near 0.
v

Examples

v' Compare simulated ionic currents (les+) and registered ionic currents (f,¢f):

Jp) = Z Z(IesT(Sﬁm’ 1) — I (stim, T))2~

t stim

v Compare simulated potentials Vg (stim, ) and registered potentials:

J(P) = D> (Vest(stim, 1) — Vier(stim, 1))?.

t  stim




Parameter estimation methods Input-output method

X Classical local algorithms (least-squares ): Gauss-Newton, Levenberg-Marquardt
X Problem: necessitate a first initial guess for the parameter vector
X Solution: Use the IO polynomial to obtain a first initial guess.

Principle of the method

Observations are supposed to be done at discrete times 1y, ..., fy (v == y(Tx).
Uy = U(fk))
v' The input-output polynomiol

P(y,u,p) = mo(y,u +Zv )mi(y,u) =0
v' Rectangular linear sysTem y=Mmp),..., yq(p))T):

Ay =Db, (A= (MY U))i=1,...,q- B = = Mo (Vs Ug)- a9

(A = (Mi(Vies Uk))j=1,...,q- b = —Mo (Vi Uk)) solve with the QR factorization.




Parameter estimation methods Input-output method

Example 2

FitzHugh-Nagumo model (¢ # 0):

%—c(x _ﬁ_‘_x)

ddf : 1] ’ 2 @0
X

o = M arbe)

. b . —c?24+b .
v P(y)y=y-al +§y3+cyy2+(fb+1)y+7+y-
v Rectangular linear system Ay = b such that (A)x = (1, 2, Vi V2, Yk, V). bk = — V.




Parameter estimation methods Input-output method

Example 2

FitzZHugh-Nagumo model (¢ # 0):

%—c(x—xi-s-x)

af VT3 ©0)
%f—l(x—o-i-bx)

at e\t 2

. b . —c?24+b .
v P(y)y=y-al +§y3+cyy2+(fb+1)y+7+y-
v Rectangular linear system Ay = b such that (A)x = (1, 2, Vi V2, Yk, V). bk = — V.

X Problem: Estimation of derivatives of order 2




Parameter estimation methods Input-output method

Example 2

FitzZHugh-Nagumo model (¢ # 0):

%—c(x —Xi-s-x)
at VT 3T ©0)
e}

1
=——(xy —a+ bx
ot c( 1 + bxp)
. b . —c?24+b .
v P(y)=yfo1+§y3+cyy2+(fb+1)y+%y.
v Rectangular linear system Ay = b such that (A)x = (1, 2, Vi V2, Yk, V). bk = — V.

X Problem: Estimation of derivatives of order 2

X Solution: Integrate twice the 10 polynomial (over a sliding time window of fixed
length):

t al Th_1
Inx(1) ::/ / / " X(tn)d7n ... dr, nhigher derivative order.
t—r Jry—71 Th—1—7

t T
For example: hi(f) = / / " (m)dradr = (1) = 2y(t — ) + y(t — 27).
t—rJry—7




Parameter estimation methods Exercice

Consider the FitzZHugh-Nagumo with a=0.2, b=0.2, c=0.6 and the program Scilab:
@ run the program with different values of =
Q test this program in adding noises on the output.
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